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Abstract— We study a general class of least-squares
problems structured according to a partially ordered
set (poset). This is a fundamental optimization problem
underlying the design of structured controllers on directed
acyclic graphs or posets. We show that the optimality
conditions of this problem yield a structured linear system,
with sparsity pattern determined by a derived poset known
as the poset of intervals. In general, this system could be
relatively dense, and thus standard sparse linear algebra
techniques may fail to provide significant reduction in
computational complexity. Nonetheless, for a broad class
of posets called multitrees identified in [1] we show that
performing elimination according to an order defined
by the poset intervals progressively decouples variables,
reducing the arithmetic complexity of solving the problem.

I. INTRODUCTION

The control of large-scale, networked dynamical sys-
tems via decentralized controllers is a central chal-
lenge in modern engineering. Due to known hardness
results concerning the design of optimal, decentral-
ized controllers for even seemingly simple systems [2],
identifying information structures that enable efficient
computation is an important current research direction.

Information structures modelled by directed acyclic
graphs (DAGs) or, equivalently, partially ordered sets
(posets) have been shown to provide a rich class of
decentralized systems amenable to control design. Con-
trollers compatible with an information constraint de-
fined by a poset are known as poset causal controllers
[3] and prior work has shown that in the case of linear
dynamics with quadratic costs, the optimal controller is
linear [4]. Moreover, Youla domain techniques relying
on quadratic invariance [5] or Systems Level Synthesis
[6] enable posing the search for linear, poset causal
controllers as a structurally constrained least squares
program of the form

min
X∈I(P)

∥A− CXB∥2 (1)

where A,B,C,X are all constrained to be blockwise
in the incidence algebra of a given poset P (defined
formally in Section II-A).
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For linear dynamical systems, it is possible to solve
(or approximate) (1) using techniques such as vector-
ization [7] and finite truncations of infinite dimensional
operators. However, such methods may not be computa-
tionally efficient and provide no insight into the structure
of the optimal controller. These drawbacks emphasize
the need for solution techniques in the vein of [3], [8],
[9] which exploit the order-theoretic structure to provide
direct, efficient, and interpretable solutions to (1).

Thus far, this line of work has succeeded in describing
solution procedures for control problems of the form
(1) for arbitrary posets, in the state feedback case [3].
Results for the output feedback case are limited to totally
ordered sets (chain graphs) and two-layer broadcast ar-
chitectures [8], [9], [10]. Additionally, it has been shown
that the optimal solution in these settings demonstrates
intuitive, recursive structures intimately related to com-
binatorial aspects of the underlying information graph
[1], [11]. Nonetheless, a general solution technique for
the output feedback case remains unknown. This paper
seeks to make some progress towards this goal.

At its heart, efficiently solving (1) is a problem in
structured linear algebra. Therefore, in this work, we
investigate the combinatorial and algebraic structure
underlying the poset-structured least-squares problems.

Our main contributions are:

• A characterization of the optimality conditions as a
set of sparse linear equations, with sparsity pattern
related to the poset of intervals of P (Theorem 1).

• An identification of a key separability property
among the variables of the linear system of The-
orem 1 which increases the sparsity after ones step
of elimination is performed (Theorem 2).

• An explicit, sequential elimination strategy for solv-
ing the linear system of Theorem 1. When P is a
multitree (defined in Section IV-C) this elimination
strategy leads to progressive sparsification of the
linear system (Theorem 3), reducing the number of
operations required to solve the system.

The rest of the paper is organized as follows. In
Section II, we introduce the necessary preliminaries
about posets and recall some standard notions from
the sparse linear algebra literature. In Section III, we



formally introduce the problem. We describe our main
results in Section IV.

A. Notation

Throughout we will use calligraphic letters X , capital
roman letters X , and lowercase roman letters x to denote
sets, matrices, and vectors respectively. Operators will
be denoted in boldface font X . When it is clear from
context, scalar values can be written either upper or
lowercase. When X is a block matrix, we use subscript
Xij to denote the i, jth block. Finally, we define T c as
the complement of a set T in a base set S.

II. MATHEMATICAL PRELIMINARIES

A. Posets

Definition 1. A partially ordered set (poset) P = (S,⊑)
is a set S and a binary relation ⊑ satisfying:

1) i ⊑ i (reflexivity)
2) i ⊑ j and j ⊑ i implies that i = j (antisymmetry)
3) i ⊑ j and j ⊑ k implies that i ⊑ k (transitivity)

We also define the relationship i⊑⊒j if either i ⊑ j
or j ⊑ i. The symbols <,⊒,=,@⊑ ,@⊒ ,HH⊑⊒ are defined
as expected. In this paper we will assume that P is finite
of size n (i.e. |S| = n). Moreover, when the underlying
set is clear, we will abuse notation and write i ∈ P and
T ⊆ P to denote membership in or subset relation to the
set underlying P with inheritance of the order relation
⊑. Finally, we will also assume that P is connected:
∀ i, j ∈ P there exists a finite sequence kα such that
j⊑⊒k1⊑⊒ . . .⊑⊒kl⊑⊒i.

We note that for every partial order, we can always
assign a linear (total) order consistent with the partial
order. Such an ordering is called a linear extension.

Definition 2. An ordering σ of the poset P = (S,⊑)
is a bijection σ : S → {1, . . . , n}. σ is called a linear
extension of P if j ⊑ i =⇒ σ(j) ≤ σ(i).

Throughout this paper, we will assume that a fixed
linear extension has been chosen for every poset.

Example 1. Posets are frequently drawn as Hasse dia-
grams where a directed edge from j to i is drawn if j < i
and ∄k such that j < k < i. The ⊑ relationships are the
directed transitive closure of this graph. In Figure 1a
we draw the Hasse diagram of a poset with 5 nodes
{1, 2, 3, 4, 5} satisfying the relationships:

• 1 ⊑ 3 ⊑ 4
• 2 ⊑ 3 ⊑ 4

• 1 ⊑ 3 ⊑ 5
• 2 ⊑ 3 ⊑ 5

• 1HH⊑⊒2
• 4HH⊑⊒5

We now introduce some common subsets of a poset.

Definition 3.
• Maximal (minimal) node: i is maximal (minimal)

if there does not exist j ∈ P such that i < j (j < i)
• Interval: [j, i] := {k ∈ S | j ⊑ k ⊑ i}
• Downstream (upstream) set: ↓ i := {k ∈ S | i ⊑
k}, (↑ i := {k ∈ S | k ⊑ i})

• Set of nodes with common descendants:

↷

i ↶ =
{k ∈ P | ↓ i ∩ ↓ k ̸= ∅}

Given a poset P , its intervals inherit a natural order-
ing, given by setwise inclusion. The resulting poset is
known as the poset of intervals Int(P).

Definition 4. Let S = {[j, i] | i, j ∈ P, [j, i] ̸= ∅}.
Define ⪯ as [j, i] ⪯ [l, k] if [j, i] ⊆ [l, k]. The tuple
Int(P) = (S,⪯) is the poset of intervals of P .

Since we have assumed that P is finite, then Int(P)
is also finite. We will denote |Int(P)| =: N ≤

(
n+1
2

)
.

An example of an ordered relationship in Int(P) for
the poset P in Figure 1a is given by

{3, 4} ⊆ {2, 3, 4} =⇒ [3, 4] ⪯ [2, 4]

However, since 5 ̸∈ {2, 3, 4} then [3, 5]HH⪯⪰ [2, 4]. The
Hasse diagram for Int(P) is shown in Figure 1c.

Finally, we recall the standard notion of the incidence
algebra of a poset P .

Definition 5. Let P be a poset and Q a ring. The set
of all functions f : P ×P → Q such that f(i, j) = 0 if
j@⊑ i is called the incidence algebra of P over Q and is
denoted by I(P).

Since P is finite, we can arrange the values of f into
a lower triangular Q-valued matrix with the rows and
columns indexed by P in the fixed linear extension.
This lower triangular matrix will have a sparsity pattern
given by the order relationship of the poset. A generic
example of an element of I(P) for the poset in Figure
1a is given in Figure 1b. Addition, scalar multiplication,
and multiplication of f, g ∈ I(P) are defined to be
compatible with the usual matrix operations. Under these
definitions, I(P) forms an associative algebra [12].

Definition 6. We say a matrix Y ∈ I(P) if Y has a
sparsity pattern compatible with I(P). We say a matrix
Y ∈ I(P) blockwise if there is a partitioning of Y into
n2 blocks such that Yij = 0 if j@⊑ i or equivalently if
[j, i] /∈ Int(P).

Remark 1. If Y ∈ I(P) blockwise, there is a natural
pairing between the block Yij and the interval [j, i].
We choose to make Y lower triangular in order to be
consistent with the poset-causal controller literature [3].
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1 2

3

4 5

(a) The Hasse diagram of
the poset in Example 1

X11 0 0 0 0

0 X22 0 0 0

X31 X32 X33 0 0

X41 X42 X43 X44 0

X51 X52 X53 0 X55




(b) A matrix X ∈ I(P).

[1, 1] [2, 2][3, 3]

[1, 3] [2, 3]

[1, 4]

[4, 4] [5, 5]

[3, 4] [3, 5]

[1, 5] [2, 4] [2, 5]

(c) The Hasse diagram of Int(P) for the poset in
Figure 1a.

Fig. 1: An example of a poset, a matrix X in I(P), and the associated poset of intervals. Notice that the Xij block
is in one-to-one correspondence with the element [j, i] ∈ Int(P). The order of Int(P) naturally defines an order to
solve the linear system defining the optimality conditions of (P1). Eliminating first the green nodes, then the blue
nodes, and finally the red nodes reduces the number of arithmetic operations required to solve (P1)
.

B. Linear Systems and Graphs

As we will see in Section IV-A, solving problem (1)
reduces to solving a sparse linear system. A (dense) sys-
tem of M linear equations L1(y) = b1, . . . ,LM (y) =
bM in M variables y1, . . . , yM can be solved via (Gaus-
sian) elimination with O(M3) arithmetic operations.
Using techniques from sparse linear algebra, one can
typically improve on this complexity [13]. In this section
we recall some standard notions from this literature that
we will use later.

We begin by introducing the notion of a block sym-
metric linear system.

Definition 7. Let L : R
∑M

i=1 mi → R
∑M

i=1 m′
i be a block-

structured linear operator. Consider the linear system
L(y) = b or equivalently the equations

Li(y) =

M∑
j=1

Lij(yj) = bi (2)

where yj are block variables of size mj . The system is
symmetric if the matrix representing L is symmetric.

Given a linear system, it is always possible to reduce
the number of variables via elimination. In the following
definition, we make precise the notion of elimination
that we use throughout this paper – this is essentially
the Schur complement.

Definition 8. Let S ⊆ {1, . . . ,M} and consider the
partitioned linear system:

LS,S(yS) +LS,Sc(ySc) = bS

LSc,S(yS) +LSc,Sc(ySc) = bSc

After eliminating variables ySc , the resulting elimi-
nated linear system LS(yS) = bS is:(

LS,S −LS,ScL−1
Sc,ScLSc,S

)
(yS) =

bS −LS,ScL−1
Sc,ScbSc (3)

Remark 2. When solving a linear system via elimi-
nation, elements from the set S are typically removed
one at a time. While the order in which S is reduced
changes the number of operations required to perform
elimination, the end result is unique. That is to say, if
S = T ⊔ U ⊔W is the disjoint union of three sets, then

(LT ⊔U )T (yT ) =
(
bT ⊔U)T

(LT ⊔W)T (yT ) =
(
bT ⊔W)T

LT (yT ) = bT

are all the same equations [14]. Moreover, if L is
symmetric, then LT will also be symmetric.

The complexity of solving a linear system L(y) = b
via elimination is closely related to the interdependence
between its variables. This interdependence can be de-
scribed in terms of an undirected graph.

Definition 9. Consider a block symmetric linear system
of M equations in M block variables L(y) = b. The
graph of a linear system G(L) = (V(L), E(L)) is an
undirected graph with vertex set V(L) = {1, . . . ,M}.
The pair (i, j) forms an edge in G(L) if Lij(·) ̸= 0.

Classical work in sparse linear algebra characterizes
the complexity of solving systems by studying the
edgeset of the sequence of graphs G(LS) as S is
reduced. The number of arithmetic operations can be
dramatically reduced by performing elimination in an
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order that adds a minimal number of edges to G(LS)
as S shrinks [13], [15], [16]. These good orderings
are completely characterized by G(L), which makes it
possible to abstract away the underlying linear operators.

III. PROBLEM FORMULATION

In this section, we formally introduce the problem
studied in this paper.

Problem 1. Let P be a poset and A,B,C ∈ I(P)
blockwise. We assume that B has full row rank and
C has full column rank. We consider the least-squares
optimization problem

min
X∈I(P)

∥A− CXB∥2F . (P1)

From this point on, the norm involved will always be
the Frobenius norm. Therefore we drop the subscript F .

Remark 3. Problem (P1) appears simpler than the H2

control problem in [1], [9], [10] as it is finite dimen-
sional. However, standard machinery such as Hilbert’s
projection theorem enables the solution technique we
study here to directly generalize to the control case [9].

In principle, it is always possible to solve (P1) using
vectorization [7], i.e., solving the problem

min
x

∥∥vec(A)− (BT ⊗ C)Ex
∥∥
2

(4)

where E is an n2 ×N matrix satisfying Ex = vec(X)
and vec(X) is the vector obtained by stacking the
columns of X into a vector. However, solving the prob-
lem in this manner via the normal equations involves
the dense inversion of a large matrix of size |N | × |N |,
which completely ignores the structure of the problem
and can be ill-conditioned [17]. Moreover, this technique
results in a dramatic growth in the size of the state
dimension when applied to the control problem and
rapidly becomes intractable for even modestly sized
problems [8].

Instead, we develop a solution strategy for solving
(P1) which preserves the underlying sparsity implied
by the incidence algebra throughout, resulting in much
smaller, and in some cases decoupled, linear systems.

IV. MAIN RESULTS

In this section, we present our main results. In Section
IV-A we present the optimality conditions of (P1) as
a set of linear equations with sparsity given by the
common descendent relationship in the poset Int(P). In
subsequent sections, we study the graph of this linear
system and its evolution as elimination is performed.

In Section IV-B, we show that elimination of Xij re-
moves some of the interdependencies between upstream
(in the poset Int(P)) variables, leading to a sparser
graph for the eliminated system than what is predicted
by the standard theory. In Section IV-C, we specialize to
multitree posets. For these posets, we use both the result
of Section IV-B and the structure of the graph of the
optimality conditions to define an order that maximizes
the sparsity of intermediate systems during elimination.

A. Optimality Conditions

Our first theorem characterizes the sparsity pattern of
the optimality conditions of (P1) implied by the poset
and tensor product structure.

Theorem 1. Let P be a poset of size n and Int(P) its
associated poset of intervals of size N . The solution to
(P1) is given by the system of N linear equations:

E(X) = b, (P2)

where the i, jth equation Eij(X) = bij is

∑
s⊒i

CT
siCsi

Xij

∑
t⊑j

BjtB
T
jt

+

∑
[l,k]∈

↷

[j,i] ↶

[l,k]̸=[j,i]

∑
s⊒i
s⊒k

CT
siCsk

Xkl

∑
t⊑j
t⊑l

BltB
T
jt

 =

∑
[t,s]:t⊑j,i⊑s

CT
siAstB

T
jt (5)

This system is symmetric and has a unique solution.

Immediate from (5) is the following corollary.

Corollary 1. Two nodes form an edge in G(E) only if
they have a common descendant in Int(P).

Using Corollary 1, we can use the Hasse diagram of
Int(P) shown in Figure 2a to construct the adjacency
matrix of the graph G(E) shown in Figure 3. For
example, the node [2, 5] is a common descendant of
the groups of nodes {[2, 2], [2, 3]} and {[5, 5], [3, 5]}.
Therefore, these nodes all share edges in G(E).

Proof: Since (P1) is equivalent to (4), we can write
the first order optimality conditions in two equivalent
ways:

ET (BBT ⊗ CTC)Ex = ET (BT ⊗ C) vec(A) (6)

CTABT − CTCXBBT ∈ I(P)c blockwise (7)

where Y ∈ I(P)c blockwise if Yij = 0 whenever j ⊑ i.
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Symmetry of the first order optimality conditions is
immediate from the symmetry of ET (BBT ⊗CTC)E.

The expression for (5) is simply the i, jth entry of
(7) for j ⊑ i. To see this expansion, we note that since
B,C ∈ I(P):(

CTC
)
ik

=
∑
s⊒i
s⊒k

CT
siCsk,

(
BBT

)
lj
=

∑
t⊑j
t⊑l

BltB
T
jt

Expanding the product of the second term of (7) yields(
CTCXBBT

)
ij
=

∑
k

∑
l

(
CTC

)
ik
Xkl

(
BBT

)
lj

A term in this sum is zero unless [l, k] is a non-empty
interval, there exists s such that s ⊒ i and s ⊒ k, and
there exists t ⊑ l and t ⊑ j. This implies that [l, k] must
share common descendants with [j, i].

The expression for the right hand side of (5) is
similarly obtained by considering the non-zero elements
implied by the incidence algebra.

Uniqueness of the solution (P2) follows from unique-
ness of the solution to (P1) due to the rank assumptions
on B and C.

Theorem 1 demonstrates that solving (P1) can be
reduced to solving the structured set of linear equations
(P2). In subsequent sections, we will investigate aspects
of this structure to characterize the sequence of graphs
of the eliminated systems.

B. Separation in the Optimality Conditions

When G(L) is very sparse, techniques from [13],
[15], [16] can substantially reduce the complexity of
solving L(y) = b. This is achieved by characterizing
the evolution of G(LS) as elimination is performed.
Unfortunately, though (P2) is quite structured, G(E) can
be very dense. For example, when P is a chain graph,
G(E) is a complete graph and therefore the results of
[13], [15], [16] do not reduce the complexity of solving
(P2).

In [13], [15], [16], the edges of G(LS) are entirely
characterized from the graph G(L) which abstracts away
the underlying operator. In contrast, the following theo-
rem demonstrates that the tensor product structure of E
can also have an effect on G(ES). In particular, it shows
that after one step of elimination, the system can in fact
be sparser than what would be predicted by ignoring
the underlying operator.

Theorem 2. Consider the interval [j, i] and two up-
stream intervals [j, q] ⪯ [j, i] and [p, i] ⪯ [j, i]. Then
after eliminating Xij from (P2), Xqj vanishes from

equation [p, i] and symmetrically Xip vanishes from
equation [j, q] i.e.

E
{[j,i]}c

qj (·) = E
{[j,i]}c

ip (·) = 0

and so ([p, i], [j, q]) /∈ E(E{[j,i]}c

).

Theorem 2 demonstrates that E contains a notable
separability property: the elimination of downstream (in
the poset Int(P)) variables from the system can reduce
the interdependence of upstream variables.

For instance, in Figure 2a, the green nodes
{[2, 2], [2, 3]} and the blue nodes {[5, 5], [3, 5]} share
an edge in G(E) due to their common descendant
relationship to [2, 5]. Elimination of X52 from (P2)
eliminates the node [2, 5] from the graph as in Figure
2b. Theorem 2 implies that the edges between the blue
and green nodes are also eliminated.

Proof: Using (5), we can write Xij as a function
of the remaining variables. From this expression, notice
that the only term that depends on Xip is:

−

∑
s⊒i

CT
siCsi

−1 ∑
s⊒i

CT
siCsi

 ∗

Xip

∑
t⊑j
t⊑l

BptB
T
jt


∑

t⊑j

BjtB
T
jt

−1

(8)

If we consider the dependence of Eqj(X) = bqj on
Xij and Xip we have the expression:∑

s⊒i

CT
sqCsi

Xij

∑
t⊑j

BjtB
T
jt

+

∑
s⊒i

CT
sqCsi

Xip

∑
t⊑j
t⊑p

BptB
T
jt

 (9)

The result of substituting (8) into (9) is:

−

∑
s⊒i

CT
sqCsi

Xip

∑
t⊑j
t⊑l

BptB
T
jt

+

∑
s⊒i

CT
sqCsi

Xip

∑
t⊑j
t⊑p

BptB
T
jt

 = 0 (10)

Therefore E
{[j,i]}c

qj (·) = 0. The proof that E{[j,i]}c

ip (·) =
0 is similar. Therefore, [j, q] and [p, i] do not share an
edge in G(E{[j,i]}c

).
While Theorem 2 characterizes the disappearance of

some edges after a single step of elimination, it is in-
sufficient to predict whether this sparsification continues
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[1, 1] [2, 2][3, 3]

[1, 3] [2, 3]

[1, 4]

[4, 4] [5, 5]

[3, 4] [3, 5]

[1, 5] [2, 4] [2, 5]

(a) The node [2, 5] is a common descendant of the nodes
{[2, 2], [2, 3]} (highlighted in green) and {[5, 5], [3, 5]}
(highlighted in blue). By Corollary 1, these nodes all share
edges in G(E).

[1, 1] [2, 2][3, 3]

[1, 3] [2, 3]

[1, 4]

[4, 4] [5, 5]

[3, 4] [3, 5]

[1, 5] [2, 4]

(b) Theorem 2 asserts that after elimination of [2, 5], the
blue and green nodes no longer share an edge E(E{[2,5]}c)
due to the elimination of [2, 5].

Fig. 2

[1, 1] [2, 2] [3, 3] [4, 4] [5, 5] [1, 3] [2, 3] [3, 4] [3, 5] [1, 4] [1, 5] [2, 4] [2, 5]

[1, 1]

[2, 2]

[3, 3]

[4, 4]

[5, 5]

[1, 3]

[2, 3]

[3, 4]

[3, 5]

[1, 4]

[1, 5]

[2, 4]

[2, 5]

Fig. 3: The adjacency matrix of G(E). A filled cir-
cle represents an edge in G(E) and an empty circle
represents the lack of an edge. The edges implied by
[2, 2] ⪯ [2, 3] and [5, 5] ⪯ [3, 5] are highlighted in green
and blue respectively. The edges between {[2, 2], [2, 3]}
and {[5, 5], [3, 5]} implied by the common descendant
[2, 5] are highlighted in blue and green.

after multiple steps. Moreover, it fails to characterize the
entire graph G(ES). In the next section, we will show
that this progressive sparsification can be continued
when P is a multitree.

C. Sparsification During Elimination in Multitree Posets

In Theorem 2, we showed that elimination of down-
stream variables can decrease the interdependence be-
tween upstream variables in the system (P2). In this
section, we demonstrate how an additional assumption
on P can further structure (P2) in such a way that we
can completely characterize the entire sequence of edges
of the graphs of the eliminated system G(ES).

We begin by formally defining multitree posets:

Definition 10 ([1, Definition 1]). Let P be a poset.
Nodes i, j, k, l ∈ P form a diamond if i ⊑ j ⊑ l and
i ⊑ k ⊑ l but jHH⊑⊒k. P is a multitree if it contains no
diamonds. Equivalently P is a multitree if every interval
is totally ordered.

This class of posets was studied in [1] where it was
shown that the optimal poset causal controllers of such
posets enjoy attractive recursive properties. Here, we
show that the multitree assumption can be leveraged to
decrease the complexity of solving (P2). This occurs
because the assumption that P is a multitree imposes
substantial structure on Int(P) and in turn E. One
property that we use here is:

Proposition 1. Let P be a multitree and let [l, k] and
[t, s] be two nodes in Int(P) with t ̸⊑ l whose only
common descendant is [j, i]. Then l = j and s = i.

Proof: Since P is a multitree, [j, i] is a chain and so
l, k, s, t are all mutually comparable. Therefore without
loss of generality we can assume that j ⊑ l ⊑ s ⊑ i.
If s < i then [l, i] contains both intervals and similarly
if l = j then [j, s] contains both intervals. In either
case, the assumption that [l, k] and [t, s] share only one
common descendant is violated.

In the following theorem, we will discuss the structure
of the equations after a linearly ordered subset of vari-
ables is eliminated. We fix a linear extension σ of Int(P)
and perform elimination in the reverse of this order.
After r steps of elimination, the remaining variables can
be associated to the subposet

Int(P)(r) := {[l, k] ∈ Int(P) | σ([l, k]) ≤ N−r} (11)
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(a) (b) (c)

Fig. 4: Evolution of the graph G(E(r)). The black nodes represent nonzero elements, the white nodes correspond to
structural zeros inherited from the structure of Int(P), and the gray nodes vanish due to the additional cancellations
from Theorem 2. Theorem 3 asserts that G(E(r)) can always be constructed by inspection of the remaining Hasse
diagram. The rows and columns to the right and below of the dashed lines in the first two frames correspond to
the variables eliminated.

and the eliminated system will be given by

E(r)(X(r)) = b(r) := EInt(P)(r)(XInt(P)(r)) = bInt(P)(r)

(12)

We now present our main theorem on the sequence
G(E(r)) of (P2).

Theorem 3. Let P be a multitree and fix a linear
extension σ for Int(P). Then two nodes form an edge
in G(E(r)) only if they share a common descendant in
Int(P)(r).

Theorem 3 fully characterizes the edgeset of the
graph G(E(r)) during the entire course of elimination in
multitrees. This improves upon the result in Theorem 2
which only characterizes the effect of a single step
of elimination for only some of the edges of G(E).
This characterization is similar to the main theorems
of [13], [15], [16]. However, Theorem 3 provides a
strict improvement over these works by predicting that
G(E(r)) is in fact sparser than these other work predict.
This progressive sparsification of the graph is visualized
in Figure 4. The increased sparsity is a consequence of
leveraging both the tensor product structure of (P2) and
the graph structure of G(E(r)).

Proof: Let [j, i] = σ−1(N). [j, i] is a maximal node
of Int(P) and so

↷

[j, i] ↶ =↑ [j, i]. Therefore, the neigh-
bors of [j, i] form a clique in G(E). If E were a generic

linear system, [13] predicts that E(E(1)) is exactly the
edgeset of the induced subgraph of V(E(1)) in G(E).
However, consider nodes [j, p], [q, i] ∈ V(E(1)) whose
only common descendant is node [j, i]. By Theorem 2,
[j, p] and [q, i] do not share an edge in G(E(1)). By
Proposition 1, these are the only possible sets of nodes
whose only common descendant is [j, i]. Therefore, two
nodes share an edge in G(E(1)) only if they share a
common descendant in Int(P)(1).

We can use the same argument to continue the
induction. Suppose E(E(r−1)) is given by the com-
mon descendant relationship of the poset Int(P)(r−1).
Since [j, i] = σ−1(N − r + 1) is maximal in
Int(P)(r−1) then the neighbors of [j, i] again form a
clique in G(E(r−1)). Therefore, after elimination of
[j, i], E(E(r)) ⊆ E(E(r−1)). Using Theorem 2 and
the fact that the resulting structure of E(r)(X(r)) is a
set property of the remaining variables (Remark 2) we
have that E(E(r)) is given by the common descendant
relationship of Int(P)(r).

V. CONCLUSION

In this work, we investigate the algebraic structure
of the optimality conditions for a general least squares
problem structured according to a partially ordered set.
This is a fundamental optimization problem underlying
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the design of output feedback controllers operating on
plants with directed, acyclic information structures.

We demonstrated that the optimality conditions of this
problem are a linear system which inherit the sparsity
pattern given by the common descendant relationship
of the poset of intervals. This relationship can result
in a relatively dense linear system and thus standard
results from sparse linear algebra predict little, if any,
computational savings.

By leveraging the particular algebraic structure of the
optimality conditions, we established that elimination of
downstream variables can sparsify this linear system.
When the underlying poset is a multitree, this pro-
gressive sparsification can be achieved at every step of
elimination when the variables are eliminated according
to the reverse of a linear extension of the poset of
intervals. We completely characterize the edgeset of the
sequence of graphs of the eliminated system which has
implications for the complexity of solving the poset-
structured least squares problem.

Future work will characterize the exact computational
implications of this result and investigate the general-
ization to the H2 problem as well as broader classes of
posets containing diamonds.
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