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ABSTRACT

Many challenging robotics and control problems are well modeled as polynomial optimiza-
tion programs (POP). Although POPs are difficult to solve in general, the moment/sums-
of-squares (SOS) hierarchy provides a systematic way to construct convex relaxations of
increasing strength. These relaxations have shown broad practical value in robotics, but
their effectiveness depends on the full computational pipeline: accurately modeling the orig-
inal problem, designing a powerful yet tractable relaxation, and solving the resulting convex
optimization problems efficiently. This thesis considers a problem or tools for each stage of
that pipeline.

In part one of this thesis, we collect the many preliminary technical tools that will be
used throughout our work.

In part two of this thesis, we consider the modeling and relaxation parts of the pipeline.
First, we develop a polynomial optimization program for certifying that a region of a robot’s
configuration space is collision-free. This allows us to use SOS programming to certify
non-collision of polynomial trajectories, certify the safety of full-dimensional regions of con-
figuration space, and build inner approximations of the collision-free configuration space to
enable rapid collision-free motion planning. Our method is the first efficient method for
certifying full-dimensional volumes of a robot’s configuration space are collision free, and
effective modeling choices enables our approach to scale to real, high-dimensional robotics
systems.

Next, we turn our attention to designing effective relaxations. SOS relaxations are sen-
sitive to how the original polynomial programs are formulated. Moreover, the real-time
requirements of many robotics pipelines requires us to balance the strength of the con-
vex relaxation against the solve time. Given a POP with equality constraints, we demon-
strate a procedure for rapidly finding additional equalities capable of strengthening the SOS
relaxation. Our method relies only on simple linear algebra, is fast enough to run as a
lightweight preprocessing step before solving the SOS relaxation, and recovers many of the
known strengthened formulations of POP programs in the robotics literature.

In part three of this thesis, we develop infrastructure and methods for solving convex
programs produced by the relaxation procedure. We begin by introducing CCosmo, a family
of C++ implementation of a popular alternating direction method of multipliers algorithm
from the literature for solving convex optimization programs. We provide an implementation
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for convex programs with quadratic costs, add support for a matrix standard form commonly
appearing in SOS relaxations, and a GPU implementation optimized for solving large batches
of small convex optimization programs.

Next, we focus on solving linear systems of matrix equations. Solving linear systems is a
fundamental subroutine in nearly all convex optimization algorithms, and matrix equations
arise naturally when solving SOS relaxations. We first provide a new direct method for
solving positive semidefinite, generalized Sylvester equations. This algorithm forms the basis
of our matrix standard form solver in CCosmo. We also develop a sparse elimination method
for solving a linear matrix equation which arises when solving a particular structured least-
squares problem. This problem arises naturally in the design of controllers for networked
linear systems. The results of this part may be of independent interest.

Our part on solving culminates in a scalable method for large Graph of Convex Sets (GCS)
programs. Introduced in [1], GCS considers an optimization problem over a graph where
every vertex and edge is paired with a convex program. GCS extends the powerful modeling
framework of graph optimization programs such as shortest path and travelling salesman to
handle continuous decisions while navigating the graph, and has become increasingly popular
in robotics. A parsimonious application of the SOS methodology generates a highly effective
convex relaxation of GCS that inherits substantial structure from the graph.

We design a decomposition-based solver, named VEGA, for GCS relaxations: decomposing
the problem into its natural constituent parts: a program at every vertex, a program at every
edge, and a classical graph optimization program. At every iteration, each of these programs
will be solved in parallel and driven to consensus over the iterations, resulting in a sequence
of closely related convex optimization programs with quadratic costs over the iterations.
VEGA is built on top of CCosmo, leveraging the warm-start capabilities to amortize the solve
times of the subproblems of the VEGA iterations and matrix-form solver to more efficiently
solve some of the programs.

In summary, this thesis develops contributions to the entire convex relaxation pipeline for
problems in robotics; from the high level modeling of problems, to their effective relaxation,
and finally to their actual solution.

Thesis supervisor: Pablo A. Parrilo
Title: Joseph F. and Nancy P. Keithley Professor in Electrical Engineering

Thesis supervisor: Russ Tedrake
Title: Toyota Professor of Electrical Engineering and Computer Science,

Aeronautics and Astronautics, and Mechanical Engineering
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Introduction

Mathematical programming provides a unifying framework for expressing decision-making
tasks as the minimization of an objective subject to constraints. It has emerged as a dom-
inant paradigm for expressing problems in a wide range of engineering and computational
fields including machine learning, finance, control, and robotics. Research into optimization
methods that accurately solve these mathematical programs (also known as optimization
models), has been a central topic in mathematics for centuries, associated with algorithms
such as Newton’s root-finding method [2], Cauchy’s gradient descent method [3], and La-
grange’s constrained formulation of mechanics [4]. A modern revolution of these algorithms
began close to a century ago with the intense study of linear programming [5–8] and has
remained an active area of research due to the introduction of interior point methods in the
1980-1990s [9–13]. While attractive as a general paradigm, in practice there is frequently
a trade-off between mathematical programs that accurately model the task at hand and
programs that can be solved either in theory or in practice.

Take, for example, a robot in a city that needs to find the shortest path between its current
location and the nearest charging station. This problem can be modeled quite effectively
as a shortest-path problem on a graph and can be solved in milliseconds on even enormous
graphs using classic algorithms such as Dijkstra’s, Bellman-Ford, or push-relabel [14–17]. In
contrast, consider the same robot, in the same city, tasked with visiting as many intersections
as possible before needing to return to the nearest charging station. This problem is readily
modeled as finding the longest path in a graph, which is known to be NP-complete and
therefore intractably difficult in general 6 [18].

In robotics, polynomial optimization programs (POP) appear quite naturally:

inf p(x)

subject to gi(x) ≥ 0, i = 1, . . . , N

hj(x) = 0, j = 1, . . . ,M

(POP)

where p, gi, and hj are multivariate polynomials and x ∈ Rn; kinematic relationships, dy-
namic constraints, contact models, and trajectory representations frequently give rise to
polynomial expressions. Unfortunately, this class includes as special cases many hard prob-
lems such as mixed-integer linear programs7 [18] and multivariate polynomial root-finding
[19].

Despite the known theoretical difficulty of this class, a large body of research has shown
that designing and solving convex approximations of (POP) can be an effective heuristic

6Unless one believes that P = NP
7The binary constraint x ∈ {0, 1} is readily encoded as x(1− x) = 0
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Problem Description

Polynomial Model

inf p(x)

subject to gi(x) ≥ 0, i = 1, . . . , k

hj(x) = 0, j = 1, . . . , l

Conic Relaxation

inf ⟨c, x̂⟩
subject to A(x̂)− b ∈ K

MODEL RELAX SOLVE

Refine relaxation

Round to feasible solution

Figure 1: Using the Sums-of-Squares procedure to solve challenging problems involves three
steps. First, the problem must be converted into a polynomial model. Next, we form the
convex relaxation of the problem. While theoretically this is fully algorithmic, in practice
a trade off between theoretical performance and computational efficiency must be made.
Third, we must actually solve the convex optimization programs. Finally, the solution of
this convex relaxation can either be rounded to a feasible solution or the convex relaxation
can be strengthened and the loop repeated. This thesis explores the Model, Relax, and Solve
steps of this procedure.

for producing solutions of satisfactory quality. Convex or conic optimization programs are a
particularly important subclass of mathematical programs of the form

inf cTx

subject to Ax− b ∈ K (Conic)

where x ∈ Rn, A ∈ Rm×n, c ∈ Rn, b ∈ Rm, and K ⊆ Rm is a convex cone. Such programs can
be solved efficiently to global optimality at scale [9,20–23].

The Sums-of-Squares (SOS) hierarchy provides a principled mechanism for constructing
convex relaxations of (POP) whose solutions converge to the true optimum under mild
conditions [24–27]. Even low levels of the hierarchy have proven a useful tool in robotics,
being used for region of attraction estimation, safety verification, perception, and trajectory
optimization [28–35].

The process of using the SOS hierarchy to solve a problem is presented in Figure 1.
The journey begins by first converting the problem at hand into a polynomial optimization
program. This step can be non-trivial but if successful can be a worthwhile endeavor as it
enables the use of a very powerful computational tool. Once the polynomial model has been
constructed, the SOS hierarchy prescribes how to form its convex relaxation. However, this
prescription is very expensive, frequently leading to programs with impractical solve times.
Effectively trading off between theoretical strength and practical performance is the second
step of the process.

With the convex model in hand, we can now turn our attention to solving the program.
While general-purpose solution methods exist, SOS relaxations contain both substantial
structure and substantial degeneracies [36]. In the pursuit of greater performance, it can be
worthwhile to pursue tailored solvers for the particular convex relaxation at hand.

Finally, given a relaxed solution we have two possibilities. The first is that the relaxed
solution is satisfactory in some manner; it is either the globally optimal solution or it can
be rounded to a satisfactory approximate solution of our original program. If this is not the
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case, we can use the solution to further tighten the convex relaxation, continuing the loop
until we are satisfied with our answer. When solving mixed-integer programs, this latter
step takes the form of the familiar branch-and-cut algorithm.

In this thesis, we study the practical use of convex relaxations for polynomial optimization
problems in robotics by examining three parts of the pipeline in Figure 1: modeling the
original problem, designing an effective relaxation, and solving the resulting convex program.
The contributions are organized around the observation that the usefulness of the SOS
hierarchy depends not only on its theoretical convergence guarantees, but also on the quality
of the polynomial model, the strength and size of the relaxation, and the numerical methods
used to solve it.

In Part I of this thesis, we collect the necessary background upon which the results of
this thesis are based. We begin by collecting our notation and elementary background in
Chapter 1. In Chapter 2, we review two different ways relaxing polynomial optimization pro-
grams: the Sums-of-Squares method and Tensor Product (or Moment) Relaxations (TPR).
These are connected to each other by convex duality. We also review a slight generalization
of TPR beyond polynomial programs.

In Chapter 3, we review the Graph Of Convex Sets (GCS) framework introduced in
[1,37,38]. GCS considers an optimization problem over a graph where every vertex and edge
is paired with a convex program. GCS extends the powerful modelling framework of graph
optimization programs such as shortest path and travelling salesman to handle continuous
decisions while navigating the graph, and has become increasingly popular in robotics. The
authors of [37,38] develop a sparse TPR of the GCS problem that is highly effective in
practice. We review this relaxation in the language of TPRs. Effective use of GCS motivates
some developments in our first two chapters of contributions. Efficiently solving this TPR
program motivates the second half of our contributions in Part III.

Finally, Chapter 4 briefly reviews the alternating direction method of multipliers (ADMM).
ADMM is a very general, classic algorithm introduced by [39] for solving composite convex
optimization that has seen an explosion of popularity in recent years. The simplicity of
ADMM makes it an appealing base algorithm to specialize to different structures of opti-
mization programs, and we use these properties to design efficient and scalable solvers.

After covering this essential background, we move on to our contributions. Part II focuses
on the modeling and relaxation steps of the framework in Figure 1. In Chapter 5, we
develop a polynomial optimization formulation for certifying collision-free subsets of a robot’s
configuration space. This formulation allows us to use SOS methods to provide the first
efficient method for certifying full-dimensional regions of a robot’s configuration contains no
collisions. Specializing our method to trajectories further improves the practicality of our
method, allowing us to rigorously certify non-collision of polynomial motion plans in just
under one second. We additionally provide a method for growing large, convex, collision-free
regions in a polynomial reparametrization of the configuration space. Armed with a method
for growing convex regions, we conclude Chapter 5 with a heuristic method for automatically
choosing the seed location of these convex regions to provide an efficient convex cover of the
collision-free configuration space.

Chapter 6 in Part II studies the design of stronger SOS relaxations. Because SOS relax-
ations can be highly sensitive to the formulation of the underlying polynomial program, we
introduce a lightweight preprocessing method that uses linear algebra to discover additional
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redundant equality constraints for the original POP. Importantly, our method only returns
the subset of new equalities which do not change the original POP and also can plausibly
strengthen the SOS relaxation. We demonstrate that our method efficiently recovers known
strengthened relaxations from the robotics literature, finding the strengthened formulation
in about 1% of the time it takes to solve the SOS relaxation. This shows that the procedure
can strengthen the resulting relaxation while preserving a computational profile suitable for
robotics pipelines that require time-sensitive solves.

Part III develops solver infrastructure for the convex programs produced by the convex
relaxation procedure. In Chapter 7, we introduce CCosmo, a family of C++ implementations
of a popular ADMM algorithm for solving general convex optimization programs introduced
in [23,40]. CCosmo supports convex programs with quadratic costs, includes a specialized
implementation for a matrix standard form that appears naturally in SOS and TPR re-
laxations, and provides a GPU implementation for solving large batches of small convex
programs. When solving sparse programs in standard form, our implementation is on-par
with other popular, open-source solvers including OSQP, SCS, and COSMO.jl. When solving
matrix-structured programs, CCosmo is signficantly faster, and the batched implementation
can solve large batches over 8× faster.

Next, in Chapter 8 we study algorithms for solving matrix linear systems, a core numerical
subroutine in many convex optimization algorithms.

We first give a direct method for solving positive semidefinite generalized Sylvester equa-
tions. Solving such systems is the bottleneck in the matrix-standard form implementation of
CCosmo and may be of independent interest. Our method scales with the largest dimension
in the unknown matrix rather than scaling in the product of the dimensions as a standard
solver would. The resulting solver is between 10 − 1000× faster than a standard solver,
and is between 5− 10 times faster than a matrix solver that does not account for the PSD
structure of the equations.

Next, we consider a specific linear system that arises in the context solving a sparse,
matrix least-squares problem. The sparsity constraint in the problem is given combinatorially
as a partially ordered set (poset). Such problems arise naturally in the context of designing
controllers for networked linear systems but may also arise in other contexts. We describe a
natural elimination order for solving the linear system that is related to the poset describing
its sparsity pattern. The elimination order goes beyond the typical theory of sparse linear
algebra, resulting in an elimination order that exhibits both low-fill and successively sparsifies
the system. The resulting solver is 2−5× faster than a generic sparse solver under a heuristic
fill-reducing order.

Part III culminates in Chapter 9, which describes a decomposition based solver for the
convex relaxation of GCS programs [1,37]. GCS programs are a practically relevant class
of TPRs, and the convex relaxation inherits substantial structure from both the original
graph-based formulation of the program and the actual relaxation procedure itself. Similar
to other TPRs, GCS relaxations can grow very large very quickly, becoming intractable to
solve as a general convex program.

To overcome this limitation, in Chapter 9 we introduce VEGA, a decomposition-based first-
order solver that separates the relaxation into the natural pieces of a GCS: vertex programs,
edge programs, and a classical graph optimization problem. VEGA solves these pieces in
parallel while driving them to consensus. Each step of VEGA will amount to solving a conic
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program with a quadratic cost; the vertex programs are naturally in matrix standard form
and the edge and graph programs are naturally in standard-form. To exploit this diverse
structure and to amortize the cost of solving the subproblems via warm-starting, VEGA is built
on top of CCosmo described in Chapter 7, which in turn is built on top of the developments
in Chapter 8.

In addition to VEGA, Chapter 9 also introduces GcsCc, a C++ based library with Python
bindings for modeling GCS programs. GcsCc supports specifying programs directly in
standard-form, making it trivial to serialize and deserialize instances. This allows us to
distribute a family of diverse GCS instances from the robotics literature as the GcsBench
benchmark.

VEGA is tested on the GcsBench problems. Compared to generic convex optimization
solvers, VEGA is slower on the smaller GcsBench instances, comparable on the moderately
sized instances, and is the only solver capable of making any progress and indeed solving the
larger instances. Therefore, VEGA is built on top of CCosmo, which can adapt to the structure
of the programs and al

Taken together, this thesis contributes methods across the full convex-relaxation pipeline,
from polynomial modeling and relaxation design to scalable numerical solution methods for
robotics optimization.
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Chapter 1

Elementary Background

In this chapter, we collect some elementary concepts from a range of fields primarily to
organize our notation. The sections are organized from most elementary to least elementary,
with references to more thorough treatment of the subject noted in each section.

Throughout, we will use the standard notation of N for the natural numbers (including
0), Z for the integers, Q for the rationals, R for the reals, and C for the complex numbers.

1.1 Indexing notation
Throughout, we use the notation

[n] = {1, 2, . . . , n}.

The size of an index set J ⊆ [n] with m elements is denoted by |J | = m. Index sets are
assumed ordered unless otherwise stated.

Given a vector x ∈ Rn and an index set J := {i1, . . . , im} ⊆ [n], we denote by xJ :=
[xi1 , . . . , xim ] or x[J ] := xJ depending on the context. Given a matrix A ∈ Rm×n and index
sets J ⊆ [m] and K ⊆ [n], we denote the corresponding submatrix by AJ ,K or A[J ,K]
depending on the context.

1.2 Sets and Vector Spaces
Given sets S and T we denote

• The interior of S as int(S).

• The closure of S as cl(S).

• The linear combination (Minkowski sum) of sets αS + βT := {z | z = αx + βy, x ∈
S, y ∈ T }

Throughout this thesis, we use the standard notions of rings, modules, fields and vector
spaces.
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Given a vector space V over some field F, we denote the dual space as V∗. When we make
reference to the dual space, we assume an unambiguous duality pairing ⟨·, ·⟩ : V∗ × V.

Given a linear map between two vector spaces A : V → W, we denote its adjoint
A∗ : W∗ → V∗ which is the unique linear map satisfying

⟨y,A(x)⟩ = ⟨A∗(y), x⟩.
The majority of real vector spaces V encountered in this thesis have finite dimension n. In
this case, we frequently conflate V with the canonically isomorphic vector space Rn.

Given a matrix X ∈ Rm×n we denote by vec(X) the vertical concatenation of the columns
of X into a single vector x ∈ Rmn and conversely, we’ll denote matmn(x) as the column-major
unrolling of x into a matrix X.

We denote

• The set of diagonal matrices Dn.

• The set of symmetric matrices Sn.

We use ∥v∥ to denote the norm of a vector v ∈ V. For v ∈ Rn, common norms we use are

• The ℓ2-norm: ∥v∥2 =
√
vTv

• The ℓ∞-norm: ∥v∥∞ = max |vi|

• The Q-norm: ∥v∥Q =
√
vTQv where Q is a positive definite matrix. If Q is only

semidefinite then this is only a seminorm.

For matrices V ∈ Rn×n we use the norms:

• Frobenius norm: ∥V ∥F = ∥vec(V )∥2
• Spectral norm: ∥V ∥2 = σmax(V ) where σmax denotes the maximum singular value.

When the choice of norm is clear, we drop the subscript. For further review, the reader
is directed to any standard elementary linear algebra book, e.g. [41].

1.3 Elementary Convex Analysis
Convexity plays a central role throughout this thesis, and so we begin by introducing the
elementary concepts of this field. The standard references for most of these notions and
results can be found in the classic text [20], with [42–44] being popular, modern references.

Definition 1 (Affine Set). A set A is an affine set if the entire line passing between two
points in A is contained in A

x, y ∈ A, λ ∈ R =⇒ λx+ (1− λ)y ∈ A.
Alternatively, an affine set is a set satisfying

A = λA+ (1− λ)A,
for every λ ∈ R.
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A similar idea is that of a convex set, which requires only that the segment between the
two points be contained in the set.

Definition 2 (Convex Set). A set C is convex if the line segment between two points in C
is also contained in C.

x, y ∈ C, λ ∈ [0, 1] =⇒ λx+ (1− λ)y ∈ C.

Alternatively, a convex set is a set satisfying

C = λC + (1− λ)C,

for every λ ∈ [0, 1].

The most important example of a convex set we encounter in this thesis is a cone.

Definition 3 (Cone). A set K is a cone if it is invariant under nonnegative scaling.

x ∈ K, λ ≥ 0 =⇒ λx ∈ K.

Alternatively, K is a cone if it satisfies

λK ⊆ K,

for all λ ≥ 0. A cone is called pointed if K ∩ −K = {0} and solid if int(K) ̸= ∅. A closed,
pointed, solid, and convex cone is called a proper cone

The most important elementary sets and cones are

• The vector space Rn. This is a cone, but not a proper cone.

• The zero set On := {0 ∈ Rn}. This is a cone, but not a proper cone.

• The nonnegative orthant Rn
+ := {x ∈ Rn | x ≥ 0}. This is a proper cone. We denote

its interior of positive vectors Rn
++ := {x ∈ Rn | x > 0}.

• The Lorentz Cone Ln := {(t, x) | t ∈ R, x ∈ Rn−1, t ≥ ∥x∥2}. This is a proper cone.

• The positive semidefinite cone Sn
+ := {X ∈ Sn | xTXx ≥ 0, ∀x ∈ Rn}. This is a

proper cone. We denote its interior, the positive definite matrices, as Sn
++ := {X ∈

Sn | xTXx > 0, ∀x ̸= 0 ∈ Rn}. We denote membership in this cone as X ⪰ 0 and its
interior as X ≻ 0.

• The nonnegative diagonal matrices Dn
+ := {X ∈ Dn | Xii ≥ 0, i ∈ [n]} and its interior

Dn
++ := {X ∈ Dn | Xii > 0, i ∈ [n]}. Both are subsets of Sn

+.

Based on these definitions, we can define natural notions of affine, convex, and conic
combinations of points.
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Definition 4 (Affine, Convex, and Conic Combinations). Given a set of points x1, . . . , xk ∈
Rn and scalars λ1, . . . , λk the linear combination

k∑

i=1

λixi

is called an

1. Affine combination if
∑k

i=1 λi = 1

2. Conic combination if λi ≥ 0

3. Convex combination if λi ≥ 0 and
∑k

i=1 λi = 1.

These definitions let us define the affine, convex, and conic hulls of a set

Definition 5 (Affine, Convex, and Conic Hull). The affine, convex, and conic hulls of a set
S are the smallest affine, convex, and conic sets containing S. They can be written as

1. aff(S) := {y =
∑

i λixi | xi ∈ S,
∑

i=1 λi = 1}.
2. conic(S) := {y =

∑
i λixi | xi ∈ S, λi ≥ 0}.

3. conv(S) := {y =
∑

i λixi | xi ∈ S, λi ≥ 0,
∑

i λi = 1}.

1.3.1 Support Function, Dual, and Recession Cones

The following sets are important in several cases, particularly when we discuss convex pro-
gramming.

The recession cone of a set S is the set of unbounded directions (with zero).

Definition 6 (Recession Cone). The recession cone of a set S is the set of all vectors defining
unbounded directions in S.

S∞ := {y ∈ Rn | x+ λy ∈ S, ∀x ∈ S, λ ≥ 0}.
We always have that 0 ∈ S∞, and so we call this the trivial recession-direction.

Compact sets have no non-trivial recession directions, while proper cones are their own
recession cone.

Finally, we define the dual cone

Definition 7 (Dual Cone). Given a set S ⊆ V and duality pairing ⟨·, ·⟩, we define the dual
cone

S∗ := {y ∈ V∗ | ⟨y, x⟩ ≥ 0, ∀x ∈ S}.
As the name suggests, the dual is always a cone. Moreover, one can show that (S∗)∗ =

cl(conic(S)).
Finally, we define the support function of a convex set.

Definition 8 (Support Function). Given a convex set S ⊆ V and y ∈ V∗, the support
function is

σS(y) = sup
x∈S
⟨y, x⟩.
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1.4 Tensor Products and Matrix Products
We make frequent use of the tensor product in this thesis, so we briefly collect some properties
and define some useful matrix products as well. This material can be found in e.g. [45, §14]
or in more abstract form in [46, §10.4]

We begin by recalling the definition of multilinear maps.

Definition 9 (Multilinear and Symmetric Multilinear Maps). Let V1, . . . ,Vk,W be vector
spaces. A map

A : V1 × · · · × Vk → W

is k-multilinear if it is linear in each argument while the other arguments are fixed. If
V1 = · · · = Vk = V, then A is called symmetric when

A(x1, . . . , xk) = A(xπ(1), . . . , xπ(k)),

for every permutation π of [k].

A map which is 2-multilinear is called bilinear. We next recall the abstract definition of
the tensor product of two vector spaces.

Definition 10 (Tensor Product (Abstract)). The tensor product of two vector spaces V and
W (over the same field) is a vector space V ⊗ W equipped with an associated bilinear map
ϕ : (v, w) → v ⊗ w such that for every bilinear map h : V×W → I to a vector space I there
is a unique linear map h̃ : V⊗W→ I such that h(v, w) = (h̃ ◦ ϕ)(v, w).

An equivalent, more concrete definition of the tensor product can be stated in terms of
bases.

Definition 11 (Tensor Product Space (Bases)). Let V and W be finite-dimensional vector
spaces over the same field, with ordered bases v1, . . . , vm and w1, . . . , wn respectively. The
tensor product space V⊗W is the mn-dimensional vector space formed by all formal linear
combination of the basis elements vi ⊗ wj.

For any two vectors x :=
∑m

i=1 xivi ∈ V and y :=
∑n

j=1 yjwj ∈ W, the tensor product is
an element in V⊗W given by the bilinear expression:

x⊗ y :=

(
m∑

i=1

xivi

)
⊗
(

n∑

j=1

yjwj

)
=

m∑

i=1

n∑

j=1

(xiyj)(vi ⊗ wj).

Given dual vector spaces V∗ and W∗, the natural dual to V ⊗ W is given by the tensor
product of the dual spaces (V⊗W)∗ ∼= V∗ ⊗W∗. It inherits natural induced duality pairing.

Definition 12 (Induced Duality Pairing on Tensors). Let v1 ⊗w1 ∈ V∗ ⊗W∗ and v2 ⊗w2 ∈
V⊗W and let (V,V∗) and (W,W∗) have duality pairing ⟨·, ·⟩V and ⟨·, ·⟩W. The operation

⟨v1 ⊗ w1, v2 ⊗ w2⟩V⊗W := ⟨v1, v2⟩V⟨w1, w2⟩W
extended linearly to all elements y ∈ V∗ ⊗W∗ and x ∈ V ⊗W is the induced duality pairing
between (V⊗W,V∗ ⊗W∗)
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Finally, we define the concept of tensor products of linear maps

Definition 13 (Tensor Product of Linear Maps). Let f : V→ U1 and g : W→ U2 be linear
maps. The tensor product f ⊗ g : V⊗W→ U1 ⊗ U2 is the unique linear map satisfying

(f ⊗ g)(v ⊗ w) = f(v)⊗ g(w).

The tensor product of k vector spaces is defined analogously by considering k-multilinear
map rather than bilinear maps The tensor product is the natural linearization of multilin-
earity. Every k-multilinear map

A : V1 × · · · × Vk → W

is uniquely associated with a linear map Ã on the tensor product

Ã : V1 ⊗ · · · ⊗ Vk → W, Ã(x1 ⊗ · · · ⊗ xk) = A(x1, . . . , xk).

We denote the k-fold tensor product of the same vector space with itself as

V⊗k := V⊗ . . .⊗︸ ︷︷ ︸
k times

V = span {x1 ⊗ . . .⊗ xk | xi ∈ V} .

1.4.1 Symmetric Tensors

Frequently, we are interested in taking the k-fold tensor product of a vector with itself:

x⊗k := x⊗ . . .⊗︸ ︷︷ ︸
k times

x.

We call x⊗k a symmetric tensor.
This operation generates a subspace of V⊗k known as the symmetric tensor product space.

Definition 14 (Symmetric Tensor Product Space). Let V be a vector space. The k-fold
symmetric tensor product of V is defined as

Symk(V) :=

{
y =

∑

i

λix
⊗k
i | xi ∈ V, λi ∈ R

}
.

Equivalently, Symk(V) is the subspace of tensors invariant under permutations of tensor
factors. That is, y ∈ Symk(V) if and only if

Pπy = y, ∀π permutation of [k],

where Pπ is the linear map defined on pure tensors by

Pπ(x1 ⊗ · · · ⊗ xk) := xπ(1) ⊗ · · · ⊗ xπ(k).

Given two tensors T1 ∈ V⊗i and T2 ∈ V⊗j, we denote by T1 ⊗sym T2 ∈ Symi+j(V) the
(normalized) symmetric part of the tensor generated by T1 ⊗ T2.
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1.4.2 Matrix Products

As every linear map can naturally be written as a matrix, it is natural to construct tensor
products of linear maps from matrices. The Kronecker product allows us to do this.

Definition 15 (Kronecker Product). Let A ∈ Rm×n and B ∈ Rp×q. Then

A⊗B :=



a11B . . . a1nB

... . . . ...
am1B . . . amnB




is a mp× nq matrix.

The Kronecker product and the tensor product share the same symbol, as a basis for the
tensor product between two vector spaces can be assembled by taking all pairwise Kronecker
products of bases between the two vector spaces. Similarly, the tensor product of two linear
maps in a particular basis is given by the tensor product of their matrix representations.
Therefore, we freely conflate the Kronecker product vectors with the tensor product of vector
spaces, and the Kronecker product of matrices with the tensor product of the linear maps
of two vector spaces.

The Kronecker product has the following properties [47, §4.2].

Theorem 1 (Kronecker Product Properties). Let A,B,C,D all be matrices associated to
linear operators.

1. Bilinearity: (αA)⊗B = α(A⊗B) and A⊗ (βB) = β(A⊗B).

2. Associativity: (A⊗B)⊗ C = A⊗ (B ⊗ C).

3. Distributivity: A⊗(B+C) = (A⊗B)+(A⊗C) and (A+B)⊗C = (A⊗C)+(B⊗C).

4. Permutative Commutativity: In general A⊗B ̸= B⊗A, but there exist permutation
matrices P and Q called the perfect shuffle matrices such that A ⊗ B = P (B ⊗ A)Q.
If A and B are square, then P = QT .

5. Mixed Product Property: (A⊗ B)(C ⊗D) = AC ⊗ BD provided the matrices are
conformal.

6. Distributivity of Operations: The following operations distribute

(A⊗B)∗ = A∗ ⊗B∗,

(A⊗B)−1 = A−1 ⊗B−1,

where the inverse identity holds assuming the inverses exist.

7. Vectorization Identities: The following hold:

vec(AXB) = (BT ⊗ A) vec(X), (1.1)
vec(xyT ) = y ⊗ x. (1.2)
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1.4.3 Tensor Products of Cones, Separable Matrices, and Positive
Maps

In the prior section we defined tensor products of vector spaces. We also find it useful to
define the tensor product of two cones. In what follows, let K1 ⊆ Rm and K2 ⊆ Rn.

Definition 16 ((Minimal) Tensor Product of Cones [48]). Let K1 and K2 be two convex
cones. We define their tensor product as:

K1 ⊗K2 := conv{x1 ⊗ x2 | x1 ∈ K1, x2 ∈ K2}.
This allows us to define the notion of separable matrix.

Definition 17 (Separable Matrix). A matrix X ∈ Rm×n is said to be K1 ⊗ K2 separable if
X ∈ K1 ⊗K2. Concretely, X is separable if it can be written as:

X =
∑

i

∑

j

λij(yiz
T
j ),

with λij ≥ 0, yi ∈ K1, zj ∈ K2. When the cones are clear, we simply say that X is separable.
A vector x ∈ Rmn is separable in the same manner if

x =
∑

i

∑

j

λij(zj ⊗ yi).

A related notion of the separable matrices are the positive maps.

Definition 18 (Positive Maps). A linear map L : Rm → Rn is called (K1,K2)-positive if
L(K1) ⊆ K2. The set of (K1,K2) positive maps is a convex cone and is denoted by P(K1,K2).
When the cones K1 and K2 are clear from context, we drop all mention of them and simply
write P and call the maps “positive”.

The two notions are duals of each other.

Theorem 2 (Duality of Separable Matrices and Positive Maps). Let K1 ⊆ Rm and K2 ⊆ Rn

be two convex cones. Then

(K1 ⊗K2)
∗ = P(K1,K∗

2).

Proof 1.1. Let L : Rm → Rn, x ∈ K1, and y ∈ K2. We use the standard duality pairings
⟨z1, z2⟩ = zT2 z1 for z1, z2 ∈ Rl and ⟨Z1, Z2⟩ = tr(ZT

2 Z1) when Z1 ∈ Rl×k and Z2 ∈ Rl×k. After
choosing a basis for Rn and Rm, there is a unique matrix L ∈ Rn×m satisfying Lx = L(x).

We therefore have the following chain

L ∈ P(K1,K∗
2) ⇐⇒ L(x) ∈ K∗

2, ∀x ∈ K1

⇐⇒ ⟨L(x), y⟩ ≥ 0, ∀x ∈ K1, y ∈ K2

⇐⇒ ⟨Lx, y⟩ ≥ 0,∀x ∈ K1, y ∈ K2

⇐⇒ ⟨L, yxT ⟩ ≥ 0,∀x ∈ K1, y ∈ K2

⇐⇒ ⟨vec(L), x⊗ y⟩ ≥ 0, ∀x ∈ K1, y ∈ K2

⇐⇒ L ∈ (K1 ⊗K2)
∗.
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The K1 ⊗ K2 is technically the minimal tensor product in the literature. For convex
cones, we also define the maximal tensor product [48].

Definition 19 (Maximal Tensor Products). The maximal tensor product of cones K1 and
K2 is defined as

K1 ⊗max K2 := (K∗
1 ⊗K∗

2)
∗ ,

where the tensor product on the right-hand side is the minimal tensor product from above.

The minimal and maximal tensor product of cones are in general different, however they
are known to coincide if at least one of the cones is isomorphic to the positive orthant.

Theorem 3 ([48, Theorem A]). For finite-dimensional proper cones K1 and K2,

K1 ⊗K2 = K1 ⊗max K2,

if and only if at least one of K1 and K2 is isomorphic to Rk
+ where k is of appropriate

dimension.

Remark 1 (Positive Maps and Maximal Tensor Products). Maximal tensor product, mini-
mal tensor products, are very closely related. Applying Theorem 2 to K∗

1 and K∗
2 gives

K1 ⊗max K2 = P(K∗
1,K∗∗

2 ) = P(K∗
1, cl(K2)).

Thus, positive maps can be viewed either as duals of minimal tensor products or, equivalently,
as maximal tensor products after dualizing the first cone.

In general, describing the tensor product of two cones can be challenging. For example,
checking membership in Sm

+ ⊗ Sn
+ is known to be NP-hard [49]. However, in the case that

one of the cones Ki is either Rn
+ or On, the tensor product is easy to describe.

Theorem 4. Let K be a convex cone in Rn. Then X ∈ K ⊗ Rm
+ if and only if every column

Xi is in K. Formally K ⊗ Rm
+
∼=
⊕m

i=1K

Proof 1.2. If X ∈ K ⊗ Rm
+ then X =

∑
k λkzky

T
k with zk ∈ K, yk ∈ Rm

+ , and λk ≥ 0.
Therefore, every column of X is a nonnegative combination of elements of K. Conversely if
every column of X is in K then X =

∑m
j=1Xje

T
j . The second factor is clearly in R+. The

first factor is in K by assumption.

The same theorem can be shown for On. The proof is almost the same.

Theorem 5. Let K be a convex cone in Rn. Then X ∈ K ⊗ Om if and only if X = 0.

Another tensor product of cones that can be described exactly is Ln⊗Lm. This is derived
from a non-trivial result in [50,51].
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Theorem 6. Let min(n,m) ≥ 3. Then X ∈ Lm ⊗ Ln if and only if ∃Y ∈ S(n−1) ⊗ S(m−1)

such that

X = (W∗
n ⊗W∗

m)(Y ), (1.3a)
Y ⪰ 0, (1.3b)

Y ∈ S(n−1) ⊗ S(m−1), , (1.3c)

where

W∗
r (Y )i =





tr(Y ) i = 0

y00 −
∑r−2

i=1 yii i = 1

2y0(i−1) i = 2, . . . r − 1.

(1.4)

We note that S(n−1) ⊗ S(m−1) is a linear subspace of S(n−1)(m−1) and so (1.3c) can be repre-
sented as a linear equation.

Proof 1.3. Let Wr : Rr → Sr−1 be given by

Wr :




x0
x1
...

xr−1


 7→




x0 + x1 x2 x3 . . . xr−1

x2 x0 − x1 0 . . . 0

x3 0
. . . . . . ...

...
... . . . . . . 0

xr−1 0 . . . 0 x0 − x1



.

The adjoint of Wr is given in (1.4).
Now by Theorem 5.6 of [50], a matrix L ∈ P(Lm,Ln) if and only if ∃Z ∈ (Sn−1)⊥ ⊗

(Sm−1)⊥ such that

(Wn ⊗Wm)(L) + Z ⪰ 0.

Notice that (Sr−1)⊥ is the set of skew-symmetric matrices, but that Z ∈ (Sn−1)⊥ ⊗ (Sm−1)⊥

is a symmetric matrix.
Appealing to the self-duality of L, Theorem 2 states that taking the dual of this positive

semidefinite description of P(Lm,Ln) gives our result.

1.5 Polynomials
We briefly review some basic concepts related to polynomials. A more thorough review is
available in [52, Appendix A.4].

Let x = (x1, . . . , xn) ∈ Rn and α ∈ {0, 1, 2, . . . }n be a multi-index. We write

xα := xα1
1 · · ·xαn

n , |α| :=
n∑

i=1

αi.

We call the expression xα the α-standard basis element for polynomials in n-variables.

36



A polynomial is a finite linear combination of the form

p(x) =
∑

α

pαx
α.

The variables x are called indeterminates and the real numbers pα are the coefficients.
We denote by R[x] the set of n-variable polynomials in x, and by R[x]≤d the polynomials

of degree at most d. The set R[x] is both an infinite-dimensional vector space and a ring; it
is an algebra over a the field R.

Theorem 7 (Dimension of R[x]≤d). Polynomials in n-variables of degree at most d form a
vector space of dimension

(
n+d
d

)
and therefore are isomorphic to R(

n+d
d ).

We denote the standard basis monomials of degree at most d as

[x]≤d := [1, x1, . . . , xn, x
2
1, x1x2, . . . , x

d
n]

T .

When the variable x is clear from context, we drop it, and write e.g. p(x) as p. Moreover, due
to the canonical isomorphism between polynomials and the vector space over its coefficients,
we frequently conflate the polynomial p(x) and its vector of coefficients p.

For multivariate polynomials, there are two notions of degree.

Definition 20 (Total Degree of a Polynomial). The total degree of a polynomial p(x) =∑
α pαx

α is the maximum sum of the exponents of x.

deg(p) := max
α

n∑

i=1

αi.

We shorten the term total degree to degree.

This contrasts with what is known as the term degree.

Definition 21 (Term Degree of a Polynomial). The term degree of a polynomial p(x) =∑
α pαx

α is an n-tuple denoting the maximum degree of the i-th indeterminate

tdeg(p) :=
(
max

α
α1, . . . ,max

α
αn

)
.

Remark 2. Notice that if tdeg(p)i = di, then p is a degree di-polynomial in indeterminate
xi.

It is frequently easier to work with polynomials whose nonzero terms all have the same
total degree. These polynomials are called homogeneous polynomials or forms.

Definition 22 (Homogeneous Polynomial). A polynomial p(x) =
∑

α pαx
α is called homo-

geneous or a form of degree d if every nonzero term has total degree d. Equivalently,

p(x) =
∑

|α|=d

pαx
α.
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We denote the vector space of homogeneous polynomials of degree d by R[x]d. The
homogeneous monomial basis of degree d is denoted:

[x]d :=
[
xd1 xd−1

1 x2 . . . xdn
]
.

Notice that

R[x]≤d =
d⊕

k=0

R[x]k. (1.5)

Given a polynomial p(x), it is always possible to homogenize it by increasing the number of
variables by one

Definition 23 (Homogenization of a Polynomial). Let p ∈ R[x] have degree d. The homog-
enization of p is the homogeneous polynomial

p̃(t, x) = tdp(x/t),

which is a polynomial of degree d in n+ 1 variables.

1.5.1 Polynomials as Maps on Symmetric Tensors

A familiar type of polynomial is a homogeneous quadratic polynomial. These can be defined
as p(x) = xTPx. Using the vectorization identity in (1.1) we can write p(x) = vec(P )T (x⊗x).
Since x⊗x is symmetric, we can simplify this to p(x) = p̂Tx⊗2 by simply matching the terms
which are the same.

Example 1. We consider the quadratic form:

p(x) =

[
x1
x2

]T [
2 3/2
3/2 1

] [
x1
x2

]

=
[
2 3/2 3/2 1

] [
x21 x1x2 x1x2 x22

]T

=
[
2 3 1

] [
x21 x1x2 x22

]T
.

This process can be generalized to any homogeneous polynomial. In short [x]d ∼= x⊗d

and therefore any homogeneous polynomial p(x) can be written as:

p(x) = pT [x]d = ⟨P, x⊗d⟩, (1.6)

where P ∈ Symd(Rn). Formally:

R[x]d ∼= Symd(Rn).

For polynomials of degree at most d, we can use (1.5) to write the isomorphism

R[x]≤d
∼=

d⊕

k=0

Symk(Rn). (1.7)

The conversion between a polynomial and its symmetric tensor is purely mechanical and an
explicit construction can be found in e.g. [53, §3.1].
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1.5.2 Linear Subsets of R[x]

Next, we move on to some canonical subsets of the vector space R[x]. Polynomial ideals are
the canonical affine sets in the vector space R[x]

Definition 24 (Polynomial Ideal). Let {h1, . . . , hM} be a set of real multivariate polynomials.
The (real) polynomial ideal generated by h

⟨h1, . . . , hM⟩ :=
{

M∑

i=1

µihi | µi ∈ R[x],

}
,

is the set of all polynomial linear combinations of h1, . . . , hM . The elements h1, . . . , hM are
known as the generators of the ideal.

This is a linear subset of R[x] as

f1, f2 ∈ ⟨h1, . . . , hM⟩ =⇒ λ1f1 + λ2f2 ∈ ⟨h1, . . . , hM⟩.

We will also introduce the concept of ideal membership in fixed degree. This quantity will
depend on the set of generators used to describe the ideal

Definition 25 (Ideal Membership in Fixed Degree). After fixing a degree d̂, we will consider
the set of polynomials ĥ which can be written as

ĥ(x) =
M∑

i=1

µihi, µi ∈ R[x]≤d̂−deg(hi)
. (1.8)

We call these the polynomials whose membership in the ideal can be proven in degree d̂. We
will denote the set of all such polynomials ⟨h1, . . . , hM⟩≤d̂ or I≤d̂.

We also define the minimum degree required to prove that ĥ ∈ I. This quantity is
denoted as

deg⟨h1,...,hM ⟩(ĥ) := min d̂ s.t. ĥ ∈ ⟨h1, . . . , hM⟩≤d̂. (1.9)

We stress that this quantity depends explicitly on the set of generators used to describe I,
but we will nonetheless use the shorthand degI(ĥ).

1.5.3 Conic Subsets of R[x]

A natural, proper cone in R[x] is the set nonnegative polynomials.

Definition 26 (Nonnegative Polynomials). A polynomial p is called nonnegative if p(x) ≥ 0,
∀x ∈ Rn and positive if p(x) > 0. These sets are denoted by P[x], which is a cone, and
P++[x], respectively. The [x] is omitted when clear from context.

Unfortunately, checking membership in P[x] is NP-hard [54,55]. Another natural cone in
R[x] is the sum-of-squares cone Σ[x].
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Definition 27 (Sum-of-Squares Cone). A polynomial p ∈ R[x] of degree 2d is called a sum-
of-squares (SOS) if it can be written as a sum

p(x) =
k∑

i=1

q2i (x),

with deg(qi) ≤ d. The set of all sums-of-squares polynomials is denoted Σ[x]. The [x] is
omitted when clear from context.

In general, we have that Σ[x] ⊂ P[x] [56–58]. Notice that positive polynomials allow us
to naturally define polynomial conic combination. We will see later why this is an attractive
subset to work with computationally.

As we will later rely on the equivalence between homogeneous polynomials and symmetric
tensors, we also introduce the nonnegative tensors and the tensors of squares.

Definition 28 (Nonnegative Tensor). A symmetric tensor P ∈ Sym2d(Rn) is nonnegative
if

⟨P, x⊗2d⟩ ≥ 0, (1.10)

for all x ∈ Rn. The tensor is called positive if the inequality is strict for x ̸= 0.
The set of nonnegative symmetric tensors is denoted

Sym2d
+ (Rn) =

{
P ∈ Sym2d(Rn) | ⟨P, x⊗2d⟩ ≥ 0, ∀x

}
. (1.11)

Due to the isomorphism between tensors and polynomials, checking if a tensor is nonneg-
ative is NP-hard [59, Theorem 11.2]. Therefore, we will find it convenient to define a tensor
of squares.

Definition 29 (Tensor of Squares). A symmetric tensor P ∈ Sym2d(Rn) is a tensor of
squares if

P = Q⊗sym Q,

where Q ∈ Symd(Rn). We denote the set of tensors of squares as

Sym2d
2 (Rn) :=

{
P ∈ Sym2d(Rn) | P = Q⊗sym Q, Q ∈ Symd(Rn)

}
.

Tensors of squares are exactly the polynomials which are pure squares.
Both positive polynomials and sum-of-squares polynomials give us analogous ways to

define conic combinations and conical subsets of R[x]. In what follows, let S := {g1, . . . , gN}
be a set of polynomials

Definition 30 (Nonnegativity Cone). The nonnegativity cone generated by S is all nonneg-
ative polynomial combinations of the elements of S

P[S] := {s ∈ R[x] | s = p0 +
N∑

i=1

pigi, pi ∈ P[x]}.
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Since computation with P will be difficult, it will be convenient to define an analogous
object with SOS polynomials instead.

Definition 31 (Quadratic Module [52, Definition 3.119]). The quadratic module generated
by the set of polynomials S are the SOS-combinations of the gi,

qmodule[S] :=
{
s ∈ R[x] | s = σ0 +

N∑

i=1

σigi, σi ∈ Σ

}
.

We denote by qmodule≤d[g1, . . . , gN ] the elements of qmodule[g1, . . . , gN ] with total degree at
most d. While d is typically chosen larger than the largest degree of gi, it can be chosen
smaller, in which case any gi with larger degree is dropped from qmodule≤d.

We use the notation qmoduled[g1, . . . , gN ] to denote the degree d homogeneous part of the
quadratic module.

Another set we will encounter is the preorder of the set of polynomials S.

Definition 32 (Preorder [52, Definition 3.120]). The preorder generated by the set of poly-
nomials S are the SOS-combinations of all 2N subsets of products of the generators gi,

preorder[S] :=



s ∈ R[x]

∣∣∣∣∣∣
s =

∑

J⊆[N ]

(
σJ
∏

i∈J

gi

)
, σJ ∈ Σ[x]





=





s ∈ R[x]

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

s = σ0(x) +
∑

i

σi(x)gi(x) +
∑

i ̸=j

σij(x)gi(x)gj(x)+

∑

i ̸=j ̸=k

σijk(x)gi(x)gj(x)gk(x) + . . .





.

We denote by preorder≤d(g1, . . . , gN) the elements of preorder(g1, . . . , gN) with total degree
at most d. Notice that this may exclude some of the larger products of the gi.

All three sets are cones of R[x]. Moreover, if fP ∈ P[S], fqmodule ∈ qmodule[S], and
fpreorder ∈ preorder[S] then polynomials in each of these sets preserve the nonnegative part
of S.

x ∈ {x ∈ Rn | gi(x) ≥ 0} =⇒
fP(x)

fpreorder(x)

fqmodule(x)




≥ 0.

Finally, we have the inclusion:

qmodule[S] ⊆ preorder[S].
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1.5.4 Semialgebraic Sets

While the definitions from Sections 1.5.2 and 1.5.3 define subsets of R[x], in this section we
consider how polynomials help us define subsets of Rn.

Definition 33 (Real Algebraic Variety). A subset S ⊆ Rn is called a real algebraic variety
if it is the zero set of a collection of polynomials.

S = {x ∈ Rn | hj(x) = 0,∀j ∈ [N ]}.

If we allow inequalities, we get closed, basic semialgebraic sets.

Definition 34 (Closed, Basic Semialgebraic Set [52, Definition A.47]). A subset S ⊂ Rn is
called a closed basic semialgebraic set if it is the intersection of a finite number of polynomial
inequalities and equalities.

S = {x ∈ Rn | gi(x) ≥ 0, hj(x) = 0, i ∈ [N ], j ∈ [M ]}.

Finally, if we allow finite unions of these sets, we get closed semialgebraic sets.

Definition 35 (Closed Semialgebraic Set [52, Definition A.48]). A finite union of closed
basic semialgebraic sets is called a closed semialgebraic set.

1.6 Conic Programs
The main computational tool used in this thesis is the solution of conic optimization pro-
grams. Let V be a vector space and V∗ its dual space under the duality pairing ⟨·, ·⟩. Conic
optimization programs come in one of two standard forms

min ⟨c, x⟩
subject to A(x)− b ∈ K, (P)

and
max ⟨b, λ⟩

subject to A∗(λ) = c

λ ∈ K∗,

(D)

where K is a cone and K∗ is its dual cone. The two are connected to each other via
Lagrange duality.

Instances of (P) are usually specified by concrete vectors and matrices A, b, and c, a
product cone K = K1 × · · · × Kn, and a linear subspace defined by C and d

min qTx+ r

subject to Ax− b ∈ K1 × · · · × Kn

Cx− d = 0,

(CSF)

where Ki are proper cones.
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A common extension to (CSF) allows for specifying convex quadratic costs

min
1

2
xTPx+ qTx+ r

subject to Ax− b ∈ K1 × · · · × Kn

Cx− d = 0,

(QCSF)

where P ⪰ 0. Problems of the form (QCSF) can also be standardized to (CSF) at the cost
of adding additional variables and a Lorentz cone constraint [60, §3.2.3]

1.7 Graphs
Graphs will be a ubiquitous object used to encode structure in this thesis. A graph G = (V , E)
is a pair of sets V called the vertices and a subset of ordered or unordered pairs E ⊆ V × V .
If E is ordered G is called a directed graph, otherwise it is undirected. Given an edge (u, v)
of a directed graph we call u the tail and v the head as we typically draw directed edges as
arrows u→ v.

We define notation for several canonical objects

Definition 36 (Incident Edges). Given v ∈ V, the edges e incident to v are the pairs

Ev := {e | e = (u, v) ∈ E or e = (v, u) ∈ E}. (1.12)

When G is directed, we define the natural inward incident and outward incident edges:

E inv := {e | e = (u, v) ∈ E}, (1.13)
Eoutv := {e | e = (v, u) ∈ E}. (1.14)

A particularly common graph that appears in this thesis are cliques.

Definition 37 (Clique). A subset C ⊆ V of an undirected graph G = (V , E) is a clique if for
every pair of vertices u, v ∈ C then (u, v) ∈ E.

1.8 Summary of Notation
Table 1.1 collects the notation introduced in this chapter, grouped by topic.

Table 1.1: Summary of Notation

Notation Definition

Number Systems
N := {0, 1, 2, . . . } The natural numbers.
Z := {. . . ,−2,−1, 0, 1, 2, . . . } The integers.

Continued on next page
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Table 1.1: Summary of Notation (continued)

Notation Definition

Q The rational numbers.
R The real numbers.
C The complex numbers.

Indexing
[n] The ordered index set {1, 2, . . . , n}.
J ⊆ [n], |J | An ordered index set and its cardinality.
xJ or x[J ] The subvector of x indexed by J .
AJ ,K or A[J ,K] The submatrix of A indexed by rows J and columns K.

Sets, vector spaces, and norms
int(S), cl(S) The interior and closure of a set S.
αS + βT The linear combination of sets S and T .
V∗ The dual space of a vector space V.
⟨·, ·⟩ The duality pairing or inner product.
A∗ The adjoint of a linear map A.
vec(X), matmn(x) Column-major vectorization of a matrix and the inverse

reshaping operation.
Dn, Sn The sets of diagonal and symmetric n× n matrices.
∥v∥ A norm of a vector v.
∥v∥2, ∥v∥∞, ∥v∥Q Euclidean, infinity, and Q-norms of a vector.
∥V ∥F , ∥V ∥2 Frobenius and spectral norms of a matrix.

Convex sets and cones
On The zero cone in Rn.
Rn
+, Rn

++ The nonnegative orthant and its interior.
Ln The Lorentz cone.
Sn
+, Sn

++ The positive semidefinite cone and its interior.
X ⪰ 0, X ≻ 0 Membership in the positive semidefinite and positive definite

cones.
Dn
+, Dn

++ The nonnegative diagonal matrices and their interior.
aff(S), conv(S), conic(S) The affine, convex, and conic hulls of S.
S∞ The recession cone of S.
S∗ The dual cone of S.
σS The support function of S.

Tensor products
V⊗W The tensor product of vector spaces V and W.
x⊗ y The tensor product of vectors.
V⊗k The k-fold tensor product of V with itself.
x⊗k The k-fold tensor product of x with itself.

Continued on next page
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Table 1.1: Summary of Notation (continued)

Notation Definition

Symk(V) The symmetric tensor product space.
T1 ⊗sym T2 The symmetric part of T1 ⊗ T2.
A⊗B The Kronecker product of matrices A and B.
K1 ⊗K2 The minimal tensor product of cones.
P(K1,K2) The cone of positive maps between cones.

Polynomials
α, |α| A multi-index and its total degree.
xα The monomial with exponent vector α.
R[x], R[x]≤d Polynomials in x and the subspace of degree at most d.
[x]≤d The standard monomial basis of degree at most d.
deg(p), tdeg(p) The total degree and term degree of p.
R[x]d, [x]d Homogeneous polynomials of degree-d and the standard

homogeneous monomial basis.
p̃(t, x) := tdeg(p)p(x/t) The homogenization of the polynomial p
⟨h1, . . . , hM ⟩ The polynomial ideal generated by h1, . . . , hM .
⟨h1, . . . , hM ⟩≤d The elements of the ideal whose membership is proven with

degree at most d.
P[x], P++[x] The cones of nonnegative and positive polynomials.
Sym2d

+ (Rn) The nonnegative, degree-2d symmetric tensors in n variables.
Σ[x] The cone of sums-of-squares polynomials.
Sym2d

2 (Rn) The degree-2d symmetric tensors in n variables which are
squares.

P[S] The nonnegativity cone generated by S.
qmodule[S], qmodule≤d[S] The quadratic module generated by S and its degree-limited

subset.
preorder[S], preorder≤d[S] The preorder generated by S and its degree-limited subset.

Graphs
G = (V, E) A graph with vertices V and edges E .
Ev, E inv , Eoutv Incident, inward incident, and outward incident edges at v.
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Chapter 2

Convex Relaxations: Sums-of-Squares
and Tensor Product Relaxations

We begin this thesis by reviewing two complementary ways of designing convex relaxations
for polynomial optimization problems. These two methods are related, and in some sense
equivalent, through convex duality. This methodology is most recognized in the literature
under the name of the Sums-of-Squares (SOS) hierarchy, the Moment hierarchy, or the
SOS/Moment hierarchy. Its modern use as a computational tool was introduced in parallel
by Parrilo [26,61] and Lasserre [27].

2.1 Sums-Of-Squares Programming
In this section, we begin by introducing the SOS hierarchy. Readers are referred to [52,
Chapter 3] and [62, Chapter 2] for a more thorough introduction.

We begin with the following motivating problem.

Problem 2.1: Certifying Polynomial Nonnegativity
Let x ∈ Rn and let p be a polynomial of degree d. Prove:

p(x) ≥ 0, ∀x ∈ S = {x ∈ Rn | gi(x) ≥ 0, hj(x) = 0, i ∈ [N ], j ∈ [M ]}. (2.1)

An alternative way to write (2.1) is as the implication

x ∈ S =⇒ p(x) ≥ 0. (2.2)

This problem is known to be NP-hard [54,55] in general, even when S = Rn. However,
suppose an oracle provided you the following expression for p:

σi(x) =

mi∑

k=0

q2ik(x), (2.3a)

p(x) = σ0(x)︸ ︷︷ ︸
≥0 ∀x∈Rn

+
∑

i

σi(x)︸ ︷︷ ︸
≥0 ∀x∈Rn

gi(x)︸︷︷︸
≥0 ∀x∈S

+
∑

j

µj(x) hj(x)︸ ︷︷ ︸
=0 ∀x∈S

. (2.3b)
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The polynomials σi(x) are known as Sums-of-Squares (SOS) polynomials and are self-evidently
nonnegative by virtue of being the sum of terms which are themselves nonnegative. The set
of these polynomials is denoted by Σ[x]. Moreover, the expression succeeds in solving Prob-
lem 2.1 as we have written p(x) as the sum of terms which are all nonnegative for x ∈ S.

Definition 38 (Sums-of-Squares Certificate of Nonnegativity). The set of polynomials σ0(x) ∈
Σ≤2d, σi(x) ∈ Σ≤2d−deg(gi) and µj ∈ R[x]≤2d−deg(hj) in (2.3) are a degree 2d SOS certificate
for the nonnegativity of p(x).

We will frequently refer to a degree 2d SOS certificate as simply a certificate throughout
this thesis.

Recalling the definition of the quadratic module from Definition 31 and ideal from Defi-
nition 24, we notice that (2.3) expresses p as:

p(x) = s(x) + f(x), s ∈ qmodule[g1, . . . , gN ], f ∈ ⟨h1, . . . , hM⟩.

The key observation introduced in [26,63,64] is the following semidefinite characterization of
SOS polynomials:

Theorem 8 ([52, Theorem 3.39], [64, Theorem 17.1]). Let σ(x) =
∑

α σαx
α ∈ R[x]≤2d. Then

σ(x) is a sum-of-squares if and only if there exists S ∈ S
(n+d

d )
+ such that:

σα =
∑

β+γ=α

Sβγ, S ⪰ 0.

More generally, let b(x) be a basis of R[x]≤2d and m(x) be a basis of R[x]≤d. Let M be
the unique linear map satisfying M(b(x)) = m(x)m(x)T and let M∗ be its adjoint. Then
σ(x) = σT b(x) is a sum of squares if and only if:

σ =M∗(S), S ⪰ 0.

This is a system of
(
n+2d
2d

)
linear constraints and one

(
n+d
d

)
semidefinite constraint.

As (2.3b) is a linear equality between the coefficients of p and the coefficients in the
certificates, Theorem 8 enables us to search for certificates of the type (2.3) using semidefinite
programming [65].

We note that there are many excellent software packages for automatically converting
SOS programs into their SDP form. These include SumOfSquares.jl [66,67] for Julia,
SumOfSquares.py [68] for Python, Drake’s MathematicalProgram [69] for C++ and Python,
and SOSTOOLS [70] for Matlab.
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2.1.1 Certificates of Nonnegativity

While certificates such as (2.3) are sufficient to accomplish our goals in Problem 2.1, other
options are possible. A more general certificate could be:

p(x) = σ0(x) +
∑

i

σi(x)gi(x) +
∑

i ̸=j

σij(x)gi(x)gj(x)+

∑

i ̸=j ̸=k

σijk(x)gi(x)gj(x)gk(x) + · · ·+
∑

j

µj(x)hj(x)

σi, σij, σijk, · · · ∈ Σ[x],

(2.4)

which multiplies together all the square-free products of the generating nonnegative poly-
nomials in S. Recalling the definition of preorder from Definition 32, (2.4) can be written
as

p(x) = s(x) + f(x), s ∈ preorder[g1, . . . , gN ], f ∈ ⟨h1, . . . , hM⟩.

These types of certificates have been well studied and form a cornerstone of real algebraic
geometry.

A natural question is whether the certificates of type (2.3) or (2.4) are always enough
to prove that p(x) ≥ 0, ∀x ∈ S. A sequence of so-called representation theorems from
real-algebraic geometry known as Positivstellensatz asserts that this is true. In the following
let S = {x ∈ Rn | gi(x) ≥ 0, hj(x) = 0, i ∈ [N ], j ∈ [M ]} be a semialgebraic set and p be a
polynomial.

Theorem 9 (Real Nullstellensatz [52, Corollary A.53]). Let N = 0, i.e. S = {x ∈ Rn |
hj(x) = 0, j ∈ [M ]}. Then p(x) = 0, ∀x ∈ S if and only if ∃r ∈ N, r > 0, σ ∈ Σ[x] such
that:

p2r(x) + σ(x) ∈ ⟨h1, . . . , hM⟩ (2.5)
⇕

∃µi ∈ R[x], σ ∈ Σ[x], r ∈ N s.t. p2r + σ =
M∑

i=1

µihi. (2.6)

Theorem 10 (Krivine-Stengle Positivstellensatz [71,72]). The polynomial p(x) ≥ 0 ,∀x ∈ S
if and only if ∃r ∈ N and ∃f(x), s(x), τ(x) ∈ R[x] such that

τ(x)p(x) = p(x)2r + f(x) + s(x)

s, τ ∈ preorder[g1, . . . gN ], f ∈ ⟨h1, . . . , hM⟩
⇕

∃µi ∈ R[x], σi ∈ Σ[x] s.t. τp = p2r +
∑

J⊆[N ]

σJ
∏

i∈J

gi +
M∑

i=1

µihi.

(2.7)

If p(x) > 0,∀x ∈ S, then we can take r = 0.
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Under further assumptions, we can make potentially stronger statements. In the case of
requiring p(x) > 0 on a compact set, we have

Theorem 11 (Schmudgen’s Positivstellensatz [73]). Let S = {x ∈ Rn | gi(x) ≥ 0, i ∈ [N ]}
be compact. If the polynomial p(x) > 0, ∀x ∈ S, then

p(x) ∈ preorder[g1, . . . , gN ]
⇓

∃σJ ∈ Σ[x] s.t. p =
∑

J⊆[N ]

σJ
∏

i∈J

gi.
(2.8)

In order to state one final, stronger Positivstellensatz, we must first introduce the concept
of an Archimedean description of S. Finally, if S satisfies the stronger condition of being
Archimedean, then we can use a stronger Positivstellensatz.

Definition 39 (Archimedean Description). Let S = {x ∈ Rn | gi(x) ≥ 0, i ∈ [N ]}. The
description of S in terms of g1, . . . , gN is Archimedean if there exists K ∈ N such that

K −
n∑

i=1

x2i = s(x), s ∈ qmodule[g1, . . . gN ].

Note that being Archimedean is not a property of the set, but rather a property of the
description of the set. Sets with Archimedean descriptions are always compact; indeed the
definition requires that the set fit inside the ball of size K. Roughly, a description of a set
is Archimedean if its compactness can be certified using the quadratic module. A compact
set S = {x ∈ Rn | gi(x) ≥ 0, i ∈ [N ]} can always be given an Archimedean description by
writing it as

S = {x ∈ Rn | gi(x) ≥ 0, i ∈ [N ], K −
n∑

i=1

x2i ≥ 0},

for a sufficiently large K.
The final Positivstellensatz we state is due to Putinar.

Theorem 12 (Putinar’s Positivstellensatz [74]). Let S = {x ∈ Rn | gi(x) ≥ 0, i ∈ [N ]} and
suppose that the description of S is Archimedean. If the polynomial p(x) > 0, ∀x ∈ S, then

p(x) ∈ qmodule[g1, . . . gN ]
⇓

∃σi ∈ Σ[x] s.t. p = σ0 +
N∑

i=1

σigi.

(2.9)

We call certificates of the nonnegativity of p over S of the form (2.7) Krivine-Stengle
certificates, (2.8) Schmudgen certificates, and (2.9) Putinar certificates. Notice that our
example in (2.3) is a Putinar certificate. We call a certificate a degree 2d certificate if the
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Figure 2.1: The feasible region from Example 2

terms on either side of (2.7), (2.8), and (2.9) are of degree no more than 2d. The σ and µ
terms are typically called multipliers.

We note that Theorem 8 allows us to compute these Positivstellensatz certificates via
semidefinite programming. The condition that f ∈ ⟨h1, . . . , hM⟩ can be written as a linear
constraint between the coefficients of f , h’s, and µ’s. Membership of s in either the preorder
or quadratic module of the gi’s can be written as a linear constraint between the coefficients
of s, the gi’s, and the σ multipliers, while the membership of σi ∈ Σ can be written as a
semidefinite constraint and additional linear constraints via Theorem 8.

2.1.1.1 Degree Bounded Certificates

Notice that the statements of Theorems 10, 11 and 12 make no claims on the necessary
degrees of the certificates. For complexity reasons, these degrees may in fact be quite high.
Moreover, while the certificates in Theorem 12 are simpler than both other theorems, the de-
gree required to generate a Putinar certificate may be much higher than those in a Schmudgen
certificate, and similarly for a Krivine-Stengle certificate [75]. Consider the following extreme
example with a compact set drawn in Figure 2.1.

Example 2. Consider the problem of testing that

p(x) := 17/4− x2 − y2 ≥ 0,

∀(x, y) ∈ S = {(x, y) ∈ R2 | x− 1/2 ≥ 0, y − 1/2 ≥ 0, 1− xy ≥ 0}.
We give an elementary proof in Section 2.3.1 that no certificate of the form (2.9) can exist.
On the other hand, the following is an example of a certificate of the form (2.8).

17/4− x2 − y2 = 2(y − 1/2)2(x− 1/2) + 2(x− 1/2)2(y − 1/2) + 5(1− xy)
+ 7(x− 1/2)(y − 1/2) + 2(x− 1/2)(1− xy) + 2(y − 1/2)(1− xy)

.
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This example is due to [76, Example 6.3.1].

Similarly, while in the infinite degree case, Theorem 9 assures us that the original gen-
erators of the ideal are sufficient, including other generators can substantially decrease the
degrees required to construct our certificates.

Example 3. Let d ≥ 2 and let S =
{
x, y ∈ R | xd = 0, x2y − x = 0

}
. The following certifi-

cate proves that x = 0, ∀x ∈ S:

x = yd−1
(
xd
)
−
(

d−2∑

i=0

xiyi

)
(
x2y − x

)
.

This is a certificate of degree 2d − 1. We defer a proof that no lower-degree certificate can
exist to Section 2.3.2.

On the other hand, since xd = 0, then x2 = 0 and so the set S ′ = {x, y ∈ R | xd =
0, x2y − x = 0, x2 = 0} encodes the same set. Using the new description S ′ we have that

x = y(x2) + 0(xd)− 1(x2y − x).
This certificate is of degree 3.

There are more vicious examples in the literature which show that checking if p(x) = 0
for all x satisfying some set of polynomial equalities requires multipliers whose degree is
d2

O(n) i.e. doubly exponential [77,78].

2.1.1.2 General Procedure

Though the representation theorems Theorems 10, 11 and 12 are necessary in infinite degree,
in practice Example 2 and Example 3 show that including additional polynomials which do
not change the description of the set can help substantially lower the degrees needed to
produce certificates. This is a well-studied phenomenon in the polynomial proof complexity
literature mostly in the context of only equality constraints [79–81], but with some study in
the general basic semialgebraic case [82,83].

In general, given a set S = {x ∈ Rn | gi(x) ≥ 0, hj(x) = 0, i ∈ [N ], j ∈ [M ]} and a
polynomial p(x), we will search for certificates of non-negativity

τ̂ p =
N̂∑

i=1

σiĝi +
M̂∑

j=1

µjĥj

σi ∈ Σ,

where τ̂ ≥ 0, ĝi(x) ≥ 0, ĥj(x) = 0 ∀x ∈ S. The polynomials τ̂ , ĝ, ĥ are known as ansatz
(plural ansatze). We will always include the ansatz 1 ≥ 0. Theorem 12 takes as ansatz only
the original gi with τ̂ = 1, while Theorem 11 takes as ansatz all subsets of products of the
gi and τ̂ ∈ preorder[g1, . . . , gN ]. In Example 3 we start from the description xd = 0 and
x2y − x = 0 and add as an ansatz x2 = 0 to lower the degree of our certificate. Chapter 6
will be dedicated to the effective search for new equality ansatze ĥ that will lower the degree
needed to produce certificates.
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2.1.2 The SOS Hierarchy For Polynomial Optimization

Equipped with the tools from Section 2.1.1, now consider the problem

inf p(x)

subject to gi(x) ≥ 0, i = 1, . . . , N

hj(x) = 0, j = 1, . . . ,M

. (2.10)

While this problem is difficult, a simple reformulation due to [26,63] suggests a way to prove
a lower bound.

Problem 2.2: Polynomial Program Lower Bound

Let S = {x ∈ Rn | gi(x) ≥ 0, hj(x) = 0, i ∈ [N ], j ∈ [M ]}. Certify the best lower
bound γ for p(x) for x ∈ S.

max γ (2.11a)
subject to p(x)− γ ≥ 0, ∀x ∈ S. (2.11b)

Now, we can replace the condition (2.11b) with one of the certificates (2.7), (2.8), or
(2.9). For example, replacing (2.11b) with (2.8) yields

sup γ (2.12a)
subject to p(x)− γ = s(x) + f(x) (2.12b)

s ∈ preorder[g1, . . . gN ] (2.12c)
f ∈ ⟨h1, . . . , hM⟩. (2.12d)

Finally, Theorem 8 allows us to formulate (2.12) as a semidefinite program. Provided the
antecedent of Theorem 11 hold, (2.12) is not a relaxation of (2.11). Even if the antecedent
does not hold, any feasible solution of (2.12) is sufficient to produce a lower bound on (2.11).
Additionally, in order to form and solve the semidefinite program associated to (2.12) we
must pick a maximum, finite degree d for all polynomials.

sup γ (2.13a)
subject to p(x)− γ = s(x) + f(x) (2.13b)

s ∈ preorder≤d(g1, . . . gN) (2.13c)
f ∈ ⟨h1, . . . , hM⟩≤d. (2.13d)

It is this choice of maximum degree that results in (2.13) being a lower bound on (2.10).
Notice that for every choice of d, we get a different, potentially tighter instance of (2.13).
This choice of maximum degree d leads to a hierarchy of relaxations that is the celebrated
Sums-of-Squares Hierarchy.

We again emphasize that in finite degree, different choices such as which elements of the
preorder versus the quadratic module and which members of the ideal are included in the
program will affect the relaxation degree. Revisiting Example 2 and Example 3 makes this
clear.
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Example 4. Consider the optimization problem over the set from Example 2

max x2 + y2 (2.14)
subject to x− 1/2 ≥ 0, y − 1/2 ≥ 0, 1− xy ≥ 0. (2.15)

The best upper bound attained by a certificate of the form Theorem 12:

inf γ

subject to γ − x2 − y2 = σ0 + σ1(x− 1/2) + σ2(y − 1/2) + σ3(1− xy)
σ0 ∈ Σ[x, y]≤2d, σi ∈ Σ[x, y]≤2d−2, i > 0

is ∞ for all degree d (i.e. the above program is infeasible). On the other hand, the best upper
bound attained by the certificate of the form Theorem 11:

min γ

subject to γ − x2 − y2 = σ0 + σ1(x− 1/2) + σ2(y − 1/2) + σ3(1− xy)+
σ12(x− 1/2)(y − 1/2) + σ13(x− 1/2)(1− xy) + σ23(y − 1/2)(1− xy)

σ0 ∈ Σ[x, y]2d, σi ∈ Σ[x, y]2d−2, σ1i ∈ Σ[x, y]2d−2, σ23 ∈ Σ[x, y]2d−4

is the globally optimal value of 17/4 at the degree d = 2.

Example 5. Consider the example over the set from Example 3.

min x

subject to x2y − x = 0, xd = 0.

The relaxation

max γ

subject to x− γ = σ0(x, y) + µ0(x, y)(x
2y − x) + µ1(x, y)x

d

σ0(x, y) ∈ Σ[x, y]≤2D, µ0(x, y) ∈ R[x, y]≤2D−3, µ1(x, y) ∈ R[x, y]≤2D−d

attains value γ = −∞ (i.e. is infeasible) if 2D < d and 0 at every degree 2D ≥ 2d− 1. For
d ≤ 2D < 2d− 1, then the relaxation has 0 as the supremum, but it is not attained.

The sensitivity of the tightness of SOS relaxations to their formulation will motivate the
developments of Chapter 6.

2.1.3 Complexity of the SOS Hierarchy

It is worth dwelling briefly on the cost of the SOS hierarchy. State-of-the-art semidefinite
programming solvers are typically interior point methods [22,84,85] which for semidefinite
programs scale [43, Proposition 6.6.3] as

O(
√
l(l3k + l2k2 + k3)), (2.16)
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where l is the dimension of the PSD variable and k is the number of linear constraints.
From Theorem 8, a SOS polynomial constraint in n variables of degree 2d requires adding(

n+2d
2d

)
linear constraints and a semidefinite constraint with

(
n+d
d

)
rows.

Recall that for fixed n,
(
n+d
d

)
grows as Θ(dn). Therefore, we have that l = Θ(dn) and

k = Θ((2d)n) = Θ(dn) and we get the complexity of stepping up degree in the SOS hierarchy
as

O(d4.5n). (2.17)

For fixed d,
(
n+d
d

)
grows as Θ(nd), so we get that l = Θ(nd) and k = Θ(n2d). The complexity

of stepping up in dimension in the SOS hierarchy is

O(n6.5d). (2.18)

Note that we are typically in the regime where n is fixed, as this is the number of decision
variables in our original problem (2.11). Therefore, the bound (2.17) is more relevant, and
it says that the SOS hierarchy becomes much more expensive as the base problem becomes
larger. This motivates many of the works related to stepping up in the hierarchy more
efficiently.

2.2 Tensor Product Relaxations and the Moment Hier-
archy

We now turn to another, systematic way of deriving a convex relaxation for an arbitrary
polynomial optimization problem. We will show later that the two approaches are in fact
duals of each other, but in many instances one view or the other is more natural. As with
the prior section, we begin with a classic, motivating problem.

Problem 2.3: Nonconvex Quadratic Program

Let P, Qi, Rj ∈ Sn, A ∈ Rm×n, B ∈ Rl×n, and x ∈ Rn. We consider the following
nonconvex, quadratic program

min xTPx (2.19a)
subject to xTQix ≥ 0, i ∈ [N ] (2.19b)

xTRjx = 0, j ∈ [M ] (2.19c)
Ax ≥ 0 (2.19d)

Bx = 0, x =

[
1
y

]
. (2.19e)

First, notice that (2.19) is already sufficient to encode mixed-integer linear programs
(MILP), by setting N = 0, and encoding any binary constraints xk ∈ {0, 1} as xk(1−xk) = 0.
MILPs are well known to contain many NP-complete problems [18], but are of very high
practical interest with multiple companies such as Gurobi, Mosek, and Fico Xpress almost
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entirely dedicated to building high-performance solvers for this class. Second, notice that
(2.19) is a particular instance of (2.10) with only quadratic and linear polynomials, and so
we could in principle derive lower bounds using the machinery of Section 2.1.

We instead consider the following well-known construction originally attributed to Naum
Shor [86]. First, we recall the trace trick:

tr(xTPx) = tr(PxxT ).

Therefore, (2.19) is in fact equivalent to the program

min tr(PX) (2.20a)
subject to tr(QiX) ≥ 0, i ∈ [N ] (2.20b)

tr(RjX) = 0, j ∈ [M ] (2.20c)
AXe0 ≥ 0 (2.20d)
BXe0 = 0, eT0Xe0 = 1 (2.20e)
X = xxT . (2.20f)

Notice that this program is linear in X, with the only nonconvexity now present in the
rank-one constraint X = xxT . The rank-one constraint is readily relaxed into the PSD
constraint X ⪰ 0. Doing so results in the following relaxation of (2.19) which is known as
the Shor relaxation

min tr(PX)

subject to tr(QiX) ≥ 0, i ∈ [N ]

tr(RjX) = 0, j ∈ [M ]

AXe0 ≥ 0

BXe0 = 0, eT0Xe0 = 1

X ⪰ 0.

(Shor)

Solving this program will generate a relaxed solution X∗ for which tr(PX∗) will lower bound
(2.19). Additionally, if the resulting X is rank-one, then we can factor it as X = vvT and
directly produce a solution x = (eT0 v)v to (2.19).

2.2.0.1 Multiplying Constraints

In Section 2.1, we showed that a broader class of nonnegativity certificates than (2.3) could
be derived by multiplying together some of the constraints to produce certificates of the form
(2.4). We can apply a similar idea here. For example,

Ax ≥ 0, eT0 x = 1 =⇒ AxxTAT ≥ 0,

Bx = 0 =⇒ BxxT = 0,

where the first inequality should be read elementwise.
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This gives the following relaxation of (2.19)

min tr(PX)

subject to tr(QiX) ≥ 0, i ∈ [N ]

tr(RjX) = 0, j ∈ [M ]

AXe0 ≥ 0, AXAT ≥ 0

BX = 0, eT0Xe0 = 1

X ⪰ 0,

(2.21)

which is stronger than (Shor) as every feasible solution of (2.21) is feasible for (Shor).
We can summarize this procedure into four steps.

1. Lift: x→ xxT =: X.

2. Linearize: by rewriting all constraints on x in terms of X. For example, write Ax ≥ 0
as AXe0 ≥ 0.

3. Tighten: by taking all the products of the constraints on x that result in constraints
on X. For example, Ax ≥ 0 =⇒ AXAT ≥ 0.

4. Relax: the rank-one constraint X = xxT to a tractable constraint such as X ⪰ 0

2.2.1 Moment Relaxations

The procedure of the previous section can be generalized to handle the more general form
(2.10). To do this, recall from Section 1.5.1 that a homogeneous degree-2d polynomial f(x)
can be written as f(x) = ⟨F, x⊗2d⟩ for some symmetric tensor F .

In the same way that (2.19) is homogenized by concentrating all the affine terms into
eT0 x = 1, we will assume that (2.10) has been similarly homogenized. Concretely, we will as-
sume that every polynomial has been homogenized to degree 2d via the map f(x) 7→ t2df(x/t)
for 2d sufficiently large. This, along with the conversion from homogeneous polynomials to
symmetric tensors from Section 1.5.1, allows us to write (2.10) as

inf ⟨P, x⊗2d⟩ (2.22a)
subject to ⟨Gi, x

⊗2d⟩ ≥ 0, i = 1, . . . , N (2.22b)
⟨Hj, x

⊗2d⟩ = 0, j = 1, . . . ,M (2.22c)
eT0 x = 1. (2.22d)

Next, we make the substitution X = x⊗2d. We note that eT0 x = 1 implies that ⟨e⊗2d
0 , x⊗2d⟩ =

1, allowing us to write (2.22) as

inf ⟨P,X⟩ (2.23a)
subject to ⟨Gi, X⟩ ≥ 0, i = 1, . . . , N (2.23b)

⟨Hj, X⟩ = 0, j = 1, . . . ,M (2.23c)
⟨e⊗2d

0 , X⟩ = 1 (2.23d)
X = x⊗2d. (2.23e)
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Notice that (2.23) is in essentially the same form as (2.20). The constraint (2.23e) is known
as the Veronese variety [52, §4].

The program in (2.23) is equivalent to (2.10), but has all the non-convexity concentrated
into the constraint (2.23e). Therefore, designing a convex relaxation amounts to finding a
good convex relaxation of (2.23e). Ideally, we would replace (2.23e) with its convex hull, but
this is known to be difficult to describe [52, §4]. In the 2d = 2 case we replaced X = x⊗2

with X ⪰ 0. In the general 2d case, we can flatten X = x⊗2d into a symmetric matrix and
constrain this to be PSD. Calling this linear mapM, we obtain the relaxation

inf ⟨P,X⟩ (2.24a)
subject to ⟨Gi, X⟩ ≥ 0, i = 1, . . . , N (2.24b)

⟨Hj, X⟩ = 0, j = 1, . . . ,M (2.24c)
⟨e⊗2d

0 , X⟩ = 1 (2.24d)
M(X) ⪰ 0. (2.24e)

The constraint (2.24e) is known as a pseudomoment constraint.

2.2.1.1 Increasing the Degree

In converting (2.22) to (2.23), we kept the tensor degree fixed at 2d. We can construct a
more general relaxation if we instead choose a tensor degree 2D ≥ 2d. Since eT0 x = 1, then
we have that

⟨P, x⊗2d⟩ = ⟨e⊗(2D−2d)
0 ⊗sym P, x⊗2D⟩.

When lifting ⟨Gi, x
⊗2d⟩ to higher degree, we note that for every degree-(2D− 2d) symmetric

tensor Si ∈ Sym2D−2d
+ (Rn) then,

⟨Si, x
⊗(2D−2d)⟩⟨Gi, x

⊗2d⟩ = ⟨Si ⊗sym Gi, x
⊗2D⟩ ≥ 0, (2.25)

since ⟨Si, x
⊗(2D−2d)⟩ ≥ 0 for all x by definition.

Similarly, since ⟨Hj, x
⊗2d⟩ = 0 then for every Rj ∈ Sym2D−2d(Rn) we have

⟨Rj, x
⊗(2D−2d)⟩⟨Hj, x

⊗2d⟩ = ⟨Rj ⊗sym Hj, x
⊗2D⟩ = 0.

The resulting degree-2D tensor generalization of (2.23) is

inf ⟨e⊗(2D−2d)
0 ⊗sym P,X⟩ (2.26a)

subject to ⟨Si ⊗sym Gi, X⟩ ≥ 0, ∀Si ∈ Sym2D−2d
+ (Rn), i ∈ [N ] (2.26b)

⟨Rj ⊗sym Hj, X⟩ = 0, ∀Rj ∈ Sym2D−2d(Rn), j ∈ [M ], (2.26c)
⟨e⊗2D

0 , X⟩ = 1 (2.26d)
X = x⊗2D. (2.26e)

Again, (2.26) is completely equivalent to (2.10). We stress that Si and Rj are not decision
variables. They are a family of tensors which are universally quantified. As written, (2.26)
has infinitely many constraints, due to the universal quantifiers in (2.26b) and (2.26c).
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To eliminate the universal quantifier in (2.26c), it suffices to enforce (2.26c) at only a set
of basis elements for all homogeneous, degree-(2D − 2d) symmetric tensors.

Let B1, . . . , BK be a basis for Sym2D−2d(Rn) and let K =
(
n+2D−2d−1

2D−2d

)
, the dimension of

Sym2D−2d(Rn). We replace (2.26c) with the finite list

⟨Bk ⊗sym Hj, X⟩ = 0, ∀j ∈ [M ], k ∈ [K].

Unfortunately, parametrizing the set of all nonnegative symmetric tensors is difficult [59,
Theorem 11.2], since it is equivalent to parametrizing all nonnegative polynomials. To obtain
a finite dimensional relaxation of (2.26b), rather than enforcing the constraint for all globally
nonnegative multipliers Si ∈ Sym2D−2d

+ (Rn), we enforce it for all square multipliers Si ∈
Sym2D−2d

2 (Rn), i.e. Si = Qi ⊗sym Qi with Qi ∈ SymD−d(Rn). LetMGi
be the unique linear

map satisfying

⟨Qi ⊗sym Qi ⊗sym Gi, X⟩ = ⟨Qi,MGi
(X)Qi⟩.

By linearity, this ensures that we certify nonnegativity for all tensors Si which are sums-of-
squares and not just pure squares. In the tensor literatureMGi

is the partial contraction of
X against Gi [45, §14]. In the Moment/SOS literature, MGi

(X) is known as the localizing
matrix [62, §3.2.1.]. Using this parametrization, a relaxation of (2.26b) can be written as

⟨Qi,MGi
(X)Qi⟩ ≥ 0,∀Qi ∈ SymD−d(Rn).

This universal quantifier over the pure squares is equivalent toMGi
(X) ⪰ 0.

Combining this with our relaxation of the Veronese variety from Section 2.2.1 leads to
the relaxation

inf ⟨e⊗(2D−2d)
0 ⊗sym P,X⟩ (2.27a)

subject toMGi
(X) ⪰ 0, i = 1, . . . , N (2.27b)

⟨Bk ⊗sym Hj, X⟩ = 0, ∀j ∈ [M ], k ∈ [K] (2.27c)
⟨e⊗2D

0 , X⟩ = 1 (2.27d)
M(X) ⪰ 0. (2.27e)

The constraint (2.27b) relaxes (2.26b), (2.27c) exactly represents (2.26c), and (2.27e)
relaxes (2.26e).

The relaxation (2.27) is known as the moment relaxation [62].

2.2.1.2 Multiplying Constraints

In reformulating (2.22) to (2.26), we replaced (2.23b) with (2.26b) which requires Si ∈
Sym2D−2d

+ (Rn). This, in general, is a more stringent requirement than is necessary. In
general, we only need Si to be nonnegative on the feasible set of (2.26) for (2.26b) to be
valid.

Describing this set is in general more difficult than describing the set of all nonnegative
tensors. However, a reasonable family of additional constraints one may consider adding are
of the form:

⟨Sij ⊗sym Gi ⊗sym Gj, X⟩ ≥ 0, ∀Sij ∈ Sym2D−4d
+ (Rn).
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This constraint is nonnegative on the set since Sij is a nonnegative tensor and the evaluation
of the tensors Gi and Gj on the set are nonnegative.

Even more generally, for any subset S ∈ 2[N ] such that 2|S|d ≤ 2D, we can include the
constraint 〈

SS ⊗sym Sym

(⊗

i∈S

Gi

)
, X

〉
≥ 0, ∀SS ∈ Sym2D−2|S|d

+ (Rn). (2.28)

Again, the universal quantifier in (2.28) is difficult to represent exactly in general, so we can
replace SS ∈ Sym2D−2|S|d

2 (Rn). LettingMGS
be the unique linear map satisfying

〈
QS ⊗sym QS ⊗sym Sym

(⊗

i∈S

Gi

)
, X

〉
= ⟨QS,MGS

(X)QS⟩, (2.29)

then (2.28) can be relaxed to the constraint that MGS
(X) ⪰ 0. For S = ∅, we define

Sym
(⊗

i∈SGi

)
= 1.

The resulting, stronger relaxation is

inf ⟨e⊗(2D−2d)
0 ⊗sym P,X⟩ (2.30a)

subject toMGS
(X) ⪰ 0, S ⊆ [N ] s.t.2|S|d ≤ 2D (2.30b)

⟨Bk ⊗sym Hj, X⟩ = 0, ∀j ∈ [M ], k ∈ [K] (2.30c)
⟨e⊗2D

0 , X⟩ = 1 (2.30d)
M(X) ⪰ 0. (2.30e)

Including (2.28) in (2.27) is exactly analogous to the choice of using qmodule[g1, . . . , gN ]
versus preorder[g1, . . . , gN ] in (2.13). In fact this can be formalized via Lagrange duality.

2.2.2 Duality

It can be shown that (2.21) corresponds to the Lagrange dual of the SDP underlying the
SOS relaxation of (2.19). This duality generalizes, connecting the moment hierarchy of
(2.27) and (2.30) to the SOS hierarchy of (2.11) when (2.11b) is replaced with either an
ideal plus a quadratic module constraint or an ideal plus preorder constraint as is done in
(2.12) respectively [52, §3.5].

We make this connection explicit for the pair of programs (2.27) and

max γ (2.31a)
subject to p(x)− γ = s(x) + f(x) (2.31b)

s ∈ qmodule2D(g1, . . . gN) (2.31c)
f ∈ ⟨h1, . . . , hM⟩2D. (2.31d)

The Lagrangian of (2.27) is given by:

L = ⟨e⊗(2D−2d)
0 ⊗sym P,X⟩ −

N∑

i=1

⟨Yi,MGi
(X)⟩ −

M∑

j=1

K∑

k=1

µjk⟨Bk ⊗sym Hj, X⟩

− γ(⟨e⊗(2D)
0 , X⟩ − 1)− ⟨Y0,M(X)⟩. (2.32)
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Stationarity of the Lagrangian requires that

∇XL = 0

=⇒ e
⊗(2D−2d)
0 ⊗sym P − γe⊗(2D)

0 =M∗(Y0) +
N∑

i=1

M∗
Gi
(Yi) +

M∑

j=1

K∑

k=1

µjk(Bk ⊗sym Hj).

Therefore, the dual program of (2.27) is

max γ (2.33a)

subject to e
⊗(2D−2d)
0 ⊗sym P − γe⊗(2D)

0 =

M∗(Y0) +
N∑

i=1

M∗
Gi
(Yi) +

M∑

j=1

K∑

k=1

µjk(Bk ⊗sym Hj)

(2.33b)

Yi ⪰ 0, i = 0, 1, . . . , N. (2.33c)

The linear expression on the left-hand side of (2.33b) is exactly the coefficient of p(x)−γ
on the left-hand side of (2.31b) after homogenizing all polynomials to degree 2D.

Letting S =M∗(Y0) +
∑N

i=1M∗
Gi
(Yi) with Yi ⪰ 0 is exactly the explicit description that

the polynomial s(x) corresponding to the symmetric tensor S lies in qmodule(g1, . . . gN)
(where we assume gi has been properly homogenized to degree 2d). The fact that S ∈
Sym2D(Rn) ensures that s(x) ∈ qmodule2D(g1, . . . gN).

Finally, the polynomial f(x) corresponding to the symmetric tensor F =
∑M

j=1

∑K
k=1 µjk(Bk⊗sym

Hj) is an explicit way of encoding that f(x) =
∑M

j=1 µj(x)hj(x) where µj(x) ∈ R[x]2D−2d

(again we assume hj has been properly homogenized to degree 2d).

2.2.3 General Tensor Product Relaxations

The program (2.10) can be generalized into the form

min p(x) (2.34a)
subject to gi(x) ∈ Ki, i ∈ [N ], (2.34b)

eT0 x = 1, (2.34c)

where we allow gi(x) to output more general vectors and Ki to be any convex cone including
O. Again, we assume that all polynomials in the program have been homogenized to degree
2d. We introduce this more general form of moment/SOS relaxations as it will be useful for
explaining the Graph of Convex Sets relaxation in Chapter 3. However, the developments
in this chapter are likely of independent interest.

For example gi(x) could encode that the vector x maps to a matrix that must lie in the
PSD cone, or that a certain vector of polynomial expressions lie in the Lorentz cone. We
stress that (2.34) generalizes (2.10) and therefore is also non-convex.
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Using the exact same machinery as in Section 2.2.1.1, we can express the polynomial
expressions using degree-2d symmetric tensors to obtain the reformulation

inf ⟨P,X⟩ (2.35a)
subject to ⟨Gi, X⟩ ∈ Ki, i ∈ [N ] (2.35b)

⟨e⊗2d
0 , X⟩ = 1 (2.35c)

X = x⊗2d, (2.35d)

which is entirely analogous to (2.23). The constraint (2.35d) can be relaxed in the same
manner as (2.23e).

In order to generate higher-order relaxations, we are interested in generalizing the con-
structions in Sections 2.2.1.1 and 2.2.1.2. We will begin with the conic generalization of
(2.25). Since cones are invariant under nonnegative scaling, we again have that if Si ∈
Sym2D−2d

+ (Rn) then

⟨Si, x
⊗(2D−2d)⟩⟨Gi, x

⊗2d⟩ ∈ Ki

is a valid inequality.
Tracing exactly the same steps as in Section 2.2.1.1 results in the requiring that

⟨Qi,MGi
(X)Qi⟩ ∈ Ki, ∀Qi ∈ SymD−d(Rn).

The following theorem connects this constraint to the positive maps defined in Section 1.4.3.

Theorem 13. The constraint

⟨Qi,MGi
(X)Qi⟩ ∈ cl(Ki),∀Qi ∈ SymD−d(Rn) (2.36)

is equivalent to

MGi
(X) ∈ P(K∗

i ,S
K
+ ), (2.37)

where K = dimSymD−d(Rn).

Proof 2.1. Equation (2.36) is equivalent to

⟨λ, ⟨Qi,MGi
(X)Qi⟩⟩ =

〈
Qi,
∑

j

λjMGi,j(X)Qi

〉
≥ 0, ∀λ ∈ K∗

i , ∀Qi. (2.38)

This is equivalent to
∑

j λjMGi,j(X) ⪰ 0,∀λ ∈ K∗
i which is exactly the condition that

MGi
(X) ∈ P(K∗

i ,S
K
+ ) under the natural identification.

The inclusion of the closure in Theorem 13 is technically a weaker condition, but practi-
cally causes little difference.

Next, we generalize multiplying constraints. This can be achieved using the tensor prod-
uct of cones defined in Section 1.4.3. In particular, for every constraint gi(x) ∈ Ki and
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gj(x) ∈ Kj such that deg(gi) + deg(gj) = 4d ≤ 2D (where deg(gi) is the maximum element-
wise over the whole vector) we can take:

⟨Sij, x
⊗(2D−4d)⟩

(
⟨Gi, x

⊗2d⟩ ⊗ ⟨Gj, x
⊗2d⟩

)
= ⟨Sij ⊗sym (Gi ⊗Gj), x

⊗2D⟩ ∈ Ki ⊗Kj, (2.39)

where again Sij ∈ Sym2D−4d
+ (Rn). It is important to note that we do not use the symmetric

tensor product between Gi ⊗Gj; the tensor product of cones is in general not commutative
unlike the scalar case. However, we do need to take the symmetric tensor product between
Sij ⊗sym (Gi ⊗ Gj) as ⟨Sij, x

⊗(2D−4d)⟩ is a scalar and therefore is commutative. We recall
that Ki ⊗ Kj is defined in Definition 16 and the constraint that v ∈ Ki ⊗ Kj is defined in
Definition 17.

Once again, retracing the steps of Section 2.2.1.2 relaxes (2.39) to

⟨Qij,MGij
(X)Qij⟩ ∈ Ki ⊗Kj, ∀Qij ∈ SymD−2d(Rn). (2.40)

Applying Theorem 13 to (2.40) leads to the two-factor generalization of (2.30b) being written
as

MGij
(X) ∈ P((Ki ⊗Kj)

∗,SKij

+ ), (2.41)

where again Kij = dimSymD−2d(Rn). The many factor generalization for subsets S ⊆ [N ]
leads to the generalization

MGS
(X) ∈ P

((⊗

i∈S

Ki

)∗

,SKS
+

)
(2.42)

of (2.30b), with KS := dimSymD−|S|d(Rn).
Appealing to Remark 1 allows us to rewrite (2.42) as

MGS
(X) ∈

(⊗

i∈S

Ki

)
⊗max SKS

+ . (2.43)

This leads to the conic generalization of (2.30) as

inf ⟨e⊗(2D−2d)
0 ⊗sym P,X⟩ (2.44a)

subject toMGS
(X) ∈

(⊗

i∈S

Ki

)
⊗max SKS

+ , S ⊆ [N ] s.t.|S|d ≤ D (2.44b)

⟨e⊗2D
0 , X⟩ = 1 (2.44c)
M(X) ⪰ 0. (2.44d)

We call (2.44) the conic tensor product relaxation of (2.34), or just tensor product relax-
ation (TPR) for short.

Several remarks are in order. First, we validate that (2.44) reduces to (2.30) when
(2.34b) is a polynomial program. In this case, every Ki = R+. One can immediately verify
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that
(⊗

i∈S R+

)
= R+ and that R+⊗max SKS

+ = SKS
+ . Therefore, if Ki = R+ for all i, we have

that (2.44b) reduces to (2.30b).
Next, though (2.44) is conceptually appealing as a relaxation, it is not very useful in

its current form as exactly characterizing (2.44b) is difficult in general. To obtain efficient
relaxations, it becomes necessary to further relax the cones in (2.44b). The following gives
one such relaxation that is useful when the minimal tensor products of the cones is easy to
describe.

Theorem 14. If SKS
+ in (2.44b) is relaxed to (DKS

+ )∗ (where duality is taken in the space
SKS) then (2.44b) is relaxed to

⟨ek ⊗sym ek,MGS
(X)⟩ ∈ cl

(⊗

i∈S

Ki

)
, k ∈ [KS], (2.45)

where ek is the kth standard basis element of RKS.
That is to say, every diagonal slice of MGS

(X) must lie in the closure of the separable
cone.

Proof 2.2. We have that
(⊗

i∈S

Ki

)
⊗max (D

KS
+ )∗ =

((⊗

i∈S

Ki

)∗

⊗ DKS
+

)∗

.

Since DKS
+ = conic{ek ⊗sym ek | k ∈ [KS]} then Z ∈

(⊗
i∈SKi

)
⊗max (D

KS
+ )∗ if and only if

⟨Z, u⊗ (ek ⊗sym ek)⟩ ≥ 0, ∀ u ∈
(⊗

i∈S

Ki

)∗

,∀k ∈ [KS]. (2.46)

Since

⟨Z, u⊗ (ek ⊗sym ek)⟩ = ⟨⟨ek ⊗sym ek, Z⟩, u⟩,

we have that Z satisfies (2.46) if and only if

⟨ek ⊗sym ek, Z⟩ ∈ cl

(⊗

i∈S

Ki

)
,∀k ∈ [KS].

Remark 3. Another way to derive the relaxation with (2.45) would be to consider a simpler
condition in (2.40), namely only enforcing (the multifactor generalization of) (2.40) for
tensors QS of the form ek and taking the closure.

The description in Theorem 14 is efficient if we can represent
⊗

i∈SKi. Examples of
when this is the case are when all but one Ki are Ol or Rl

+ for some l. If S = {i, j} and
Ki = Lli and Kj = Llj , then (2.45) can be represented using Theorem 6.
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Conceptually, (2.44) provides a principled, flexible abstraction for designing convex relax-
ations. Practitioners have several levers for trading off efficiency and strength. Increasing the
degree 2D tightens the relaxation by allowing higher order tensor powers. This is powerful,
but may lead to excessively large positive semidefinite constraints. Taking tensor products
of constraints similarly strengthens the relaxation, but representing these tensor powers of
constraints may be difficult. However, this reduces the task of designing a good relaxation to
the more abstract task of approximating the tensor product of cones well. Approximations
of complicated cones by simpler cones is a well-studied topic [49,87–91] and can be leveraged
for designing more tractable relaxations.

2.3 Deferred Proofs
We briefly collect some of the proofs deferred in the main body of this chapter for complete-
ness.

2.3.1 Proof of Example 2

The feasible region of (2.14) is plotted at Figure 2.1. To prove Example 2, we first must
define the leading degree homogeneous part.

Definition 40. Given a polynomial p, its leading degree homogeneous part is all the mono-
mials with the maximum degree. For example p(x, y) = 4x3−2x2y+5x2−7y+10 has leading
degree homogeneous part of p̄(x, y) = 4x3 − 2x2y. We denote this by p̄.

We will rely on the following lemma.

Lemma 1. If p ∈ Σ[x] then p̄ ∈ Σ[x].

Proof 2.3. We decompose:

p =
∑

i

q2i

=
∑

i

( q̄i︸︷︷︸
deg=d

+ ri︸︷︷︸
deg<d

)2

=
∑

i

q̄2i︸︷︷︸
deg=2d

+ 2q̄iri︸︷︷︸
deg<2d

+ r2i︸︷︷︸
deg<2d

.

This implies that the leading degree term of p is indeed SOS.

Proof 2.4 (Example 2). The global optimizers occur at (x, y) = (1/2, 2) and (x, y) = (2, 1/2)
which attains the value 17/4.

Let g1 = x− 1/2, g2 = y − 1/2, g3 = 1− xy. The preorder terms are:

g12 = xy − (1/2)x− (1/2)y + 1/4,

g13 = −x2y + (1/2)xy + x− (1/2),

g23 = −xy2 + (1/2)xy + y − 1/2.
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A degree-2 Schmudgen upper bound of the global optimizer is

17/4 − x2 − y2 = 2(y − 1/2)2(x− 1/2) + 2(x− 1/2)2(y − 1/2) + 5(1− xy)
+ 7(x− 1/2)(y − 1/2) + 2(x− 1/2)(1− xy) + 2(y − 1/2)(1− xy)

.

To show that the Putinar Certificate is vacuous, we show that the Quadratic Module is not
Archimedean. This example and a proof that it is not Archimedean is given in [76, Section
6.3]. An elementary proof follows. Suppose that:

γ − x2 − y2 = σ0 + σ1(x− 1/2) + σ2(y − 1/2) + σ3(1− xy).
Let D be the maximum degree of the right-hand side before cancellation. If D is odd, then
it must come from the second and third terms, and the leading part is given by:

xσ̄1(x, y) + yσ̄2(x, y) = 0.

On the region x > 0 and y > 0, then every factor and term in the above is nonnegative.
Therefore, it must be the case that σ̄1(x, y) = 0 and σ̄2(x, y) = 0 for x > 0 and y > 0. Since
the polynomials vanish on an open set, then σ̄1 and σ̄2 are identically zero and so the leading
degree is not D.

Therefore, D is even. IfD > 2 the leading term is given by σ̄0(x, y)−xyσ̄3(x, y). Similarly,
on the region x < 0 and y > 0, we have that every term and factor of the leading term is
nonnegative, resulting in σ̄0(x, y) = 0 and σ̄3(x, y) = 0, a contradiction, and therefore the
leading degree cannot be D > 2. If D = 2, then deg(σi) = 0 for every i ̸= 0. The leading
part of each side is therefore:

−x2 − y2 = σ0(x, y)− σ3xy

=⇒ σ0(x, y) =

[
x
y

]T [ −1 σ3/2
σ3/2 −1

] [
x
y

]
.

Since the first principal minor of the right-hand side is not positive semidefinite, then σ0 is
not SOS, D cannot be 2, and so we conclude that the SOS relaxation is infeasible.

2.3.2 Proof of Degree Bound in Example 3

Proof 2.5. To prove that x ∈ I cannot be proven using multipliers of degree less than d− 1
and the generators {xd, x2y − x}, take (x, y) = (t, 1/t). Then a certificate must show that:

t = µ1(t, 1/t)t
d + µ2(t, 1/t)

(
t2

t
− t
)

= µ1(t, 1/t)t
d

=
∑

ij

cijt
i(1/t)jtd

=
∑

ij

cijt
i−j+d.

Therefore, we need at least one term on the right to have degree i − j + d = 1 =⇒ j =
i+ d− 1 =⇒ j ≥ d− 1.
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Chapter 3

Graphs of Convex Sets

Graphs of Convex Sets (GCS) is a framework for modeling mixed discrete-continuous opti-
mization programs introduced in [1] and subsequently expanded on in the dissertation [38]
and paper [37]. The method extends classic graph problems such as shortest paths, mini-
mum spanning trees, and traveling salesman to continuous domains by extending the discrete
vertices and edges of the graph to convex optimization problems. GCS problems are mixed-
integer convex programs (MICPs), but their efficient solution in practice is greatly bolstered
by a relatively tight convex relaxation. As with many convex relaxations in the literature,
the GCS relaxation can be viewed as a type of SOS relaxation, with pragmatic choices made
to trade off between tightness and efficiency. The method has been used to great effect
in a large number of robotics applications including collision-free motion planning [92–94],
contact-rich manipulation [95,96], and multi-agent coordination [97].

Our interest in GCS for the purposes of this thesis is two-fold. First, construction of
the actual GCS object for real robotics problems will motivate some of the developments
in Chapters 5 and 6. Second, the success of the GCS relaxation in practice makes it an
interesting test family for developing custom solvers for SOS-style relaxations. This will
motivate Chapter 9.

Due to its pervasive use as an example in this thesis, we briefly review GCS and its
convex relaxation. We refer the reader to the dissertation [38] and paper [37] for an in-depth
treatment of the subject.

3.1 Graph Problems

v1

v2

v3

v4

v5

v6

v7

v8

v9

(a) Shortest path.

v1

v2

v3

v4
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v6

v7
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v9

(b) Traveling Salesman.

v1

v2

v3

v4

v5

v6

v7

v8

v9

(c) Minimum Spanning tree.

Figure 3.1: A visualization of many classic graph problems.

To formally introduce GCS, we must first introduce the concept of a graph problem.
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Given the graph G = (V , E), we consider a family of admissible subgraphs H. These sub-
graphs can be e.g. s-t paths if we are considering shortest paths from s to t, tours if we
are solving the TSP, or trees if we are solving a spanning tree problem. See Figure 3.1 for
examples.

We encode the selection of the subgraph as picking a binary vector y = (yV , yE) ∈
{0, 1}|V|+|E|. The vector yH encodes selection of the subgraph H = (W ,F) if

yHv =

{
1 v ∈ W
0 v /∈ W , yHe =

{
1 e ∈ F
0 e /∈ F .

The majority of interesting families of subgraphs admit a description as a binary polytope.
We assume that AH : R|V|+|E| → RmH,≥ and CH : R|V|+|E| → RmH,= are linear maps and encode
the family of subgraphs as

H ∈ H ⇐⇒
{
y | AH(y)− bH ≥ 0, CH(y)− d = 0, y ∈ {0, 1}|V|+|E|} . (3.1)

As yH must encode a subgraph, we can assume that the constraint

yv ≥ ye,∀e ∈ Ev, (3.2)

is a part of the encoding AH(y
H)− bH ≥ 0. The constraints (3.2) encode the fact that if e is

included in the subgraph, then the vertex must also be a member of the subgraph.

Example 6 (s-t paths). A path from s to t can be encoded as the polytope

yv =
∑

e∈Ein
v

ye + δsv (3.3a)

yv =
∑

e∈Eout
v

ye + δtv (3.3b)

∑

e∈EU

ye ≤ |U| − 1 : ∀U ⊆ V : |U| ≥ 2 (3.3c)

yv ≥ ye, ∀e ∈ Ev (3.3d)

y ∈ {0, 1}|V|+|E|. (3.3e)

Equations (3.3a) and (3.3b) encode that at most one edge entering the vertex and one edge
leaving the vertex can be active. Equation (3.3c) ensures that the final selected subgraph
contains no cycles. As there are exponentially many constraints of the form (3.3c), in practice
only a subset of these are included. When solving a shortest path problem with positive edge
weights, the cycle elimination constraints are redundant [98].

See [37,38] for further examples, including binary polytopic encodings of the TSP and
spanning tree problems.
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After associating costs cv and ce to each vertex and edge respectively, a graph optimization
problem is simply

min
∑

v∈V

cvyv +
∑

e∈E

ceye (3.4a)

subject to AH(y)− bH ≥ 0 (3.4b)
CH(y)− d = 0 (3.4c)

y ∈ {0, 1}|V|+|E|. (3.4d)

3.1.1 Vertex Local Constraints

For many graph-problems, a large subset of the constraints have a vertex-local structure;
they can be written in the form

avyv +
∑

i∈Ev

aeye ≥ 0,

or similarly for equalities.
In (3.3) of Example 6, constraints (3.3a) and (3.3b) are both vertex local equalities.

Additionally, (3.3c) is vertex local if U = {u, v} and u and v are adjacent in the graph.
The set of all vertex-local constraints will play an important role later. We will denote

the set of all vertex local equalities and inequalities at a given vertex v as

Av
H(yv, yEv)− bvH ≥ 0

CvH(yv, yEv)− dvH = 0.
(3.5)

We emphasize that these are not new constraints. They simply collect the subset of the
constraints AH(y) − b ≥ 0 and CH(y) − d = 0 which can be written using only the binaries
associated to a vertex and its incident edges. We denote the number of vertex-local equalities
at a vertex v as mv

H,= and the number of vertex-local inequalities as mv
H,≥.

3.2 The GCS Extension
In this section we review the GCS model and develop the actual MICP that we wish to solve.

Given the graph G, we begin by associating a conic program to each vertex

min f̂T
v xv + gv

subject to Âv(xv)− bv ∈ Kv,
(3.6)

where Âv : Rnv → Rmv is a linear function and Kv is a product of proper cones Kv =
Kv1×· · ·×Kvn. In addition to proper cones, we also allow Kvi = O. We will find it convenient

to introduce the notation vectors fv =
[
f̂v
gv

]
and linear operator Av(x, t) = Âv(x)− bv, which

are known as the homogenizations of the linear operators, and write (3.6) as

min fv(xv, 1)

subject to Av(xv, 1) ∈ Kv.
(3.7)
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(a) A path chooses a sequence of edges
and vertices in a graph.
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(b) A GCS path chooses the sequence of edges and
vertices as well as a point in each vertex.

Figure 3.2: A path in a GCS must select both the path in the graph, and a point in every
convex set satisfying the edge constraints.

Similarly, we associate a conic program to every edge of G:

min
[
f̂T
eu f̂T

ev f̂T
ee

]


xu
xv
xe


+ ge

subject to Âe(xu, xv, xe)− be ∈ Ke.

(3.8)

Again, Âe : Rnu+nv+ne → Rme is a linear function and Ke is a product of proper cones and
the zero cone. We introduce the homogenizations

fe(xu, xv, xe, t) =
[
f̂T
eu f̂T

ev f̂T
ee

]


xu
xv
xe


+ get

Ae(xu, xv, xe, t) = Âe(xu, xv, xe)− bet,

and write (3.8) as

min fe(xu, xv, xe, 1)

subject to Ae(xu, xv, xe, 1) ∈ Ke.
(3.9)

Given a family of admissible subgraphs H, the GCS extension of the underlying graph opti-
mization problem combines the graph constraints of (3.4) with the conic programs (3.7) and
(3.9) to produce the program

min
∑

v∈V

yvfv(xv, 1) +
∑

e∈E

yefe(xu, xv, xe, 1) (3.10a)

subject to yvAv(xv, 1) ∈ Kv ∀v ∈ V (3.10b)
yeAe(xu, xv, xe, 1) ∈ Ke ∀e ∈ E (3.10c)
AH(y)− bH ≥ 0, CH(y)− dH = 0 (3.10d)

y ∈ {0, 1}|V|+|E|. (3.10e)

Constraints (3.10d) and (3.10e) encode that (3.10) must select a subgraph of interest. If
yv = 0, then (3.10b) can be trivially satisfied by choosing any finite xv since Kv is a product
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of a proper cone and O. Conversely, if yv = 1, then (3.10b) encodes the constraint that xv
must be in the conic set associated to the vertex v. The interpretation of (3.10c) is similar
for the edge e. Finally, the cost (3.10a) associates a penalty to choosing the points xv (and
the variables at the edges xe) for only those vertices and edges which are included in the
selected subgraph.

For a fixed set of binaries, or equivalently after selecting a subgraph, (3.10) is a convex
program and selects points in the convex sets which minimize the cost of the subgraph.
For a fixed set of points xv and xe, (3.10) recovers the original graph optimization problem
(3.4) and amounts to finding the cheapest subgraph given the cost of each vertex and edge.
Together, (3.10) jointly optimizes both a set of discrete choices, the subgraph, and a set of
continuous choices, the points in each set.

GCS problems can be NP-Hard to solve in general, even if the original discrete graph
problem is in P. This is true for the shortest path [1]. Nevertheless, the following section
shows both how to transform (3.10) into a MICP and how to design an effective convex
relaxation that is quite tight in practice.

3.3 The GCS Convex Relaxation
In this section, we review the mixed-integer convex formulation of (3.10) and a specific
relaxation proposed by [37,38]. The proposed formulation is very closely related to the
TPRs described in Section 2.2.3 We begin by noting the following quadratic equality that is
implied by the subgraph constraint

yv ≥ ye

yv, ye ∈ {0, 1}

}
=⇒ yvye = ye. (3.11)

Next, we introduce the following product variables

zv = yvxv, ze = yexe, zev = yexv = yezv

where the last equality follows from (3.11).
Additionally, we encode y ∈ {0, 1}|V|+|E| as

y ∈ {0, 1}|V|+|E| ⇐⇒
{
yv(1− yv) = 0 ∀v ∈ V ,
ye(1− ye) = 0 ∀e ∈ E .

In these variables, we can express (3.10) as
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min
∑

v∈V

fv(zv, yv) +
∑

e∈E

fe(zeu , zev , ze, ye) (3.12a)

subject to Av(zv, yv) ∈ Kv ∀v ∈ V (3.12b)
Ae(zeu , zev , ze, ye) ∈ Ke ∀e ∈ E (3.12c)
AH(y)− bH ≥ 0, CH(y)− dH = 0 (3.12d)
yv(1− yv) = 0, ∀v ∈ V (3.12e)
ye(1− ye) = 0, ∀e ∈ E (3.12f)
zev = yezv, ∀v ∈ V , ∀e ∈ Ev (3.12g)
zv = yvxv, ∀v ∈ V , ze = yexe, ∀e ∈ E (3.12h)

Notice that now xv and xe enter only through (3.12h) and are not coupled to any other
variables, therefore we can remove (3.12h) entirely. We emphasize that (3.12) is equivalent
to (3.10). However, in this form we can immediately apply the machinery of Section 2.2 to
design a convex relaxation of (3.12). We will refer to the variable y as “flows” or “binaries”
interchangeably and z variables as “spatial variables”.

The first level of the Moment/SOS hierarchy prescribed by Section 2.2 takes the tensor
product between all variables

(zV , zE , yV , yE , xv, 1)⊗ (zV , zE , yV , yE , xv, 1) (3.13)

where zV = (zv1, . . . , zv|V|) and zE = (ze1, . . . , ze|E|). It also suggests adding all possible tensor
products between the pairs of constraints.

In practice, forming and solving this relaxation is already prohibitively large. Therefore,
[37,38] suggest forming a weaker relaxation that takes a parsimonious subset of the prod-
ucts. In particular, the authors suggest taking only the tensor products of the constraints
in a vertex-local fashion. Concretely, using the notation for vertex-local constraints from
Section 3.1.1, we consider implied conic constraints:

Av(zv, yv)⊗
[
Av

H −bvH
]
(yv, yEv , 1) ∈ K ⊗ R

mv
H,≥

+ (3.14a)
⇕

Av

[
yvzv yvzEv zv
y2v yvyEv yv

] [
AvT

H

−bvTH

]
∈

mv
H,≥⊕

i=1

Kv (3.14b)

where Av is an explicit representation of Av and similarly, Av
H is an explicit representation

of Av
H. In going from (3.14a) to (3.14b), we have used the mixed product property that

Fu ⊗ Gv = (F ⊗ G)(u ⊗ v), that u ⊗ v ∼= uvT , and the result from Theorem 4 that
Kv ⊗ R

mv
H,≥

+
∼=
⊕mv

H,≥
i=1 Kv.

At first glance, (3.14b) introduces several new product variables. However, we can actu-
ally dramatically simplify the matrix of variables. First, we notice yv ∈ {0, 1} =⇒ y2v = yv.
Therefore,

y2v = yv

zv = yvxv

}
=⇒ yvzv = zv.
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Additionally, (3.11) can be used to show that

yvye = ye

zev = yezv

}
=⇒ yEvzv = zEv .

This allows us to simplify:
[
yvzv yvzEv zv
y2v yvyEv yv

]
=

[
zv zEv zv
yv yEv yv

]

and therefore, we can write (3.14b) as

Av

[
zv zEv
yv yEv

]
(AvT

H − bvTH ) ∈
mv

H,≥⊕

i=1

Kv (3.15)

Formally, after reducing (3.14b) modulo the equations (3.11), (3.12g), and (3.12h), the ten-
sor product in (3.14b) results in (3.15) and adds implied constraints without introducing
additional variables.

Following a similar argument, and using Theorem 5, we obtain that

(zv, yv)⊗
[
CvH −dvH

]
(yv, yEv , 1) = 0 (3.16a)

⇕[
zv zEv
yv yEv

]
(CvT

H − dvTH ) = 0 (3.16b)

Using these implied constraints, we can write (3.12) as

min
∑

v∈V

fv(zv, yv) +
∑

e∈E

fe(zeu , zev , ze, ye) (3.17a)

subject to Av

[
zv zEv
yv yEv

]
(AvT

H − bvTH ) ∈
mv

H,≥⊕

i=1

Kv ∀v ∈ V (3.17b)

[
zv zEv
yv yEv

]
(CvT

H − dvTH ) = 0 ∀v ∈ V (3.17c)

Ae(zeu , zev , ze, ye) ∈ Ke ∀e ∈ E (3.17d)
AH(y)− bH ≥ 0, CH(y)− dH = 0 (3.17e)

y ∈ {0, 1}|V|+|E| (3.17f)
zev = yezv, ∀v ∈ V , ∀e ∈ Ev (3.17g)

In [37], it is shown that if yv ≥ ye and ye ≥ 0 are included in the vertex-local constraints,
then (3.17g) is implied by the combination of (3.17b) and (3.17f). Therefore, we can drop
(3.17g) which results in (3.17) being an MICP. The GCS convex relaxation is given by (3.17),
without the constraint (3.17g) and with (3.17f) relaxed to y ∈ [0, 1].
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3.4 Connection to Sums Of Squares
The relaxation in (3.17) is a TPR, but it is in principle weaker than the general first-order
TPR described in Section 2.2.3. This is because rather than taking all possible tensor
products of constraints, the relaxation only takes a particular subset that is efficient to
include. Put another way, (3.17) is a TPR where we have further relaxed the problem by
dropping those constraints which are too large to handle. In particular, (3.17) adds only
linearly many constraints without introducing any additional variables when compared to the
first-order relaxation which would add quadratically many more variables and constraints.

Despite this further relaxation, many works have verified that (3.17) is sufficiently tight
in practice. For some problems, the relaxation is effectively exact [37,92], for others branch-
and-bound on the MICP (3.17) takes dramatically fewer steps than a simpler MICP, and
for others the relaxed solution is sufficiently accurate that simple non-linear rounding gives
satisfactory solutions [95,99,100].

The GCS relaxation is very typical of using SOS/Tensor Product relaxations in practice.
Frequently, adding all possible variables and constraints suggested by the SOS relaxation
leads to convex programs that are too large to solve efficiently in practice. Practitioners
therefore construct theoretically weaker relaxations by parsimoniously introducing a sub-
set of all possible variables and constraints, trading off strength for speed of computation.
Empirically, these relaxations can be sufficiently strong for a particular task while being
orders of magnitude cheaper to solve. Additionally, these relaxations are typically tailored
to preserve some structure in the problem.

In Chapter 9, we will further design a solver that matches the structure of both the
original GCS problem and its convex relaxation. The task of developing this solver will
motivate the entirety of Part III

74



Chapter 4

Alternating Direction Method of
Multipliers

The alternating direction method of multipliers is a classic algorithm introduced by [39] for
solving convex optimization problems of the form

min f(x) + g(z) (4.1)
subject to Ax−Bz = c, (4.2)

where A and B are linear maps into a common constraint space, c is a vector in that space,
and f and g are extended-real-value functions that are closed, proper, and convex. A more
recent, in-depth review of the subject is available in [101]. ADMM will be the computational
workhorse of the solvers we develop in Chapters 7 and 9.

ADMM operates by finding a saddle point of the augmented Lagrangian of (4.1)

LD(x, z, y) = f(x) + g(z) + ⟨y, Ax−Bz − c⟩+D(Ax−Bz − c), (4.3)

where D is a positive definite quadratic form. We assume that LD has a saddle point.
By mapping y 7→ ∇D(u), the augmented Lagrangian can also be written in the following

scaled form

LD(x, z, u) = f(x) + g(z) +D(Ax−Bz − c+ u)−D(u). (4.4)

The steps of ADMM are slightly simpler when written in terms of (4.4). ADMM proceeds
by alternately minimizing LD with respect to first x, then z, and finally performing a step
of dual ascent. The base algorithm is summarized in Algorithm 1.

Remark 4. ADMM is typically introduced with D(r) = ρ
2
∥r∥22 for some choice of ρ. The

algorithm is very sensitive to the choice of D. Recent work has shown the advantage of
allowing the algorithm to use more general quadratic forms, including cases where D is
positive semidefinite [102,103].
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Algorithm 1: ADMM for (4.1)
Input: A positive definite quadratic form D and initial iterates x0, z0, and u0 and a

relaxation parameter α ∈ (0, 2)

1.1 k ← 0
1.2 while not converged do
1.3 xk+1 ← argminx

{
f(x) +D

(
Ax−Bzk − c+ uk

)}

1.4 zk+1 ← argminz

{
g(z) +D

(
α(Axk+1 − c) + (1− α)Bzk −Bz + uk

)}

1.5 uk+1 ← uk + α(Axk+1 − c) + (1− α)Bzk −Bzk+1

1.6 k ← k + 1

Algorithm 1 is known to converge asymptotically [21] though in the most general setting
only a sublinear ergodic rate is possible. Global linear rates exist in certain settings such as
when f is strongly convex [104,105]; local linear rates exist in other settings such as conic
programming [106,107].

Several stopping criteria can be used in Algorithm 1 (see [101, §3.3.1]), including tailored
ones adapted to specific instantiations of (4.1) such as conic programming [23,40].

4.1 Acceleration Via Restarted Anchoring

Algorithm 2: Restarted Accelerated ADMM for (4.1)
Input: A positive definite quadratic form D, an initial iterate w0,0 = (x0,0, z0,0, u0,0),

parameters α ∈ (0, 2), β ≥ 2, and γ ∈ (0, 2], and a restart trigger

2.1 Set t← 0 and ŵ0,0 ← w0,0

2.2 while not converged do
2.3 Set k ← 0
2.4 while not converged and no restart trigger has fired do
2.5 x̄t,k+1 ← argminx

{
f(x) +D

(
Ax−Bzt,k − c+ ut,k

)}

2.6 z̄t,k+1 ← argminz

{
g(z) +D

(
α(Ax̄t,k+1 − c) + (1− α)Bzt,k −Bz + ut,k

)}

2.7 ūt,k+1 ← ut,k + α(Ax̄t,k+1 − c) + (1− α)Bzt,k −Bz̄t,k+1

2.8 ŵt,k+1 ← (1− γ)wt,k + γ(x̄t,k+1, z̄t,k+1, ūt,k+1)

2.9 wt,k+1 ← wt,k + β
2(k+β)

(ŵt,k+1 − wt,k) + k
k+β

(
ŵt,k+1 − ŵt,k

)

2.10 k ← k + 1

2.11 wt+1,0 ← wt,k, ŵt+1,0 ← wt+1,0

2.12 t← t+ 1

ADMM can be viewed as a fixed-point iteration

(xk+1, zk+1, uk+1) = Tα(xk, zk, uk), (4.5)
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where Tα denotes one full loop of Algorithm 1. We let wk := (xk, zk, uk).
Halpern iteration was introduced in [108] for improving the worst-case convergence of

nonexpansive fixed-point iterations such as ADMM. Given an initial point w0, Halpern iter-
ation modifies (4.5) to

wk+1 =
k + 1

k + 2
Tα(wk) +

1

k + 2
w0. (4.6)

Halpern iteration converges to the element of the fixed-point set closest to the anchor w0 at
an optimal rate of O(1/k).

The authors of [103,109] suggest the more general iteration

ŵk+1 = (1− γ)wk + γTα(wk) (4.7a)

wk+1 = wk +
β

2(k + β)
(ŵk+1 − wk) +

k

k + β

(
ŵk+1 − ŵk

)
, (4.7b)

with β ≥ 2 and γ ∈ (0, 2].
Notice that the scheme in (4.7) has three hyperparameters α, β, γ which must be chosen.

With the choice of β = 2, (4.7b) corresponds to Halpern iteration on the shadow sequence
(4.7a). When β = 2 and γ = 1, (4.7) reduces to (4.6). When β = 2 and γ = 2, (4.7)
recovers the reflected Halpern iteration proposed in [110]. The authors of [103] show that
when β = 2, the sequence Tα(wk) from the recurrence (4.7) exhibits O(1/k) convergence to
a solution. When β > 2, Tα(wk) converges at an o(1/k) rate to a solution.

In addition to the extrapolation scheme (4.7), it has been shown that periodically reset-
ting the anchor point w0 can improve the convergence by a constant factor both in theory
[106,110] and in practice [111]. Restarts can occur at fixed intervals or be triggered adaptively
by the progress of the algorithm.

Combining (4.7) with restarts results in Algorithm 2. Lines 2.5, 2.6 and 2.7 are the same
as the main loop in Algorithm 1. Lines 2.8 and 2.9 correspond to the acceleration steps in
(4.7) and Line 2.11 corresponds to restarting the algorithm.

Finally, as pointed out in [112, §12.3], an “accelerated” algorithm on the worst case
instance does not necessarily accelerate an algorithm in practice. In particular, if Algorithm 1
is converging faster than the worst-case rate on a particular instance, then it is possible for
the accelerated variant in Algorithm 2 to be slower on this instance.
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Part II

Effective Sums-of-Squares Programming
in Robotics
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Chapter 5

Certifying Collision-Free Subsets of
Configuration Space

Collision-free motion planning is the fundamental problem of moving a robot from one config-
uration in space to another without colliding with the environment. This task is complicated
by the interplay between two spaces

1. The real three-dimensional world called the task space.

2. The n-dimensional mathematical space describing the configuration of the robot’s joints
known as the configuration space (Cspace).

Cspace was introduced in the seminal work of [113] and mathematically reduces the state
of the robot to a single point in the abstract mathematical space. This makes describing a
robot trajectory quite easy and natural; it is simply a curve through Cspace. Conversely, the
workspace of the robot, including the obstacles in the scene, is most naturally specified in
task space. As the mapping from task-space into Cspace is in general many-to-one [93,114]
(this map is known as the inverse kinematics), it is frequently preferable to plan in Cspace.
Understanding the set of configurations in Cspace for which the robot is not colliding with an
obstacle in task-space is therefore of paramount importance to collision-free motion planning.
This space is called Cfree.

In this chapter, we consider the application of SOS programming to the problem of
describing Cfree. In particular, we demonstrate how to use SOS programming to describe
large, convex volumes of a bijective, rational parameterization of Cspace known as the tangent
configuration space1 (T space). These volumes are easily integrated into a large variety of
motion-planning problems. Additionally, we show how to apply essentially the same theory
to the narrower problem of certifying that a fixed trajectory is collision-free. We see that
specializing to this case provide substantial computational benefits. Finally, motivated by
the ability to compute a single large volume in either Cfree or T free, we turn our attention
to the problem of covering Cfree using a family of these volumes. In all cases, we emphasize

1The name tangent-configuration space is due to the use of the trigonometric tangent function used to
map between Cspace and T space. T space is not the tangent space of the configuration space in the sense of
differential geometry.
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high-quality, open-source implementations of our ideas using Drake [69] and show how our
methods scale to realistic robotics settings.

In this chapter, we begin by reviewing some related work in Section 5.1. After stating
our problem formally in Section 5.2, we review some essential mathematical preliminaries
to our approach in Section 5.3. We introduce our certification method in Section 5.4, its
specialization to the trajectory case in Section 5.4.4, and how to use the method to grow
provably collision free regions in Section 5.5. We continue with results on the certification
procedure in Section 5.6 before finally turning our attention to covering collision-free space
in Section 5.7.

The work in this chapter is based on the sequence of papers [115–118]. Portions of the
current chapter and results are reproduced or adapted from these papers.

5.1 Related Work
We begin by reviewing related work on describing Cfree; broadly, there are two complementary
approaches.

The first approach attempts to find an explicit description of the Cspace obstacles from
their task-space description mapped through the inverse kinematics (IK). We refer to this
approach as the negative approach, as Cfree is described as the complement of the set of
Cspace obstacles. In its full generality, the problem of describing Cspace obstacles is intractable
[119], and so limiting assumptions on the robot are often made. For example, [120] develops
a method for computing Cspace obstacles based on the Fast Fourier Transform under the as-
sumption that the robot can only translate in the workspace. In [121], explicit descriptions
of Cspace obstacles due to the presence of point, line, and planar task-space obstacles are pre-
sented for two- and three-degree-of-freedom (DOF) robots. A thorough review of describing
Cspace obstacles can be found in [122, Chapter 3]. There, it is shown that if all the task-space
obstacles are described as semi-algebraic sets (see Section 1.5.4) then Cspace obstacles are
also semi-algebraic. This is an important result from a complexity-theoretic standpoint as
it shows that describing the Cspace obstacles is at least decidable, though still very hard.

We refer to the second approach to describing Cfree as the positive approach, since it seeks
to directly describe Cfree as a union of simpler sets. This description is attractive as a variety
of optimization-based motion planning methods can efficiently leverage such descriptions,
particularly when the simpler sets are convex [1,92,123,124].

The most common class of subsets of Cspace which are studied are trajectories. Rapidly-
exploring Random Trees (RRT) [125], Probabilistic Roadmaps (PRM) [126], and their vari-
ants can all be considered examples of the positive approach, describing Cfree using piecewise-
linear paths.

The most common approach for checking membership in Cfree for a trajectory is by sam-
pling and the problem of checking whether a trajectory is collision free is called dynamic
collision checking. Algorithms for checking whether a single configuration is collision free
are quite mature and can be performed in microseconds on modern hardware [127,128].
Sampling-based methods provide probabilistic guarantees that a path or region contains no
collisions. Naive use of such methods is inherently optimistic, claiming safety even if colli-
sion can occur. A variety of more sophisticated strategies that are conservative in the other
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direction (i.e. certifying safety at the cost of occasionally discarding some safe trajecto-
ries) fall broadly into three major families: feature tracking, swept volumes, and trajectory
parameterization methods [129].

Both feature tracking and swept volume methods have effectively scaled to applications in
both graphics and robotics. The most successful methods rely on precomputing a hierarchy
of bounding volumes at various resolutions and certifying non-intersection at a finite number
of points along the motion plan [130,131]. Interval arithmetic is used to certify the safety in
between the static configurations [132]. The choice of samples is done in an adaptive manner
which guarantees non-collision and some algorithms are fast enough for use as dynamic
collision checkers during randomized motion planning [131,133].

These methods have two primary drawbacks. The first is that they frequently only
consider piecewise-linear Cspace motion plans and so cannot generalize to smoother plans. The
second drawback can be their conservativeness. Typically, these methods require difficult-
to-compute parameters such as an upper bound on the maximum length of a curve along
the swept volume [133] or bounding the rate of change of the distance between two objects
over the course of the trajectory [134]. If these bounds are too loose, collision-free motion
plans in tight configuration spaces cannot be certified, which is arguably the most important
regime.

On the other hand, trajectory parametrization methods can certify any collision-free
motion plan to arbitrary precision. This is because these methods make relatively minimal
assumptions to obtain exact guarantees, requiring only knowledge of the forward kinematics
of the robot and a concrete description of the collision geometries [135,136]. Both are often
necessary information for the simulation of any robotic system and so are readily available.
However, most of these methods rely on exact, algebraic computations such as polynomial
root finding, and so are typically too slow for practical deployment.

Methods to certify and construct full-dimensional volumes in Cfree are less common, but
do exist. Works such as [137–139] all seek to describe non-zero volume subsets of Cfree.
Similar to RRTs and PRMs, these methods have the advantage of working in arbitrary
configuration spaces, make no assumptions on the Cspace obstacles, and proceed via sampling.
Therefore, they are typically relatively simple to implement and quite fast in low dimensions.
Unfortunately, these methods only provide probabilistic guarantees of non-collision and can
have difficultly scaling to higher dimensions.

When the Cspace obstacles are assumed to be convex, rigorous descriptions of Cfree may be
possible, though hardness results exist to obtaining a complete description. For example, in
two and three dimensions with polyhedral Cspace obstacles, it is known that finding a minimal
decomposition is ∃R-complete [140], and therefore NP-hard [141], to solve exactly and even
APX-hard [142] to approximate2. Works such as [143] and [144] overcome these hardness
results by finding decompositions that are unions of approximately convex sets.

In arbitrary dimensions and under the assumption of known, convex Cspace obstacles,
Cfree can be decomposed into convex polyhedra by using the Iris algorithm of [145]. As it is
based on convex programming, Iris is relatively fast, and is also able to generate rigorous
certificates of non-collision. Unfortunately, it is often the case that obstacles are naturally

2A problem is said to be APX-hard if no polynomial time algorithm can achieve an approximation ratio
of 1 + δ for some δ > 0 unless P = NP .
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described as convex sets in task space, which are rarely convex in Cspace.
Recently, generalizations of Iris-like methods have also been introduced [146,147]. Sim-

ilar to sampling-based certificates for certifying non-collision of trajectories, these methods
generate probabilistically collision-free regions incredibly quickly, trading off exact rigorous
correctness for speed. The methods presented in this chapter are slower, but are the first
rigorous method, to our knowledge, for certifying that a full-dimensional volume of Cspace is
collision-free for robots with arbitrary degrees of freedom.

5.2 Problem Statement
We consider a known, task-space environment where our robot and all obstacles have been
decomposed as a union of compact, convex bodies3 for example cylinders, capsules, spheres,
or vertex representation (V-rep) polytopes. Such collision geometries of our task space are
readily available through standard tools such as V-HACD [149] and are often a required step
for simulating any given environment.

Our robot is a mechanism composed of N + 1 links connected via either revolute or
prismatic joints [114]:

• Revolute (R): a 1-DOF joint permitting revolution about an axis of symmetry. An
example is a door handle.

• Prismatic (P): a 1-DOF joint permitting translation along an axis. An example is a
linear rail.

We assume that all revolute joints are constrained from undergoing complete rotations and all
prismatic joints have bounded translation. Formally, if θ is the configuration-space variable
associated with a revolute joint, then:

−π < θl ≤ θ ≤ θu < π, (5.1)

and if z is the configuration-space variable associated to a displacement then:

zl ≤ z ≤ zu. (5.2)

where the bounds θl, θu, zl, and zu are fixed constants.
Our objective is to find large, convex regions of T free regardless of the dimension of

the configuration space. We will also design an algorithm for automatically placing these
regions. Finally, we will be interested in the narrower problem of certifying that a trajectory
through T free is collision free. This objective is beyond the scope of current decomposition
for non-convex spaces/objects such as V-HACD due to the dimensionality of the problem
for interesting robots and the complexity of the non-linear kinematics.

Remark 5. Our approach can handle a robot composed of any of the five algebraic joints:
revolute, prismatic, planar, cylindrical, and spherical [114]. We restrict ourselves to R and
P joints as the other joints can be seen as a composition of these two (see Appendix A.1 for
details).

3For technical reasons, we formally assume that the bodies are compact, convex sets expressible as basic
semi-algebraic sets with an Archimedean description. See Definition 39 or [148, Chapter 7] for the definition
of Archimedean description.
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5.3 Mathematical Preliminaries
We introduce some necessary mathematical preliminaries specific to this section. We begin
by recalling some classic theorems pertaining to the separation of convex bodies. We also
review a parameterization of a robot’s forward kinematics using rational functions.

5.3.1 Separating Convex Bodies

In this section, we review two dual ways to check whether two compact, convex sets A and
B intersect by using convex optimization. Our certification programs in Section 5.4 relies on
generalizations of the programs introduced in this section.

A well-known result from convex optimization is the Separating Hyperplane Theorem
[42, Section 2.5] which states that A and B do not intersect if and only if there exists a
hyperplane H(a, b) = {x | aTx+ b = 0, (a, b) ̸= (0, 0)} that strictly separates the two bodies.
The hyperplane H(a, b) serves as a certificate of non-intersection. Such a hyperplane is
visualized in Figure 5.1a and is described by the solution to program (5.3). Many previous
works [150,151] have applied the Separating Hyperplane Theorem to find a single collision-
free posture; in this chapter we apply the theorem to find a convex set of collision-free
postures.

Conversely, if A and B do intersect, then it is possible to certify this by finding a point
in A ∩ B. Such a point can be found by solving the convex optimization program (5.4). A
certificate of the infeasibility of (5.4) proves that A and B do not intersect. A certificate of
infeasibility can be obtained by considering the dual of (5.4) [42, Section 5.8].

A solution to program (5.3) has the advantage of being able to quantify the magnitude
of separation between the two bodies. Therefore, in Section 5.5 we will prefer to base our
algorithm on a generalization of (5.3). However, we will see that certain results will be easier
to show by considering the infeasibility of program (5.4).

We conclude by noting that programs (5.3) and (5.4) are strong alternatives ; exactly one
of the two programs is feasible. The key to solving either program is to find a finite param-
eterization of conditions (5.3a), (5.3b), and (5.4a). In Table 5.1, we provide a convenient
reference for some common geometries.

Remark 6. Problem (5.3) is frequently written with non-strict inequalities (5.3a) and (5.3b)
to make it compatible with modern solvers. Such a formulation requires excluding the trivial
solution (a, b) = (0, 0) via extra constraints as well as planes which are not strictly separating.
The conditions given in Table 5.1 accomplish both with the constraint aTx+b ≥ 1 with x = vi
for polytopic geometries and x = o for spheres, cylinders, and capsules.

After the publication of our work, the authors of [152] proposed a different formulation for
checking non-collision of two convex objects by minimizing a scaling of the two sets such that
they still contain a common point. In their formulation, scalings more than one correspond
to a certificate of non-collision and scalings smaller than one certify collisions. The proposed
methods of Sections 5.4.1 and 5.4.2 can be directly extended to their formulation.

4Strictly speaking, the formulation (5.3a) given for the sphere, capsule, and cylinder only enforce non-
strict separation i.e. aTx+ b ≥ 0. This can be remedied by replacing r with r + ε for any ε > 0.
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Find a, b

aTx+ b > 0, ∀ x ∈ A (5.3a)
aTy + b < 0, ∀ y ∈ B (5.3b)

Find x, y subject to

x ∈ A, y ∈ B (5.4a)
x = y (5.4b)

A

B
a
T x+

b =
0

(a) IfA∩B = ∅ then there exists a hyperplane
aTx+ b = 0 which separates the two bodies.

A B
x = y

(b) If A∩B ̸= ∅ then there exists x ∈ A and
y ∈ B such that x = y.

Figure 5.1: Program (5.3) searches for a hyperplane that separates A and B while program
(5.4) searches for a point in A ∩ B. Both of these are convex optimization programs, and
exactly one of these programs is feasible.
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5.3.2 Rational Forward Kinematics

Our method in Section 5.4 will rely critically on parameterizing the forward kinematics of
our robot using polynomials. Many robots contain rotational joints and so their forward
kinematics are naturally specified as trigonometric functions. In this section, we review a
standard change of variables of our robot kinematics that will enable us to parameterize the
forward kinematics as a rational function.

The forward kinematics of a rigid-body robot with N joints can be written by composing
rigid transforms [153,154]. Written in homogeneous coordinates, and using the monogram
notation [154]5, the pose of a frame A, expressed in the reference frame F , as a function of
the robot configuration q assumes the form:

FXA =

[
FRA(q) FpA(q)
01×3 1

]
=
∏

i∈JF,A

PiXCi(qi)
CiXPi+1 (5.5)

In equation (5.5), JF,A = {i1, . . . , in} ⊆ [N ] is the set of joints lying on the kinematic chain
between F and A. We attach two frames to each joint, with Pi rigidly fixed to the parent
link of the ith joint, and Ci rigidly fixed to the child link of the same joint. The two frames Pi

and Ci coincide when the joint configuration qi = 0. The subset of configuration variables qi
defines the degrees of freedom at the ith joint, PiXCi(qi) is the relative transform of the joint
after the joint moves by qi. The rigid transform CiXPi+1 describes the physical properties of
the ith link such as its length. We assume that the reference frame F is the Pi1 , the parent
frame of the first joint i1; while the frame A is Cin , the child frame of the last joint in. 6 We
choose to be explicit about the reference frame F at the risk of being pedantic, as the choice
of reference frame F will have important consequences for the scalability of the approach
described in Section 5.5 (see Appendix A.5.1 for a detailed discussion).

The matrices PiXCi(qi) assume the following forms [114]:

PiXCi(qi) =








cos(θi) − sin(θi) 0 0

sin(θi) cos(θi) 0 0

0 0 1 0

0 0 0 1


 if ith joint is Revolute,




1 0 0 0

0 1 0 0

0 0 1 zi

0 0 0 1


 if ith joint is Prismatic,

(5.6)

Expression (5.5) expresses the position of our robot as a multilinear trigonometric polynomial
function. Concretely, the wth component (where w ∈ {x, y, z}) of the position of A relative
to F and expressed in F is an expression of the form:

FpAw(q) =
∑

j

cjw
∏

i∈JF,A

ξij,w(qi) (5.7)

5In monogram notation, the pose of a frame A expressed in a frame F is denoted as FXA.
6Since joint in is the last joint on this chain JF,A, we assume CinXPin+1 = I.
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with ξij,w(qi) ∈ {cos(θi), sin(θi), zi}. The scalar constants cjw are determined by the robot
kinematic parameters (link length, joint axis, etc). Therefore, our configuration-space vari-
ables are

q =
⋃

i

{θi, zi}.

Multilinear trigonometric functions have many fortunate algebraic properties which we ex-
ploit throughout this chapter, the first of which will be a change of variables enabling us to
write (5.7) as a rational function.

Specifically, we will introduce the substitution:

ti := tan

(
θi
2

)
, (5.8)

which allows us to write

cos(θi) =
1− t2i
1 + t2i

, sin(θi) =
2ti

1 + t2i
.

This substitution is known as the stereographic projection [155] and is bijective if θi ∈
(−π, π), which we have assumed is the case for our robotic system. After performing this
change of variables, our forward kinematics variables are

s =
⋃

i

{ti, zi}.

We refer to the configuration-space variable s as the tangent-configuration-space (T space) vari-
able. Note that the tangent-configuration-space is not the tangent space of the configuration
space.

In the T space variable, our forward kinematics are a rational function with a polynomial
numerator and a positive, polynomial denominator. This is an expression of the form

FpAw(s) =
∑

j

cjw
∏

i∈JF,A

FfA
ij,w(si)

FgAij,w(si)
=

FfA
w (s)

FgAw(s)
, w ∈ {x, y, z}, (5.9)

where
FfA

ij,w(si)
FgAij,w(si)

∈
{
1− t2i
1 + t2i

,
2ti

1 + t2i
,
zi
1

}
.

We will abbreviate the vector quantity:

FpA(s) =
FfA(s)
FgA(s)

(5.10)

where FfA(s) is a vector of polynomials and FgA(s) is a single, positive polynomial. Notice
that FgA(s) > 0 since each denominator FgAij,w(si) ∈ {1 + t2i , 1}, which are both strictly
positive.
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We emphasize again that we have assumed:

−π < θl,i ≤ θi ≤ θu,i < π,

zl,i ≤ zi ≤ zu,i.

and so generically sl ≤ s ≤ su component-wise. Therefore, our substitution between q and
s is bijective so trajectories in T space correspond unambiguously to trajectories in Cspace.
Moreover, this assumption on boundedness of our configuration space allows us to seek
collision-free regions P that are contained within Plim := {s | sl ≤ s ≤ su}, a polytope
encoding our joint limit.

Example 7. As an example, we consider the double pendulum [156].

x

y

θ1

θ2

l1

l2

Figure 5.2: The forward kinematics of the double pendulum described in [156] can be de-
scribed in the form (5.5).

The pose of the tip of the second pendulum can be written as:


 R(θ)

px(θ)
py(θ)

0 1


 =



cos(θ1) sin(θ1) 0
sin(θ1) − cos(θ1) 0

0 0 1





1 0 0
0 1 l1
0 0 1


 ∗



cos(θ2) sin(θ2) 0
sin(θ2) − cos(θ2) 0

0 0 1





1 0 0
0 1 l2
0 0 1


 .

The difference in the sign of the trigonometric part ensures that the y-axis is pointing down.
Expanding out this product enables us to write the x coordinate of the tip of the system as:

px(θ1, θ2) = l2(sin(θ2) cos(θ1)− sin(θ1) cos(θ2)) + l1 sin(θ1)

py(θ1, θ2) = l2(sin(θ1) sin(θ2) + cos(θ1) cos(θ2))− l1 cos(θ1)

89



Notice that these are multilinear trigonometric polynomials, i.e. no term contains cos(θi) sin(θi)
for the same index i. We can perform the substitution given in (5.8) to express the position
as a rational function:

px(t1, t2) =
2l2(t2(1− t1)2 − t1(1− t2)2) + 2l1t1(1 + t2)

2

(1 + t21)(1 + t22)

py(t1, t2) =
l2(4t1t2 + (1− t1)2(1− t2)2)− l1(1− t1)2(1 + t2)

2

(1 + t1)2(1 + t2)2
.

Remark 7. An alternative algebraic reparameterization of (5.9) introduces the substitutions
σi := sin(θi) and ci := cos(θi) with the constraint that σ2

i + c2i = 1 and is known as the
algebraic-configuration space (Aspace). All results in this chapter pertaining to certifying a
region of T space are readily converted to methods for Aspace. This is the focus of Section 5.4.

However, in Section 5.5 we will be interested in growing regions inside T free. In this case,
we require notions of volume and size that are much more difficult to define analogously for
Aspace due to the quotient ring structure induced by σ2

i + c2i = 1. Therefore, only the results
of Section 5.4.4 are of practical interest for the Aspace reparameterization.

5.4 Certifying a Region is in T free

In this section, we consider the problem of certifying the non-collision of two convex bodies,
A and B, whose poses in task space are a function of the configuration of our robot. While
programs (5.3) and (5.4) can be used to certify non-collision between A and B for any fixed
configuration, they are insufficient to certify A and B do not intersect for all configurations
in an entire region P of the configuration space. Therefore, in Sections 5.4.1 and 5.4.2, we
show how to combine the ingredients of Sections 2.1 and 5.3 to generalize programs (5.3)
and (5.4).

The presence of trigonometric functions when the forward kinematics are expressed in the
variable q precludes using SOS programming, our tool of choice. Therefore, we assume that
A(s) and B(s) are convex sets in task space with their poses expressed as rational functions
in the T space variable s. This can be achieved using the developments in Section 5.3.2. Our
objective is to certify that A(s) and B(s) do not intersect for all s ∈ P = {s | Cs ≤ d} ⊆
Plim = {s | sl ≤ s ≤ su}.

Under these assumptions, the generalizations of (5.3) and (5.4) respectively take the form
of certifying a polynomial implication and certifying the emptiness of a basic-semialgebraic
set respectively. We give a formulation of each as a SOS program. We conclude in Sec-
tion 5.4.3 by proving that feasibility of our convex optimization programs is both necessary
and sufficient for P to be collision-free.

5.4.1 Method via Parametrized Hyperplane Certificates of Non-
Collision

In this section, we generalize (5.3) and use SOS to search for a polynomial family of hyper-
planes parametrized by the T space variable s which will certify the non-collision of A(s) and
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B(s) for all s ∈ P = {s | Cs ≤ d}, where C and d are the given matrix/vector in this section.
In Section 5.5 we search for C and d.

We begin by remarking that even if A(s) and B(s) do not collide for all s ∈ P , there may
not be a single, static hyperplane H = (a, b) that certifies this fact. An example of this can
be seen in Figure 5.3.

A

B

H := aTx+ b = 0
A

B

H
:=

a T
x
+
b
=
0

Figure 5.3: The convex collision geometries A(s) and B(s) are collision-free if and only if
there exists a family of hyperplanes H(s) separating the two for each configuration s0. The
planes act as a certificate of non-collision.

We therefore will look for a polynomial family of hyperplanes H(s) = {x | a(s)Tx+b(s) =
0} parametrized by our T space variable s. Inspection of Table 5.1 shows that we must
generalize

s ∈ P =⇒ aT (s) Fpv(s) + b(s) ≥ 1, (5.11)

for particular points v specific to each of the geometries, and

s ∈ P =⇒ aT (s) Fpo(s) + b(s) ≥ r ∥a(s)∥ , (5.12)

for center o if A(s) is either a sphere or capsule. The generalization of the conditions for
the cylinder are similar to those of the sphere and capsule, and so we defer its complete
derivation to Appendix A.4.

To generalize (5.11) and (5.12), we recall that the position of any point A ∈ A(s) (and
similarly B(s)) can be expressed as a rational function FpA(s) =

F fA(s)
F gA(s)

where FgA(s) > 0.
Therefore, we can express (5.11) as:

s ∈ P =⇒ aT (s) Ff v(s) + (b(s)− 1) Fgv(s) ≥ 0 (5.13)

This is a polynomial implication of the form (2.2). As P ⊆ Plim is a compact polytope, P
is Archimedean [148, Theorem 7.1.3] and so we can use Theorem 12 to express condition
(5.11) as:

aT (s) Ff v(s) + (b(s)− 1) Fgv(s) = λ01(s) +
m∑

j=1

λj1(s)(dj − cTj s) (5.14)

where λj1, j = 0, . . . ,m are all SOS polynomials.
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The condition (5.12), can be expressed as a polynomial matrix inequality using the Schur
complement7 [42]

s ∈ P =⇒
[(
(a(s))T Ff o(s) + b(s) Fgo(s)

)
I3 ra(s) Fgo(s)

r(a(s))T Fgo(s) (a(s))T Ff o(s) + b(s) Fgo(s)

]
⪰ 0. (5.15)

This is known as a matrix SOS condition which can be represented as a set of semidefinite
constraints [157]. Specifically, by introducing a vector auxiliary variable u, we can write
(5.15) as:

s ∈ P , uTu = 1 =⇒

uT
[(
aT (s) Ff o(s) + b(s) Fgo(s)

)
I3 ra(s) Fgo(s)

r(a(s))T Fgo(s) (a(s))T Ff o(s) + b(s) Fgo(s)

]
u ≥ 0 (5.16)

which can be expressed as the SOS condition:

uT
[(
(a(s))T Ff o(s) + b(s) Fgo(s)

)
I3 ra(s) Fgo(s)

r(a(s))T Fgo(s) (a(s))T Ff o(s) + b(s) Fgo(s)

]
u =

λ02(u, s) +
m∑

j=1

λj2(u, s)(dj − cTj s) + ϕ(u, s)(1− uTu) (5.17)

where λj2 are all SOS polynomials, and ϕ ∈ R[u, s]. We introduce the additional equality
uTu = 1 to ensure the description of the set {(u, s)|s ∈ P , uTu = 1} is Archimedean.

We are now ready to describe our convex program certifying that P is a region of T space

containing no collision. For each pair of bodies A(s) and B(s) that can collide in the scene,
we search for a polynomial hyperplane via the optimization program:

∀ pairs A,B (5.18a)
find aA,B, bA,B subject to (5.18b)

∀ s ∈ P , aTA,B(s)x+ bA,B(s) > 0, ∀x ∈ A(s) (5.18c)

∀ s ∈ P , aTA,B(s)y + bA,B(s) < 0 ∀y ∈ B(s) (5.18d)

λA,B
ij (u, s), µA,B

ij (u, s) ∈ Σ, ϕA,B(u, s), χA,B(u, s) ∈ R[u, s] (5.18e)

where (aA,B(s), bA,B(s)) are the parameters of the polynomial hyperplane separating A and
B, the polynomials λA,B

ij (s) and ϕA,B(s) collect all the multiplier polynomials for enforcing
(5.18c), and µA,B

ij (s) and χA,B(s) collect all the multiplier polynomials for enforcing (5.18d)
by using (5.14) and (5.17) depending on the geometry of A and B. We stress in the above
program that the decision variables are the coefficients of the polynomials aA,B, bA,B, and
the multiplier polynomials. The symbols u and s are known as indeterminates and are not
explicitly searched over.

7We have that γ ≥ r ∥a∥ if and only if the Schur complement
[
γI3 ra
raT γ

]
⪰ 0.
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In Table A.2, we summarize the conditions for enforcing (5.18c) and (5.18d) for common
families of sets. We call a feasible solution to (5.18) a certificate for the polytope P which
we denote:

CP =
⋃

(A,B)

{aA,B(s), bA,B(s), λ
A,B
ij (u, s), ϕA,B(u, s), µA,B

ij (u, s), χA,B(u, s)} (5.19)

5.4.2 Method via Polynomial Infeasibility Certificates

As we remarked in Section 5.3.1, non-collision of two convex shapes A and B can be checked
by certifying the infeasibility of (5.4). The infeasibility of (5.4) can be extended to the case
when the locations of A(s) and B(s) are a function of s.

Certify that ∄ s ∈ P , x, y ∈ R3 such that (5.20a)
x ∈ A(s), y ∈ B(s) (5.20b)

x = y (5.20c)

An equivalent, and perhaps more instructive, way of expressing (5.20) begins by letting
γAi (s, x, uA) and hAj (s, x, uA) be the polynomials encoding the condition that x ∈ A(s) with
uA collecting any extra variables needed to write this condition. Similarly, uB, γBk (s, x, uB),
and hBl (s, x, uB) encode that x ∈ B(s). We provide explicit expressions for γAi , γBk and hAj , hBl
in Table A.3 (given in Appendix A.2) for a few common geometries. We now consider the
set

SP,A,B = {x, s | s ∈ P , x ∈ A(s), x ∈ B(s)} (5.21)

=




x, s, uA, uB

∣∣∣∣∣∣∣∣∣

Cs ≤ d,

γAi (s, x, uA) ≥ 0, hAj (s, x, uA) = 0

γBk (s, x, uB) ≥ 0, hBl (s, x, uB) = 0,

i ∈ [nA], j ∈ [mA], k ∈ [nB], l ∈ [mB]




, (5.22)

and consider the problem

Certify that SP,A,B = ∅. (5.23)

Problems of the form (5.23) can be solved using the following SOS program.

Theorem 15 ([158]). Suppose Sg,h is Archimedean. Then Sg,h = ∅ if and only if there exist
polynomials ϕj(x) and SOS polynomials λi(x) such that

−1 = λ0(x) +
∑

i

λi(x)gi(x) +
∑

j

ϕj(x)hj(x). (5.24)

Example 8. If A is a polytope with nA vertices given by vAi
, and B is a sphere with center
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oB and radius rB, then we can write

SP,A,B =





x, s, µAi

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Cs ≤ d,(∏

i

FgvAi

)(
x−

nA∑

i=1

µAi

(Ff vAi (s)
FgvAi (s)

))
= 0,

1−
nA∑

i=1

µAi
= 0,

µAi
≥ 0 ∀ i ∈ [nA],

(
FgoB(s)

)2
(
r2B −

∥∥∥∥x−
Ff oB(s)
FgoB(s)

∥∥∥∥
2
)
≥ 0





.

Now, we note that SP,A,B is an Archimedean set. This implies that we can use Theorem
15 to write (5.23) as an optimization problem. Denoting u = {uA, uB}, this can be written
explicitly as

find λ0, λ
P
j , λ

A
j , λ

B
j , ϕ

A
k , ϕ

B
k (5.25a)

− 1 = λ0(s, x, u) +
n∑

j=1

λPj (s, x, u)(dj − cTj s)+

nA∑

i=1

λAi (s, x, u)γ
A
i (s, x, uA) +

mA∑

j=1

ϕA
j (s, x, u)h

A
j (s, x, uA)+

nB∑

l=1

λBl (s, x, u)γ
B
l (s, x, uB) +

mB∑

k=1

ϕB
k (s, x, u)h

B
k (s, x, uB)

(5.25b)

λ0, λ
P
j , λ

A
i , λ

B
l ∈ Σ (5.25c)

ϕA
j , ϕ

B
k ∈ R[s, x, u] (5.25d)

We again emphasize that in program (5.25) the decision variables are the coefficients of
λ0, λ

P
j , λ

A
i , λ

B
l , ϕ

A
j , and ϕB

k , while the symbols {x, s, u} are not decision variables but rather
polynomial indeterminates. Similar to the program (5.18), a certificate of non-collision can be
obtained by solving (5.25) for each pair (A,B) with the multipliers acting as the certificate.

5.4.3 Power of the Certification Programs

In this section, we consider the power of both certification programs. Specifically, in Sections
5.4.1 and 5.4.2 we argued that feasibility of (5.18) and (5.25) are sufficient to prove that P is
collision-free. In this section, we present two theorems showing that the feasibility of these
programs is also necessary.

Such a result is important given the fact that, as stated, (5.18) and (5.25) are infinite
dimensional and therefore, in practice must be solved by selecting a basis of finite degree
for the polynomials. Other subtleties about the power of our formulation are discussed in
Section 5.9.1. Fortunately, we can prove that there do exist finite degrees such that both
programs become feasible when P is truly collision-free.
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Theorem 16. Let all multiplier polynomials from (5.18) have degree at least ρ and let all
the polynomials in the parameterization of the hyperplane have degree at least κ. Suppose
P ⊆ Plim is a subset of T free.

Then there exists finite ρ and κ sufficiently large such that (5.18) is feasible.

A similar theorem can be stated for the program in (5.25).

Theorem 17. Let P ⊆ Plim be a compact, polytopic subset of T free and let all multiplier
polynomials from (5.25) have degree at least ρ. There exists a finite ρ sufficiently large such
that (5.25) is feasible.

We delay the proofs and further discussion of these results to Section 5.9.1. For now, we
simply remark that Theorems 16 and 17 assert that the certification programs presented in
this section are both complete in the sense that any collision-free polytope P can be certified
with our technique.

5.4.4 Specialization to Trajectories

In this section, we consider the specialization of the method in Section 5.4.1 to the case of
certifying that a given trajectory in T free is collision free. We denote the trajectory

ω(τ) : [0, 1] 7→ s (5.26)

and assume that ω(τ) is a polynomial, for example a cubic spline or Bezier curve.
Substituting (5.26) into (5.9) yields a univariate rational expression FpA(ω(τ)) parametriz-

ing the restriction of the kinematics to the trajectory. The domain of this univariate function
is an interval, a one-dimensional polytope.

We can therefore immediately use the machinery of either Section 5.4.1 or Section 5.4.2.
However, two stronger representation theorems hold in the univariate polynomial case.

Theorem 18 (Markov-Lucasz [159]). A univariate polynomial p(x) is non-negative on the
non-empty interval x ∈ [a, b] if and only if it can be expressed as

p(x) =

{
λ(x) + (x− a)(b− x)ν(x), deg(p) = 2d

(x− a)λ(x) + (b− x)ν(x), deg(p) = 2d+ 1
(5.27)

where λ, ν ∈ Σ[x]. Moreover, if d =
⌊
deg(p)

2

⌋
then

deg(λ) ≤ 2d, deg(ν) ≤
{
2d− 2 if deg(p) = 2d

2d if deg(p) = 2d+ 1
. (5.28)

An analogous theorem holds in the univariate matrix case.

Theorem 19. Let P (x) ∈ R[x]m×m be a symmetric matrix of univariate polynomials. Then
P (x) ⪰ 0 on the non-empty interval x ∈ [a, b] if and only if p(x, y) = yTP (x)y can be
expressed as:

p(x, y) =

{
λ(x, y) + (x− a)(b− x)ν(x, y), deg(P ) = 2d

(x− a)λ(x, y) + (b− x)ν(x, y), deg(P ) = 2d+ 1
(5.29)
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where λ, ν ∈ Σ[x, y]. Moreover, if d =
⌊
deg(P )

2

⌋
then

degyi(λ) = 2, degyi(ν) = 2, degx(λ) ≤ 2d

degx(ν) ≤
{
2d− 2 if deg(P ) = 2d

2d if deg(P ) = 2d+ 1

. (5.30)

Proof 5.1. This follows by applying a similar argument as used in [159] to prove Theorem
18 to the matrix P (x) and leveraging the result of [160] that univariate PSD matrices are
always SOS matrices.

The main difference between Theorems 18 and 19 compared to the representation theo-
rems in Section 2.1.1 are the explicit degree bounds in (5.29) and (5.27).

To transfer these results to the method of Section 5.4.1, note that after substitution of
the trajectory into the forward kinematics, the polynomial separating hyperplane certificates
(5.18c) and (5.18d) become univariate. Therefore, after fixing the degree of the trajectory,
the only hyperparameters left to choose in the certification program (5.19) are the degrees
of the hyperplanes. Theorems 18 and 19 tell us that choosing the degree of the certificate
polynomials to match the degree of the overall expression is necessary and sufficient. This
is in contrast to the general method where choosing a larger degree may produce better
certificates at the cost of longer solver times. Similar results hold if we instead use the
formulation from Section 5.4.2.

The computational advantages of the univariate case are explored in Section 5.6.4.

5.5 Growing Regions in T free

In this section, we describe our algorithm for rapidly generating a certified, polyhedral de-
composition of T free. Our algorithm can be seen as a generalization of the Iris algorithm of
[145] to non-convex T space obstacles and so we name it C-Iris (Configuration-Space, Iter-
ative Regional Inflation by Semidefinite programming). The key idea is to iteratively grow
certified convex polytopes of increasing size around various important configurations in the
T space8. This is achieved by solving a series of convex optimization programs. The complete
algorithm is summarized in Algorithm 3.

We begin by discussing how we measure the size of our polytope P = {s | Cs ≤ d}.
While it may be attractive to measure the size of a polytope by its volume, it is known that
computing the volume of a half-space representation (H-Rep) polytope is #P-hard9 [162] and
therefore intractable as an objective. A useful surrogate for the volume of P used in [145] is
the volume of the maximum volume inscribed ellipse of P : the set EP = {Qs+s0 | ∥s∥2 ≤ 1}
where Q is a positive semidefinite matrix describing the shape of the ellipsoid and s0 its
center. The problem of finding the maximum volume inscribed ellipsoid in a polytope is a

8Note that a large polytope in the T space does not necessarily correspond to a large region in Cspace.
The T space variable s is a good approximation of the C-space variable θ/2 near θ = 0. This approximation
becomes looser as θ approaches ±π.

9#P-hard problems are at least as hard as NP-complete problems [161].
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semidefinite program described in [42, Section 8.4.2].

max
Q,s0

logdet(Q) subject to (5.31a)

∥Qci∥2 ≤ di − cTi s0 ∀ i ∈ [m] (5.31b)
Q ⪰ 0 (5.31c)

As we wish our polytopes to cover diverse areas of T free, we will grow each polytope P
around some nominal configuration ss we call the seed point. We will describe a method for
choosing a good set seed points in Section 5.7. The polytope P is required to contain ss as
it grows.

A maximal volume, certified polytope around ss can be obtained by solving the following
optimization program which combines the ellipsoidal program (5.31) with the certification
program (5.18) from Section 5.4.1.

max
Q,s0,C,d,
∀(A,B)

λA,B
ij , ϕA,B,

µA,B
ij , χA,B

aA,B, bA,B

logdet(Q) subject to (5.32a)

(5.31b), (5.31c) (5.32b)
Css ≤ d (5.32c)

∥ci∥2 ≤ 1 ∀ i ∈ [m] (5.32d)
(5.18c), (5.18d), (5.18e) (5.32e)

The condition EP ⊂ P is given by the constraints (5.32b). Constraint (5.32c) enforces that
P grows around ss. The added constraint (5.32d) prevents numerically undesirable scaling.
Finally, (5.32e) enforces that we search for hyperplanes (aA,B(s), bA,B(s)) which separate each
collision pair A(s) and B(s).

While this program is attractive as a specification, it is not convex due to bilinearity
between Q and ci in (5.31b) and the bilinearity between the multipliers and the defining
equations of P implicit in (5.32e) (see Section 5.4.1). This bilinearity precludes simultane-
ous search of the polytope P , inscribed ellipsoid EP , and the corresponding certificate CP
using convex programming. Therefore, we approximate the solution to (5.32) by alternat-
ing between two convex programs; one which generates certificates of non-collision and one
which improves our polytope without violating the previous certificate.

Remark 8. It is possible to replace (5.32e) with the equivalent constraints from program
(5.25). We prefer to base our algorithm on (5.18) as it can be visualized (i.e. planes in
the task space) and the polynomials contain fewer indeterminates. Hence the optimization
problem size is smaller. Also, the separating planes approach produces separating certificates
with quantifiable margins by measuring the distance from the collision geometries to the plane
in task space.

We begin by demonstrating how a certified polytopic region can be improved. Suppose
that a convex polytope P = {s | Cs ≤ d} has been certified with certificate CP and the
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Figure 5.4: In (5.33) we search for the maximum distance the polytope’s faces can be pushed
away from the current inscribed ellipse without violating the certificate found in the previous
step.

maximum inscribed ellipse EP has been computed using (5.31). A new, larger polytope P ′

can be found by solving the convex optimization program (5.33) which pushes the faces of
P ′ as far away from the surface of EP as possible without violating the certificate CP . This
procedure is visualized in Figure 5.4.

This can be achieved with the following optimization program:

max
C,d,δ,
∀(A,B)

λA,B
01 , λA,B

02 , ϕA,B

µA,B
01 , µA,B

02 , χA,B

aA,B, bA,B

m∏

i=1

(δi + ε0) subject to (5.33a)

∥Qci∥2 ≤ di − δi − cTi s0, δi ≥ 0 ∀ i ∈ [m] (5.33b)
(5.32c), (5.32d), (5.32e) ∀pairs (A(s),B(s)) (5.33c)

where ε0 > 0 is some positive constant ensuring that the objective is never 0 (hence even if
one of the margins δi is 0, the optimization will still attempt to increase the other margins so
as to increase the objective). We use the product

∏m
i=1(δi+ϵ0) instead of the sum

∑m
i=1(δi+ϵ0)

as the objective function, to encourage a more uniform increase on every margin δi, which
leads to a larger inscribed ellipsoid. We recall that (5.33c) is either a constraint of the form
(5.14) or (5.17). We emphasize that in (5.33), λi1, λi2, µi1, µi2, i ≥ 1 are all fixed and it is the
variables cj and dj which are searched over.

Our complete algorithm proceeds in three steps; first, an initial, collision-free polytope
P0 containing a seed point ss is certified using (5.19) to obtain CP0 . Next, the maximum
inscribed ellipsoid EP0 is computed using (5.31). Finally, P0 is improved using (5.33) to
obtain a new polytope P1. This polytope P1 has the same number of defining inequalities
as P0. We iterate this process until the volume of EP stops improving. This algorithm is
formalized in Algorithm 3. Every step of this process involves solving a convex program for
which very fast commercial solvers exist [22,85,163].

The initial seed polytope can be constructed in a variety of manners. One practical
strategy we employ is to use one of the fast, but optimistic methods IrisNp2 and IrisNp
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Algorithm 3: Given an initial polytopic region P0 and seed point ss ∈ P0 for
which (5.32) is feasible, return a new polytopic region Pi with a maximal inscribed
ellipse EPi

with larger volume than EP0 and a collision-free certificate CPi
.

3.1 i← 0
3.2 do
3.3 CPi

← Solution of (5.18) with data Pi

3.4 EPi
← Solution of (5.31) with data Pi

3.5 (Pi+1, CPi+1
)← Solution of (5.33) with data (EPi

, CPi
)

3.6 i← i+ 1

3.7 while
(
vol(EPi

)− vol(EPi−1
)
)
/vol(EPi−1

) ≥ tolerance
3.8 return (Pi, CPi

)

from [146,147,164] to propose an initial, large region. As this may contain collisions, we
then scale the polytope around its Chebyshev center by a factor of α and attempt to certify
the region using (5.19). By bisecting on the value α, we are able to find a large, initial
collision-free polytope.

Remark 9. Some practical considerations for improving the runtime of Algorithm 3 are
discussed in the appendices. Specifically, in Appendix A.5 we expand on design choices
that substantially impact the size of the optimization programs as well as which parts of
Algorithm 3 can be parallelized.

5.6 Results
We demonstrate the use of Algorithm 3 on systems of varying complexity. We begin with
very simple robots where both the task space and configuration space can be visualized
and demonstrate that our algorithm can find very large portions of T space and achieve near-
complete coverage for simple systems in reasonable time.

We then demonstrate the use of Algorithm 3 on various robots commonly found in indus-
try. These include a KUKA iiwa reaching into a shelf, a bimanual KUKA iiwa, and similar
setups for the UR3e. Our objective is to show the scalability of our algorithm in realistic
settings, as well as demonstrate the diversity of shapes our approach can handle.

A mature implementation of our algorithm is available in the open-source robotics toolbox
Drake10 [69]. We furthermore provide examples of our algorithm in interactive Python
notebooks11. Animations of various figures in this section can also be found on this project’s
website12.

The implementation details of all experiments in this section, such as the choice of refer-
ence frame for each plane, the degree of the polynomials parametrizing the hyperplanes, and

10https://drake.mit.edu/
11https://deepnote.com/workspace/alexandre-amice-c018b305-0386-4703-9474-01b867e6efea/

project/C-IRIS-7e82e4f5-f47a-475a-aad3-c88093ed36c6/notebook/2d_example_bilinear_
alternation-14f1ee8c795e499ca7f577b6885c10e9

12https://alexandreamice.github.io/project/c-iris
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the degree of the multiplier polynomials in each program are expounded on in Appendix A.5.
The results of this section are from [115,116].

5.6.1 Simple Robots

In this section, we consider two simple robots each containing only two degrees of freedom.
This enables us to visualize both the task space, as well as the configuration space. Though
containing few degrees of freedom, each environment maintains rich, realistic collision ge-
ometries.

5.6.1.1 Pendulum on a Rail

(a) The pendulum on a rail robot. The green base
can slide freely to the left and right, while the
orange arm can rotate freely. Each hyperplane
is a function of the TC-variable s and separates
the collision body of the same color from the tip
of the robot highlighted in black.
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(b) The tangent configuration space of the
pendulum on a rail robot. The tangent-
configuration-space obstacle is in red. A sam-
ple of the polytopes obtained running Algo-
rithm 3 around the configuration (0, 0) are
shown.

Figure 5.5: A 2-DOF robot consisting of a revolute joint at the base of the orange link and
a prismatic joint between the base and the box.

Our first robot, shown in Figure 5.5a, consists of a single arm, shown in orange, con-
nected to a base via a revolute joint and placed within a box. The base of the robot is
connected to the box via a prismatic joint. The collision geometries of the robot and box
are approximated using polytopic boxes. A total of 42 pairs of geometries can collide in this
scene (i.e. certifying non-collision requires solving 42 instances of either (5.18) or (5.25)). In
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Figure 5.5b, we visualize the two-dimensional tangent configuration space of our robot with
the T space obstacle shown in red. We emphasize the highly non-convex shape of T free.

We run Algorithm 3 starting with a regular octagon of side length 0.01 centered at the
configuration (0, 0), a configuration with the arm fully extended upwards and centered in
the box. We obtain a sequence of certified polytopes of increasing size in the T space, which
are plotted in varying colors in Figure 5.5b.

The algorithm terminates after 86 iterations of the while loop from Algorithm 3, taking
a total of 314 seconds of wall clock time. During the course of the algorithm, the volume of
the maximum inscribed ellipsoid improves by a factor of 83, from a starting value of 0.021
to 1.746. The improvement in the volume of the inscribed ellipsoid and the average time
spent by the solver to solve both the certification program (5.18) and (5.33) are reported
in Figure 5.6a and Figure 5.6b respectively. Additionally, we note the total amount of
time (wall-clock) time required to grow the entire region. The majority of the time is spent
transcribing the program in the symbolic form to the optimization solver and in this example
accounts for almost half the time spent by the algorithm. Such overhead could be reduced
using parametric programming and code generation [165].

After completion, we select a single random configuration within our final certified region.
In Figure 5.5, we highlight the tip of the pendulum in black. Additionally, we color each
collision body for which the tip can collide in a separate color and plot the separating plane
certificate between the tip and the body in the same color.

5.6.1.2 Pinball Flipper

We refer to our second system, shown in Figure 5.7a, as the pinball flipper. Each orange
arm is connected to its gray base via a revolute joint. Each collision geometry in the scene is
approximated with a box, and a total of 130 collision pairs exist. We similarly plot the T space

in Figure 5.7b with the T space obstacle highlighted in red. In this experiment, we attempt
to almost completely cover T free with polytopic regions in order to enable a motion plan
where the flippers exchange positions. Overall, this scene exhibits a much more complicated
T space obstacle as well as substantially more collision pairs when compared to the system
from Section 5.6.1.1.

We seed Algorithm 3 with octagonal regions of side length 0.01, each centered at one
of 5 different configurations shown as the black dots in Figure 5.7b. The resulting regions
are also plotted in Figure 5.7b, and almost completely cover the space. Though each region
was initially seeded with a polytope of the same shape, our algorithm successfully adapts the
shape of each polytope to fill the space. Our algorithm also is not conservative; it successfully
finds regions that are tight to the T space obstacle in all cases.

The change in volume of the maximum inscribed ellipsoid of each region is shown in
Figure 5.8a. We remark that the volume of each region exhibits a diverse set of behaviors
over the iterations. Each region was grown sequentially, with a total wall clock time to cover
the space of 1439s. This time could easily be improved by growing each region in parallel.

In Figure 5.9, we demonstrate the behavior of our certificates for various poses of our
robot. In the top panel, we highlight in black the two tips of each flipper. The current
configuration is highlighted as the green dot in the bottom panel. For each configuration,
we also plot the hyperplane that proves the separation between the two black tips. Notice
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(a) The volume of the maximum inscribed ellipsoids of the T free

regions shown in Figure 5.5b is plotted over iterations of Algo-
rithm 3. This volume grows by a factor of 83 over the course of
86 iterations Algorithm 3.

Number of
collision pairs

42

Size of the
largest PSD
variable

2

Average time
to solve (5.18)

0.191s

Average time
to solve (5.33)

0.423s

Wall time to
grow single re-
gion

314s

(b) Statistics dominating the run
time of Algorithm 3 for the pen-
dulum on a rail system. The
complexity scales with the num-
ber of collision geometries as
well as the size of the largest
PSD matrix variable for enforc-
ing the Psatz conditions in Pro-
grams (5.18) and (5.33).

Figure 5.6: The progress of Algorithm 3 on the pendulum on a rail system for a single poly-
topic region is plotted. Statistics dominating the run time of the algorithm are also reported.
The reported times for solving (5.18) and (5.33) are the amount of time spent within the
optimization solver. The additional wall time to grow the region is due to transcription from
the optimization parsing software into the solver.

that in Figures 5.9g, 5.9h, and 5.9i, the current configuration is contained in multiple regions
at once. Therefore, each hyperplane in Figure 5.9a - 5.9e is drawn in the same color as its
associated T space region in Figures 5.9f - 5.9j.

We draw attention to the fact that at every configuration s0 in T free, many different
separating hyperplanes exist. The hyperplane obtained by evaluating the output of our
certifier at s0 is highly dependent on the region that is being certified. For example, in
Figure 5.9h, the blue region corresponds largely to a change in the position of the left
flipper, while the green region corresponds largely to a change in the right flipper. We see,
in Figure 5.9c, that the algorithm finds different separating planes for the blue and the green
region, even for the same configuration, so as to accommodate the different range of robot
motion in each region. For the blue region, which includes a large rotation of the left flipper,
the blue plane would continue to separate the left flipper from the right flipper as the left
flipper moves. Similarly, the green plane would continue to separate the right flipper from
the left as the right flipper moves.
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(a) The pinball flipper system consists of pendu-
lums each with a revolute joint between the or-
ange link and the gray base. All collision geome-
tries in the scene are approximated using boxes.
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(b) The T space of the 2DOF pendulum flipper
system. The T space obstacle is shown in red. Al-
gorithm 3 is run for five different polytopes each
initially centered around the black dots. The
polytopes output by the algorithm are plotted
in various colors. These polytopes almost fully
cover T free and are guaranteed to be collision-
free by construction.

Figure 5.7: The pinball flipper system and its T space. Algorithm 3 is able to successfully
cover T free with polytopic regions. An animation of the regions growing to cover this space
is available here
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(a) The volume of the maximum inscribed ellipsoid as the poly-
tope is grown around various seedpoints is improved during Algo-
rithm 3. The final polytopes associated to each color are shown
in Figure 5.7b.

Number of
collision pairs

130

Size of the
largest PSD

variable

2

Average
time to

solve (5.18)

0.638s

Average
time to

solve (5.33)

1.319s

Wall time to
grow cover

1439s

(b) Statistics dominating the run
time of Algorithm 3 for the pin-
ball flipper system. The com-
plexity scales with the number of
collision geometries as well as the
size of the largest PSD matrix
variable for enforcing the Psatz
conditions in Programs (5.18)
and (5.33).

Figure 5.8: The progress of Algorithm 3 on the pinball flipper system for each polytopic
region is plotted. Statistics dominating the run time of the algorithm are also reported.
The reported times for solving (5.18) and (5.33) are the amount of time spent within the
optimization solver. The additional wall time to grow the region is due to transcription from
the optimization parsing software into the solver.
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Figure 5.9: We approximate almost the entirety of T free for the robot flipper system using
5 polytopic regions. The top panel shows the hyperplanes certifying that the two black tips
of the system do not collide. The bottom panel shows the configuration of the robot as a
green dot. An example of this system undergoing a trajectory is available here.

5.6.2 KUKA IIWA robot

In this section, we demonstrate our algorithm deployed on the KUKA iiwa arm in two scenes
relevant to robot manipulation. The collision geometry of the iiwa is approximated as a union
of convex polytopes, as are all obstacles in the scene. We begin by considering a single iiwa
to demonstrate the practicality of our algorithm before considering a bimanual manipulator
to demonstrate the scalability of our approach.

5.6.2.1 7-DOF IIWA With a Shelf

We apply Algorithm 3 to the scene shown in Figure 5.10: a 7-DOF KUKA iiwa arm reaching
into a shelf. Our approach successfully finds many collision-free configurations, and we plot

Figure 5.10: 7-DOF iiwa example. We highlight one pair of collision geometries (blue on robot
gripper and red on the shelf), together with their separating plane (green).
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(a) The configurations in our cer-
tified regions correspond to a wide
range of task-space positions. We
sample three configurations from
the same certified region and plot
the corresponding task-space posi-
tion in different colors.
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(b) A single region for the 7-DOF KUKA iiwa is grown over the
course of 11 iterations of Algorithm 3. We compare the volume
of the maximum volume inscribed ellipsoid to the volume of the
polytopic region at each iteration and show that the volume
improves by a factor of 10,000.

Figure 5.11: Algorithm 3 grows certified regions that contain configurations reaching a large
portion of the task space. We show that our algorithm is capable of growing the volume of
a certified region by a factor of 10,000 over the course of just 11 iterations.

in green the separating hyperplane certificate between the end-effector, highlighted in blue,
and the top shelf highlighted in red.

The run time of Algorithm 3 is dominated by the certification of non-collision between
the pairs with the longest kinematic chain, as this leads to the highest degree polynomials
and hence the semidefinite variables in programs (5.18) and (5.33). For this program, the
largest positive semidefinite matrix variable has 16 rows. Overall, the largest certification
program (5.18) takes 54s to solve, while the program (5.33) takes on average 8s to solve.

In Figure 5.11, we demonstrate the behavior of one certified region. In Figure 5.11a, we
show that the configurations in one of our certified polytopic regions of T space (with 24 faces in
the polytope) correspond to many task-space end-effector positions. The configurations from
Figure 5.11a are drawn from a region that grows by a factor of 10, 000 using 11 iterations
of Algorithm 3. This improvement in volume is reported in Figure 5.11b, where we also
compare the volume of the maximum volume inscribed ellipsoid against the volume of the
polytopic region.

5.6.2.2 12-DOF Bimanual KUKA IIWA Example

We next consider designing regions to avoid self-collision for a robot consisting of two KUKA
iiwa arms with the final joint welded (rotation of the final joint does not change the con-
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figuration of any geometry for this robot). This robot has 12 DOF. This system tests the
scalability of our algorithm due to the degree of the polynomials involved in the forward
kinematics, as well as the complexity of the collision geometries.

Solving the largest certification program in (5.18) takes 105 minutes, while the program in
(5.33) takes 4 minutes. The increase in solve times compared to the single iiwa environment
from Section 5.6.2.1 is best attributed to the increase in the size of the semidefinite variables
due to the larger number of DOF. The largest semidefinite matrix in both programs has 64
rows and corresponds to certifying that the two tips of the iiwas do not collide.

Nonetheless, our algorithm again finds certified, 30-face polytopic regions of T space, which
correspond to a wide range of task-space positions as seen in Figure 5.12a. Moreover, the
same region is quite tight to the T space obstacle; one sampled configuration in the certified
region, shown in Figure 5.12b, corresponds to just 7.3mm of separation between the two
arms.

(a) Multiple configurations of the 12-DOF,
bimanual iiwa manipulator sampled from a
single certified region of T free. Each configu-
ration is shown in a separate color.

(b) The geometries of the bimanual iiwa from
Figure 5.12a are tightly approximated using
polytopes. At one position in the certified
T free region, the two geometries highlighted
in red are separated by just 7.3mm.

Figure 5.12: Algorithm 3 finds certified polytopic regions of T free even for high DOF systems
in reasonable times. The algorithm is also not conservative. It finds large regions that
correspond to a broad range of task-space positions. Moreover, the regions are very tight
to the T space obstacle, finding configurations that lead to very small separation between the
task-space objects.

5.6.3 UR3e Robot

In this section, we test our algorithm on a UR3e robot with a gripper mounted at the wrist.
The robot’s links are approximated by cylinders and we weld the gripper’s prismatic joints so
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that each UR3e has a total of 6 DOFs. This section differs from the KUKA iiwa experiment
in Section 5.6.2 due to the introduction of non-polytopic collision geometries into the scene.
Similar to Section 5.6.2, we test our approach for a scene where the robot is reaching into a
shelf, as well as a bimanual set up.

5.6.3.1 6-DOF UR3e With a Shelf

(a) (b)

(c) (d)

Figure 5.13: Different postures sampled within one certified T space region for a UR3e robot
with gripper. The certified region includes the gripper reaching the red box in the center
of the shelf (Figure 5.13a), retracting from the shelf (Figure 5.13c), and reaching different
regions within the shelf while avoiding the red box (Figure 5.13b and 5.13d). An animation
of the range of configurations attainable in this region is available on the project website.

In Figure 5.13, we consider a UR3e robot reaching into a shelf to grasp a small box-
shaped object. To simulate a situation where the robot is attempting to pick up the red
object, we use Algorithm 3 to grow a certified, T free polytope (with 12 faces) near the
object. Figure 5.13 shows a variety of postures sampled from the final T free polytope and
demonstrates that within a single region, our robot is able to reach into the shelf to grasp
the object, retract away from the shelf, and maneuver within the shelf while avoiding the
object.

Similar to Section 5.6.2.1, the largest semidefinite variables in programs (5.18) and (5.33)
have 16 rows with program (5.18) taking about 56s to solve.

108

https://alexandreamice.github.io/project/c-iris/ur_single.html


5.6.3.2 12-DOF Bimanual UR3e

(a) (b)

Figure 5.14: Top down view of two postures sampled within one certified T space region on
the dual UR3e platform. In the right figure we highlight the two collision geometries that
are separated by only 0.3mm. A dynamic visualization of the range of attainable postures
is available by running this notebook

Finally, we demonstrate our algorithm on a dual UR3e platform shown in Figure 5.14.
Again, we emphasize that we are able to find large regions of T free which correspond to
diverse positions in task space with the postures in Figure 5.14a and 5.14b being drawn from
the same certified region (a 13-face polytope). Moreover, these regions are very tight to the
T space obstacle with the two bodies highlighted in red in Figure 5.14b being just 0.3mm apart.
For this example, the largest positive semidefinite matrices in (5.18) and (5.33) have 128 rows
with the largest program taking about 35 minutes to solve. This program solves faster than
the analogous program for the bimanual iiwa from Section 5.6.2.2 because we require fewer
polynomial positivity conditions to certify that the UR3e’s cylindrical geometries are on a
given side of a plane compared to the polytopic approximation used for the iiwa.

5.6.4 Fast Certification of Trajectories

We now show that the certification of a trajectory can be done substantially faster than the
certification of a full dimensional region. All computations in this section are performed on
a laptop computer with an 11th Generation Intel I9 CPU and 64GB of RAM. The results of
this section are reproduced from [117].

In the case of certifying trajectories, a common practice is to rapidly cull some of the
collision pairs which cannot collide over the course of the motion by using, for example,
bounding-volume hierarchies [127,166]. In our experiments, we do not perform this opti-
mization which would certainly improve our run times.

5.6.4.1 Certifying an RRT for a Bimanual Manipulator

We consider the task of certifying a motion plan for a 12 degree of freedom (DOF) bimanual
KUKA iiwa reaching into the shelf. This is the same robot as in Section 5.6.2.2, placed
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(a) A pair of Kuka iiwa reaching from the
straight up start configuration (translucent
arms) into the shelf (opaque arms). The close
confines of this motion plan make checking
safety via finite sampling challenging. An an-
imation of the motion plan is available here.

(b) A 7-DOF Kuka iiwa reaching into a pair
of shelves. Despite differing by at most
20mm, the blue motion plan is collision-free,
while the red motion plan contains minor col-
lision when reaching into each shelf. The
proposed certification method is capable of
discriminating the safety of these two mo-
tion plans. A video describing the method is
available at https://youtu.be/oTiDYeptKis.

Figure 5.15: The trajectory certification environments.

in an environment with more obstacles. The start and end configurations are shown in
Figure 5.15a. The environment contains 246 total collision pairs.

An RRT is grown in T space, with edges extended by sampling one hundred intermediate
points between tree nodes. We grow the RRT until the task and goal are connected and the
motion plan between them is certified as safe by (5.18). This requires 105 edges and so a
total of 25,830 instances of (5.18) are solved with the hyperplane parameterized by a linear
polynomial. All programs are solved in parallel.

In Figure 5.16a, we plot the entire distribution of solve times for the 25,830 programs.
We group the collision geometry pairs by the highest degree condition given by (5.18). The
most expensive program takes 297 ms to solve with Mosek [85], while the least expensive
program takes 0.66 ms to solve. We note that Figure 5.16a is plotted on a log scale and
demonstrates approximately quadratic growth as the degree of the polynomials increases to
the right. On the other hand, almost no pattern is observed in the length of time taken to
certify an individual edge for a given pair.

We remark on the substantial improvement in the runtimes for this system relative to
Section 5.6.2.2 which uses the same robot in a simpler environment containing fewer collision
pairs. In that section, the most expensive certification program takes 105 minutes, compared
to the 297 ms required in this section. This is more than a 21000× speed up.

In Figure 5.16b, we provide some aggregated statistics on the certification procedure.

110

https://alexandreamice.github.io/project/c-iris-path/14dof_hyperplanes.html
https://youtu.be/oTiDYeptKis


We recall that an edge of the RRT is considered safe if (5.18) is feasible for all 246 collision
pairs. Due to the very close proximity of the collision geometries and our very coarse collision
checking, we do not expect every edge to be collision-free. Indeed, we see that just under
30% of the edges in our tree are certified as collision free.

We observe that many of the uncertified edges correspond to motions in the tight confines
of the shelf and so may in fact contain collisions. Therefore, if (5.18) for a given edge is not
feasible for every collision pair, then we resample 105, uniformly spaced configurations along
that edge. If a collision is found, we confirm that the edge is not safe. Otherwise, we cannot
confirm or deny the safety of the edge. We see that in 96% of cases, more dense sampling
recovers a collision, which verifies that the infeasibility of (5.18) for these edges is not due
to choosing too low a degree for the hyperplane. On the other hand, exactly two edges are
neither declared safe, nor confirmed not safe. These two examples correspond to motions
which undergo very large task space displacement of all links, but do not appear to contain
collisions. It is likely the case that a higher degree polynomial could certify these edges.

(a) The time required to certify each edge
and each collision pair in an RRT for the bi-
manual iiwa system. The y-axis is the index
of the edge, and the x-axis is the index of the
collision pair, grouped by the degree of the
separating hyperplane condition (5.18). The
time taken to solve the certification program
for a collision pair scales quadratically in the
degree of the separating condition (5.18).

Aggregate Statistics For Certifying the Entire RRT

# Instances of (5.18) Solved 25830
# Of Collision Pairs 246

# Of Edges 105
# Edges safe 31

# Edges Confirmed not safe 72
# Edges Unconfirmed not safe 2

Average Solver Time to
Certify an Edge 299.9 msec.

Total Solver Time to Certify
Goal Plan 1.211 sec.

Total Solver Time to Certify
RRT 31.5 sec.

(b) Aggregated statistics for certifying an RRT
for the bimanual iiwa system. An edge is safe if
all 246 instances of (5.18) are feasible. If (5.18)
is infeasible, the corresponding edge is densely
sampled with 105 points to find a collision. If a
collision is found, the edge is confirmed not safe.
We see that in two cases, neither (5.18) is
feasible for all pairs, nor is a collision found. The
final RRT plan is certified as safe in just over 1
second, and the whole tree is certified in about
30 seconds.

Figure 5.16: Timing statistics and aggregated statistics for certifying an RRT for the biman-
ual iiwa system from Figure 5.15a. An instance of (5.18) is solved for all 246 collision pairs
and all 105 edges in just over 30 seconds.
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5.6.4.2 Certifying Cubic Polynomial Plans for a 7-DOF iiwa

We demonstrate our method’s ability to certify higher-order motion plans. We consider a
7-DOF Kuka iiwa interacting with a pair of shelves shown in Figure 5.15b moving along a
piecewise-polynomial plan with thirty pieces. Each piece is parametrized as a cubic Hermite
spline.

We consider two such motion plans. The blue plan in Figure 5.15b is collision free, while
exactly two of the thirty pieces of the red plan contain minor collisions with the shelf. We
solve (5.18) with a linearly parametrized hyperplane for each segment of the plan.

In the case of the blue curve, all thirty pieces of the motion plan are certified as safe in 8.99
seconds. Additionally, the twenty-eight pieces of the red plan which are safe are marked as
safe. Meanwhile, the optimizer reported that (5.18) is infeasible for the two unsafe segments.
The total time to solve the programs for the unsafe plan was 9.21 seconds, which can be
reduced to 6.91 seconds if the two unsafe segments are allowed to terminate as soon as one
collision pair fails to certify its safety.

This demonstrates the precision of our method, which is capable of discriminating the
safety of two visually indistinguishable motion plans which differ by at most 20mm.

The trajectory-certification examples highlight one use of the certificates developed in
this chapter: rapidly verifying a fixed one-dimensional subset of configuration space. We
next return to the full-dimensional problem.
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Body aTx + b > 0, ∀x ∈ A x ∈ A
V-rep Poly-
tope with
vertices

{v1, . . . , vm}.
aTvi + b ≥ 1, ∀ i ∈ {1, . . . ,m}

x =
m∑

i=1

µivi,
∑

i=1

µi = 1,

µi ≥ 0

Sphere with
center o and
radius r.

aTo+ b ≥ r ∥a∥
aTo+ b ≥ 1

∥x− o∥2 ≤ r2

Capsule, the
convex hull of
two spheres
with centers
o1 and o2 and
radii r1 and
r2.

aTo1 + b ≥ r1 ∥a∥
aTo2 + b ≥ r2 ∥a∥
aTo1 + b ≥ 1

oµ = µo1 + (1− µ)o2
∥x− oµ∥ ≤ µr1 + (1− µ)r2

0 ≤ µ ≤ 1

Cylinder, the
convex hull
of two cir-
cles with cen-
ters o1 and
o2, and with
radii r1 and
r2.

az ∥o1 − o2∥
2

+ b ≥ r1
∥∥[ax ay

]∥∥

−az ∥o1 − o2∥
2

+ b ≥ r2
∥∥[ax ay

]∥∥

aT
(
o1 + o2

2

)
+ b ≥ 1

oµ = µo1 + (1− µ)o2
vT (o1 − o2) = 0

x = oµ + v

∥v∥ ≤ µr1 + (1− µ)r2
0 ≤ µ ≤ 1

Table 5.1: Parameterizations of conditions (5.3a) and (5.4a) respectively for particular convex
bodies. 4
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5.7 Covering Free Space in Convex Regions
The region-growing method in Section 5.5 shows how to certify and improve a single collision-
free region around a seed, but it does not answer where such seeds should be placed if the
goal is to cover a useful portion of Cfree. The next section addresses this placement problem
by using visibility graphs and clique covers to propose seeds for region inflation. Earlier
in this chapter, we introduced a new algorithm in the Iris family for growing a provably
collision-free region in (a reparametrization) of configuration space. Many other algorithms
in this family have been proposed [145,147,164]. In this section, we turn our attention from
growing a single region to covering the region in these convex sets. We propose an efficient
method for the approximate decomposition of robot configuration spaces into a few large
convex sets, without any human supervision. A guiding illustration is shown in Figure 5.17.
The results of this section are based on [118]. In this section, we work directly in Cfree,
however the method is agnostic to the space, and the method could used in T free.

Similar to some motion-planning algorithms [167,168], our method constructs a visibility
graph by sampling points in Cfree. The vertices of this graph are collision-free samples, and
the edges connect pairs of points with mutual line of sight. The visibility graph contains rich
information about the geometry of Cfree. In particular, our key observation is that, as the
number of samples grows, cliques (see Definition 37) subgraphs of this visibility graph tend
to represent better and better approximations of collision-free convex sets in the underlying
configuration space. Our approach is to decompose the visibility graph into a small collection
of large cliques. We then circumscribe the points in each clique with an ellipsoid by solving
a convex-optimization problem. The center and the principal directions of these ellipsoids
are subsequently used to initialize an inflation algorithm analogous to Iris.

Through a large variety of experiments, we show that our algorithm outperforms previous
approaches for seeding and inflating convex regions; both in terms of runtimes and number
of regions used to cover the space. As an example, for a robot arm with seven degrees
of freedom, and many task-space obstacles, our method requires approximately 46 regions
and one hour of computations to cover 70% of Cfree, whereas the approach outlined in [164]
requires ten times more regions and is ten times slower. The time to compute regions in
this section is substantially smaller than in prior section, as we use optimistic approaches
to growing regions such as IrisNp2 and IrisNp from [146,147,164] rather than the rigorous
method C-Iris introduced in the prior section.

5.7.1 Related Works

Finding the minimum convex cover of a set is a hard problem; even in the case of two-
dimensional polygons, the problem is hard to solve exactly and approximately.13 Nonetheless,
finding low-cardinality convex covers of high-dimensional nonconvex spaces (both polygonal
and non-polygonal) remains a problem of practical importance, for which a variety of ap-
proximate algorithms have been devised. In the following, we group these algorithms into
two categories: ones that require explicit (e.g., analytic) descriptions of Cfree, and ones that
only use implicit descriptions of Cfree (and are hence suitable for most complex configuration

13More formally, the problem is ∃R-complete [140], and therefore NP-hard, as well as APX-hard [142].
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Visibility Graph Repeated Iterations Inflate PolytopesEllipsoidsClique Cover

Figure 5.17: Sketch of the proposed algorithm on a simple example. First four figures :
Samples are drawn uniformly from Cfree to build a visibility graph. The visibility graph is
decomposed into five cliques. The principal directions and locations of the cliques are used
to direct a region-inflation algorithm. Remaining two figures : This process is repeated until
sufficient coverage is obtained by drawing new samples from the remaining free space, and
repeating the previous steps.

spaces). In this literature review, we particularly focus on Iris algorithms, due to their
efficient scaling to high dimensions.

5.7.1.1 Algorithms Requiring Explicit Obstacle Descriptions

The recent work [169] constructs low-cardinality convex covers of two-dimensional polygons
by first decomposing them into small convex pieces (for example triangles), and then by
joining the pieces based on a small clique cover of an approximated set-to-set visibility graph.
Similarly, the visibility graph of polygons is directly used to construct convex covers in [170].
In three dimensions the approach in [149] can be used to decompose Cfree into sets that
are approximately convex, provided that a triangle mesh description is available. Finally,
if the configuration-space obstacles are explicitly described as convex sets, the original Iris
algorithm from [145] can be used to inflate a large polytope in Cfree around a specified seed
point in arbitrary dimensions.

5.7.1.2 Algorithms Allowing Implicit Obstacle Descriptions

Most commonly, the explicit descriptions of the obstacles are only available in task space;
while the collision-free configuration space Cfree is defined implicitly through the robot’s
inverse kinematics, and is intractable to describe analytically [122, §3]. Some works have
focused on approximately describing the configuration space obstacles, rather than Cfree
[120,121,171]. Conversely, multiple works have studied directly obtaining convex decompo-
sitions of Cfree. In [172] visibility graphs and kernels are used to compute convex decom-
positions of three-dimensional spaces via sample-based collision checking. However, their
method represents the convex sets through their vertices, and is inefficient in higher dimen-
sions. In the family of Iris algorithms, three methods can deal with implicit descriptions of
Cfree: IrisNp [164], IrisNp2 [146,147], and C-Iris as described earlier in this chapter and
in [115,116]. The first two extend the original Iris method [145] to arbitrary configuration
spaces using nonlinear programming and inflates polytopes that are collision-free with high
probability. The latter, as described in this chapter, grows polytopes that are rigorously
certified to be collision-free using a rational reparametrization of the configuration space
and sums-of-squares programming.
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5.7.2 Convex Covers, Visibility, and Cliques

In this section, we formally define our main problem: approximating the free configuration
space Cfree with a low-cardinality collection of convex sets. We also briefly review the main
technical tools that we will use in the development of our algorithm, namely, visibility graphs
and clique covers.

5.7.2.1 Problem Statement

Let Cfree ⊆ Rn be the collision-free subset of an n-dimensional configuration space, which we
assume to have a well-defined, finite volume. Let α be a constant in the interval (0, 1].

Definition 41. An α-approximate convex cover of Cfree is a collection R = {R1, . . . ,RN}
of potentially overlapping convex sets Ri ⊆ Cfree whose union covers at least an α-fraction of
the volume of Cfree:

vol

(
N⋃

i=1

Ri

)
≥ αvol

(
Cfree

)
.

Our problem is to find an α-approximate convex cover of minimum cardinality N .

Problem 5.1: Min α-ApproxConvexCover

minimizeN subject to

vol

(
N⋃

i=1

Ri

)
≥ αvol

(
Cfree

)
,

Ri ⊆ Cfree, ∀i = 1, . . . , N.

In practice, we are interested in solving this problem for values of α that are suffi-
ciently high to accomplish a task of interest, such as collision-free motion planning, but
not so large that the cardinality N grows unreasonably. Indeed, when α = 1, Min α-
ApproxConvexCover might not even have a finite solution.14

5.7.2.2 Visibility Graphs and Clique Covers

Our algorithm is based on the idea that clusters of points that see each other can approximate
convex subsets of Cfree. Here, we formally define the notion of visibility as well as introduce
some formal tools from graph theory to guide the development of our algorithm.

We begin by defining visibility in Cfree.

Definition 42. Two points q, q′ ∈ Cfree are said to see each other if the entire line connecting
them is collision-free: tq + (1 − t)q′ ∈ Cfree for all t ∈ [0, 1]. Notice that this definition is
symmetric in q and q′.

14For α < 1 a finite solution is guaranteed to exist. This can be seen by computing the volume of Cfree
with a lower Darboux integral over finite hyperrectangle partitions.
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We are now ready to define the visibility graph of a set of collision-free configurations.

Definition 43. The visibility graph of a set of points q1, . . . , qK ∈ Cfree is an undirected
graph G = (V , E) with vertices V = {1, . . . , K}, and with edges {i, j} ∈ E for every pair of
distinct points qi and qj that see each other.

We show an example of a visibility graph in Figure 5.17. We note that clusters of points
that can all see each other form a clique in the visibility graph. We observe that if a cluster
of configurations can be placed in the same convex set, then these configurations must form
a clique in the visibility graph. The second panel in Figure 5.17 highlights a collection of
five cliques in the visibility graph that have this property. These five cliques form what is
called a clique cover, which resembles a discrete analog of a convex cover.

Definition 44. A collection T of cliques K1, . . . ,KN is a clique cover of a graph G if every
vertex in the graph is contained in at least one clique.

A natural discrete counterpart of the minimum convex cover is the MinCliqueCover
problem, where we look for the minimum number of cliques N required to cover a graph. Our
observation is that, as the number of samples in the visibility graph increases, a minimum
clique cover typically does an increasingly better job of approximating a minimum convex
cover. Limitations of this analogy are discussed in Section 5.7.5.

MinCliqueCover is NP-complete [18]. There exist heuristics, such as [173], that
attempt to solve MinCliqueCover directly. Alternatively, one can greedily construct a
clique cover by repeatedly eliminating the largest clique. The problem of finding the largest
clique in a graph is called MaxClique. Even though this problem is also NP-complete [18],
it is often substantially faster to solve in practice. We found the latter approach with exact
solutions of MaxClique to perform particularly well on our problem instances.

5.7.3 Algorithm

We now present our Visibility Clique Cover (VCC) algorithm, which consists of four main
steps. First, we randomly sample a collection of points in Cfree and construct their visibility
graph. Second, we compute an approximate clique cover of the graph. Third, we summarize
the geometric information of each clique using an ellipsoid. Fourth, we use these ellipsoids to
initialize a polytope-inflation algorithm analogous to Iris. This process is repeated until the
generated set of polytopes R covers a given fraction α of Cfree. This procedure is summarized
in Algorithm 4, and the remainder of this section details the individual steps.

5.7.3.1 Sampling the Visibility Graph

At the beginning of every iteration of VCC, the subroutine SampleVisibilityGraph sam-
ples K configurations uniformly at random from the portion of Cfree that is not already
covered by the polytopes in R. Then, it constructs the visibility graph G = (V , E), by
checking for collisions along the line segments connecting each pair of sampled configura-
tions. Currently, this is performed using sampling-based collision checkers. Exact visibility
checking is possible using methods such as [133], [174, §5.3.4], or using the method from
Section 5.4.4 [117].
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Algorithm 4: VisibilityCliqueCover
Input :
α: coverage threshold
K: number of samples per iteration
smin: minimum clique size
Output:
R: set of convex polytopes approximating Cfree
Algorithm:
R← ∅
while CheckCoverage(R) ≤ α do
G ← SampleVisibilityGraph(K,R)
T ← TruncatedCliqueCover(G, smin)
B←MinVolumeEllipsoids(T )
R← R ∪ InflatePolytopes(B)

end
return R

5.7.3.2 Truncated Clique Cover

In the subroutine TruncatedCliqueCover, we approximately cover the visibility graph
with a collection of cliques, each of which contains at least smin vertices. We construct
this approximate cover T greedily, by solving a sequence of MaxClique problems. Each
instance of MaxClique is formulated as an integer linear program

maximize
K∑

i=1

bi (5.34a)

subject to bi + bj ≤ 1, ∀{i, j} ∈ Ē , (5.34b)
bi ∈ {0, 1}, ∀i = 1, . . . , K. (5.34c)

A binary decision variable bi is added for each vertex. The role of this variable is to take
unit value if and only if vertex i is included in the clique. The set Ē contains all the pairs of
vertices {i, j} such that i ̸= j and {i, j} /∈ E . Therefore the first constraint ensures that two
vertices are selected only if they share an edge.

After solving the integer program (5.34), the clique found is removed from the graph and
added to the clique cover. Since small cliques are not informative, we stop this iterative
process when the largest clique left in the graph is smaller than a given threshold smin.
For this reason, our clique covers will be truncated, i.e., generally, not all vertices will be
contained in one of the cliques.

5.7.3.3 Summarizing Cliques with Ellipsoids

In the subroutine MinVolumeEllipsoids, we solve a semidefinite program to enclose each
clique with an ellipsoid of minimum volume [42, §8.4.1]. This collection B of ellipsoids
allows us to summarize the geometry of each clique with a point and a set of principal
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Figure 5.18: The growth direction of an Iris region can be guided by the initial ellipsoid.
We show Iris initialized with three ellipsoids with the same center but different principal
axes, resulting in polytopes that cover different portions of Cfree.

directions, which are then used to initialize the region-inflation algorithm. For the upcoming
computations, it is necessary that the center of each ellipsoid is not in collision; if this is not
the case, we recenter the ellipsoid around the vertex in the clique that is closest to its center.

5.7.3.4 Inflating Polytopes

In the last step of VCC, the subroutine InflatePolytopes inflates a large, collision-free
polytope around the center of each ellipsoid induced by a clique.

Let us initially assume that the obstacles are convex. Consider a single ellipsoid; using
convex optimization, we compute the point in each obstacle that is closest to the center of
the ellipsoid, according to the distance metric induced by the ellipsoid. These points anchor
separating hyperplanes between the ellipsoid center and the obstacles, which form a polytope
of obstacle-free space. These steps are repeated for each ellipsoid (i.e., for each clique) to
obtain a collection of collision-free polytopes that we add to the set R.

(a) Village

q3

q2

q1
q

(b) 3DOF Flipper

q5

q4

q3

q2
q1

(c) 5DOF UR3

q5

q6q7

q2
q1

q3

q4

(d) 7DOF IIWA

These computations correspond to a single iteration of the Iris algorithm [145], and
ensure that the largest uniformly scaled, collision-free version of the ellipsoid is contained
in the resulting polytope. Figure 5.18 illustrates how the initial metric is fundamental in
guiding the shape of the regions generated by Iris. Traditionally, the Iris algorithm is
initialized with an uninformed ellipsoidal metric and needs to run for multiple (expensive)
iterations in order to expand and cover a larger volume of space; in VCC we use only a single
Iris iteration and the initial ellipsoid is informed by the shape of the clique.

When the obstacles are not convex, we run one iteration of the nonlinear programming
variant IrisNp [164] instead. Alternatively, C-Iris [115,116] could be employed to obtain
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Domain Village 3DOF Flipper 5DOF UR3 7DOF IIWA
Algorithm IOS VCC (ours) IOS VCC (ours) IOS VCC (ours) IOS VCC (ours)

# regions |R| 198.0±13.6 93.9±7.5 10.4±1.9 6.7±0.5 90.5±18.8 35.1±1.6 482.6±83.8 46.3±4.5

runtime [s] 2.7e3±2.9e2 1.7e3±3.4e2 2.0e2±2.9e1 4.9e1±7.1 1.12e4±2.1e3 5.5e2±6.6e1 8.9e4±1.9e4 5.7e3± 1.7e3

coverage threshold α 0.8 0.8 0.9 0.9 0.75 0.75 0.7 0.7
# visibility vertices K - 500 - 500 - 1000 - 1500
min. clique size smin - 10 - 10 - 10 - 20

Table 5.2: Comparison of our Visibility Clique Cover (VCC) algorithm to the Iterative Ob-
stacle Seeding (IOS) method from [164], across four different environments. All experiments
are repeated ten times. The numbers in the first two rows indicate the mean and the em-
pirical standard deviation over the trials. We observe that VCC achieves the given coverage
targets with 1.6 to 10.4 times fewer regions, and between 1.4 and 20 times faster than IOS.
The environment names are linked to interactive visualizations.

certifiably collision-free regions.

5.7.3.5 Convergence Check

The subroutine CheckCoverage estimates the fraction of Cfree covered by the regions in
R, and terminates our algorithm if this value exceeds the threshold α. Computing this
fraction exactly is impractical, and so we resort to randomized methods. The coverage is
estimated by drawing a large number of M samples in Cfree, and computing the ratio of
samples that land in at least one of the regions in R. More sophisticated checks, such as
one-sided Bernoulli hypothesis testing, are possible.

5.7.3.6 Completeness

Analogous to [126,175], VCC is probabilistically complete under mild assumptions. This
means as the number of iterations goes to infinity, the probability of completely covering
Cfree goes to one.

5.7.4 Results

As there are no direct baseline methods, we compare our VCC algorithm against an extension
of the method in [164, §III.D]. The natural extension of this approach is to iteratively grow
polytopes around uniformly sampled points from the uncovered free space using Iris, while
treating previously computed regions as obstacles. This process is repeated until the desired
coverage is met. We call this approach Iterative Obstacle Seeding (IOS).

In the following, all experiments are implemented in Drake15 [69], and all computations
are performed on a single desktop computer with an Intel Core i9-10850K CPU and 32 Gb
of RAM. We solve all MaxClique instances to global optimality using Gurobi [176]. An
open-source implementation is available as the IrisInConfigurationSpaceFromCliqueCov
er16 and supports the use of any algorithm in the Iris family supported by Drake.

15https://drake.mit.edu/
16https://drake.mit.edu/doxygen_cxx/group__planning__iris.html#ga95b21d4800c09233

dd7a489238bced19
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We evaluate VCC and IOS on four environments: Village, 3DOF Flipper, 5DOF UR3,
and 7DOF IIWA. The dimension n of these environments ranges from 3 to 7. For each environ-
ment, we run the two algorithms ten times and report their performance in Table 5.2. The
Village environment from [177] contains only convex obstacles and is compatible with the
original Iris [145]. All other examples involve the configuration spaces of robotic manipula-
tors and therefore IrisNp [164] is employed. The number of samples used in the convergence
check in Algorithm 4 is M = 5000.

VCC meets the required coverage threshold with significantly fewer regions and in a
substantially shorter amount of time. Notably, in the most challenging benchmark, 7DOF
IIWA, VCC requires 10 times fewer regions and meets the required coverage of 70% around
16 times faster. This substantial speedup can be attributed to two key factors. First, the
region inflation in VCC is parallelized. Second, Iris is the most computationally expensive
step. While VCC only requires a single iteration of Iris per region, IOS can require around
five Iris iterations per region, due to the initialization with a potentially uninformative
spherical metric.

5.7.5 Limitations of Approximating Convex Sets with Cliques

Despite the strong performance of our algorithm, the hardness of solving Min α-Appro
xConvexCover makes it possible to construct simple examples that highlight pitfalls of
our heuristic approach. In this section, we discuss holes in Cfree which lead to one such pitfall
that is particularly insightful.

While every convex set in Cfree naturally corresponds to a clique in the visibility graph,
a clique in the visibility graph does not necessarily correspond to a convex set in Cfree. The
convex hull of a clique can enclose obstacles in Cfree. This problem persists even if we sample
arbitrarily dense visibility graphs, and if we restrict the analysis to maximal cliques.

A visual proof is shown in Figure 5.20, which illustrates a triangular configuration space
with a triangular hole of size ε. As ε goes to zero, the largest convex subset of Cfree is the green
trapezoid, whose area approaches 5/9 of the total area of Cfree. On the other hand, a larger
subset of mutually visible points is given by the union of the three red parallelograms, whose
area approaches 6/9 of the total area. Therefore, if configurations are sampled uniformly
at random, an optimal solution of MaxClique will almost surely enclose a hole as the
number of samples goes to infinity. A similar construction can be used to show an analogous
discrepancy between the minimum convex cover of Cfree and MinCliqueCover.

In principle, this problem can be addressed by solving a modified version of MaxClique
that better captures the notion of a convex set. In short, we require that every vertex of
the visibility graph that is contained in the convex hull of the maximum clique must be a
member of the clique. For an infinitely dense visibility graph, this ensures that the maximum
clique cannot enclose holes.

We enforce the contrapositive of the latter condition through linear constraints that
separate all non-clique members qi, with i ∈ {1, . . . , K}, from the points in the clique with a
hyperplane Hi = {q | cTi q + di = 0}, parameterized by the decision variables (ci, di) ∈ Rn+1.

The resulting mixed-integer linear optimization extends (5.34) by adding the additional
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ε
1

Figure 5.20: Maximum cliques of infinitely dense visibility graphs can enclose holes, and
do not necessarily correspond to collision-free convex sets. The largest collision-free convex
region (green trapezoid) has a smaller area than the union of red parallelograms when 0 <
ε ≤ 1 −

√
5/6. In this case, the convex hull of the maximum clique must enclose the hole.

Note that the vertices in the red regions form a valid clique because the pairwise convex
hulls of the red regions are collision-free.

separation constraints

cTi qi + di ≥ 1− bi, ∀ i = 1, . . . , K, (5.35a)
cTi qj + di ≤ L(1− bj), ∀i, j = 1, . . . , K, (5.35b)

where L is a large enough constant (e.g. a constant factor times the diameter of the visibility
graph).

When the point qi is not in the clique (bi = 0) and the point qj is in the clique (bj = 1),
these constraints read cTi qi + di ≥ 1 and cTi qj + di ≤ 0. Therefore, the hyperplane Hi

separates qi from qj. On the other hand, these constraints are seen to be redundant for
all other possible values of the binaries bi and bj. In Figure 5.21, we demonstrate how this
extension prevents a maximum clique from enclosing holes in a finite-sample regime.

Figure 5.21: A visibility graph with 100 random vertices in the triangular environment
from Figure 5.20. Solving the maximum clique problem (5.34) with the additional con-
straints (5.35) yields a clique with 56 vertices (shown in green), that closely approximates
the corresponding convex set in Figure 5.20. Solving only problem (5.34), yields a clique
with 63 vertices (shown in red) that, however, encloses the central hole.

In practice, solving (5.34) with constraints (5.35) is too expensive for the problems in
Table 5.2. Nonetheless, we observed that in the first MaxClique problem (5.34) only an
average of 0.1% of the vertices were excluded from the clique that could not be separated
from it with a hyperplane. Subsequent cliques, and improvements to the formulation (5.35),
demand a more nuanced discussion and are subject to future work.
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5.8 Conclusions
In this chapter, we have demonstrated that SOS programming can be an effective tool for
addressing a canonical robotics problem: describing the set of collision-free configurations.
We demonstrated a method for verifying that a convex subset of an algebraic reparametriza-
tion of Cspace called T space is collision free. The certification method can be used to prove
that a given trajectory is collision free very quickly, or can be used as part of a subroutine
for growing a full-dimensional collision-free region in T free. Finally, inspired by the many
algorithms for finding full-dimensional subsets of Cfree and the utility of such regions, we
proposed a method for automatically placing these regions to cover the space.

5.9 Deferred Proofs

5.9.1 The Certification Programs are Necessary and Sufficient

In this section, we expand our discussion on the power of the certification programs presented
in Sections 5.4.1 and 5.4.2. As remarked previously, Theorems 17 and 16 are necessary as
programs (5.25) and (5.18) are infinite dimensional. It is not immediately obvious that for
every robot and every scene, there exists a finite degree at which each program must become
feasible when P truly contains no collisions.

A second subtlety applies specifically to (5.18). When generalizing (5.3), we argued that
it was beneficial to search for a parametric hyperplane as a function of our T space variable
s and asserted that a polynomial parameterization was a good choice. However, it is not
obvious that a polynomial parameterization is sufficient, and perhaps we require a rational
or even more complicated parameterization of the plane.

These questions about the power of SOS programming arise in other domains. For
example, SOS is commonly used to search for polynomial Lyapunov functions to prove the
stability of polynomial dynamical systems [178]. However, it is known that not every stable
polynomial dynamical system admits a polynomial Lyapunov function [179], and therefore
SOS programming is a sufficient, but not necessary tool for proving the stability of dynamical
systems.

Fortunately, our certification programs from 5.4.1 and 5.4.2 are indeed necessary and
sufficient, in the sense that there will always exist a finite degree such that the programs
become feasible if P contains no collisions. The proof of this for the program (5.25) follows
immediately from Theorem 15.

Proof 5.2. (of Theorem 17) Our assumptions on P , A, and B imply that SP,A,B is an
Archimedean set. Therefore, the feasibility of (5.25) for sufficiently high degree ρ follows
immediately from “effective” versions of Theorem 15 such as those given in [180,181] which
give explicit degree bounds.

Though the proof of Theorem 16 is more technically involved, the key idea is simple. In
short, we construct a family of continuous functions that map each T space configuration s ∈ P
to a separating plane. We then argue that this family of continuous functions must contain
hyperplanes that are parametrized as polynomials. Finally, we again appeal to “effective”
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versions of Theorem 15 such as those given in [180,181] to show that these polynomials can
be found using SOS programming.

We proceed in steps, first establishing that the set of separating planes at a point s in
T free is open.

Proposition 1. Let Φ(s) denote the set of strictly separating hyperplanes at the point s for
bodies A(s) and B(s) and let P be a non-empty, polytopic subset of T free. Then s ∈ P implies
that Φ(s) is a non-empty, open set.

Proof 5.3. By definition, a hyperplane
[
a
b

]
∈ R4 strictly separates A(s) and B(s) if and

only if there exist positive constants εA and εB such that aTx + b ≥ εA ∀x ∈ A(s) and
aTx + b ≤ −εB ∀x ∈ B(s). Since the bodies A(s) and B(s) are strictly separating for every
point s ∈ P , the Separating Hyperplane theorem guarantees the existence of such a vector
and so Φ(s) is non-empty for every s.

Now consider
[
a
b

]
∈ Φ(s) ⊆ R4 and its δ neighborhood

N (δ) =

{[
a
b

]
+ δ

[
va
vb

]∣∣∣∣
∥∥∥∥
[
va
vb

]∥∥∥∥ ≤ 1

}
,

with δ > 0.
We have that for all x ∈ A

(aT + δvTa )x+ (b+ δvb) ≥ εA + δ min
∥v∥≤1, x∈A

vTa x+ vb

and similarly for all x ∈ B

(aT + δvTa )x+ (b+ δvb) ≤ −εB + δ max
∥v∥≤1, x∈B

vTa x+ vb.

Letting Ml = min
∥v∥=1, x∈A

vTa x + vb and Mu = max
∥v∥=1, x∈B

vTa x + vb, we have that all planes N (δ)

are separating if

0 < δ < min

{
εA
|Ml|

,
εB
|Mu|

}

and so Φ(s) is open.

Proposition 2. Define

N (s, δ) =
⋂

∥v∥≤1

Φ(s+ δv)

For all s ∈ P there exists δmin(s) > 0, not necessarily finite such that, N (s, δ) is non-empty
and open for every 0 < δ < δmin.
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Proof 5.4. Recall that the position of every point in A(s) is a continuous function of s and
that the distance from a point to a set is a continuous function [182]. Therefore, the distance
of every point in A(s) to every element of Φ(s) changes continuously. For every δ > 0 and[
a
b

]
∈ Φ(s) we define:

Mδ(s) := sup
∥v∥≤1

∣∣∣∣ inf
x∈A(s)

aTx+ b− inf
x∈A(s+δv)

aTx+ b

∣∣∣∣

We have that

inf
∥v∥≤1

inf
x∈A(s+δv)

aTx+ b ≥ inf
x∈A(s)

aTx+ b−Mδ(s) ≥ εA −Mδ(s)

Moreover, if δ2 < δ1, then Mδ2(s) ≤ Mδ1(s). By continuity and monotonicity, Mδ(s)→ 0 as
δ → 0 and so there exists δ sufficiently small such that εA−Mδ(s) > 0. A similar argument

shows that δ can be chosen sufficiently small such that the plane
[
a
b

]
continues to satisfy

the separating plane conditions for B. Therefore
[
a
b

]
∈ Φ(s+ δv) for all v such that ∥v∥ ≤ 1

if δ is chosen sufficiently small. It is clear that choosing δ smaller continues to ensure that
N (s, δ) is non-empty. Openness is immediate following a similar argument to Proposition 1.

The above proposition enables us to establish that there exists an open family of contin-
uous functions f(s) such that their outputs are always separating hyperplanes.

Proposition 3. Let F be the set of continuous functions mapping

f : s 7→
[
a
b

]

such that f(s) ∈ Φ(s) for all s ∈ P. The set F is non-empty and open under the pointwise
metric

d(f, g) = sup
s∈P
∥f(s)− g(s)∥ .

Proof 5.5. Suppose F were empty. Then every function satisfying f(s) ∈ Φ(s) ∀s ∈ P is
not a continuous function. Namely, for every f there exists a point s0 such that for all
δ > 0, f(s0) ∈ Φ(s0) but f(s0) /∈ N (s0, δ). This contradicts the openness of N (s0, δ) for a
sufficiently small δ from Proposition 2 and so F is non-empty. Openness follows from the fact
that if δ > 0 is chosen sufficiently small, then for every continuous g satisfying d(f, g) < δ,
g must also separate A(s) and B(s) for every s ∈ P .

We are now ready to prove Theorem 16.
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Proof 5.6. (of Theorem 16) By Proposition 3, F is a non-empty open subset of continuous
functions defined on the compact domain P . The Stone-Weierstrass theorem [182] states
that the set of polynomial functions on a compact domain is dense in the set of continuous
functions in that domain under the pointwise metric. Therefore, F must contain a map

p : s 7→
[
a(s)
b(s)

]
such that each component is a polynomial. This polynomial is of finite degree

and is a strictly separating hyperplane and therefore by “effective” versions of Theorem 15
such as [180,181], there exists a Putinar certificate of finite degree certifying that p(s) is a
separating hyperplane.
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Chapter 6

Practical Strengthening of Semidefinite
Relaxations

In this chapter, we will demonstrate through examples that SOS relaxations are sensitive
to how the original POP is formulated. This sensitivity has been observed throughout the
literature in various forms and it is well-known that adding additional, redundant constraints
to the original POP is an important part of modelling and forming an effective convex
relaxation of real-world problems.

To this end, we will explore a method for automatically improving the formulation of
POPs containing equality constraints so that their resulting SOS relaxation is stronger. We
will do so in an efficient manner; our method will be fast enough to run as a simple pre-
processing step, with a runtime negligible relative to solving the SOS relaxation and it will
add relatively few additional constraints so as not to overly increase solve times.

We will consider SOS relaxations for programs of the form

min p(x)

subject to hi(x) = 0, i ∈ [M ].
(6.1)

and their degree 2D SOS relaxation

max γ (6.2a)

subject to p− γ = σ +
M∑

i=1

λihi (6.2b)

λi ∈ R[x]2D−deg(hi), σ ∈ Σ[x]2D. (6.2c)

Our method will apply to more general polynomial programs with inequalities, but the
inequalities will have no impact on our method.

We call a constraint ĥ(x) = 0 redundant or an implied equality for (6.1) if it does not
change the feasible set. Though redundant equalities ĥk(x) = 0 do not change (6.1), they
do change (6.2) as their inclusion changes (6.2b) to

p− γ = σ +
M∑

j=1

λjhj +
∑

k

λ̂kĥk.
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Simple examples show that adding redundant constraints can significantly strengthen SOS
relaxations. We give one such example in Example 3, which we revisit here.

Example 9. Consider the POP

min x

subject to x2y − x = 0

xd = 0,

(6.3)

for a given d ∈ N. The degree 2D SOS relaxation of (6.3) attains the globally optimal value
of 0 if 2D ≥ 2d− 1 since

x− 0 = −
(

d−2∑

i=0

xiyi

)
(x2y − x) + yd−1(xd).

If 2D < d, the relaxation is infeasible and gives the trivial bound −∞.
By contrast, the SOS relaxation of the POP

min x

subject to x2y − x = 0

xd = 0

x2 = 0.

(6.4)

attains value 0 for every D > 1 since

x− 0 = −(x2y − x) + 0(xd) + y(x2).

The only difference between (6.3) and (6.4) is the redundant equality x2 = 0. This extra
equality is useful because it lowers the certificate degree, even though it does not change the
feasible set. For a proof of why this is the case, we refer the reader back to Example 3.

Given this sensitivity of SOS relaxations to the formulation of this problem, in this
chapter we consider the problem of algorithmically generating useful implied equalities. We
provide a simple necessary condition for checking whether an implied equality can strengthen
a fixed degree SOS relaxation that amounts to solving a linear system. We combine this with
a simple linear-algebraic procedure that generates all implied equalities that can be proven
in fixed-degree. Together, this leads to a linear-algebraic procedure for generating candidate
implied equalities that can strengthen the relaxation. We illustrate the construction in the
quadratic case, where useful candidate equalities can be generated by a nullspace compu-
tation followed by a linear projection, turning their design into a lightweight preprocessing
step. Finally, we generalize the construction to arbitrary programs of the form (6.1).

6.1 Introduction and Related Work
We denote by V := {x ∈ Rn | hi(x) = 0, i ∈ [M ]} the real affine variety associated to the
program (6.1). Similarly, we will denote by I := ⟨h1, . . . , hM⟩ the real ideal generated by
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the hi’s. We emphasize that V ⊆ Rn is a set of points in space while I ⊆ R[x] is a subset of
polynomials.

The power of the relaxation (6.2) is intrinsically tied to checking whether a polynomial
q(x) is nonnegative on V . Following [183], we distinguish two traditional ways for certifying
this. The first is known as a degree 2D quotient ring SOS certificate. This method checks
whether

q ≡ σ mod I, σ ∈ Σ[x]≤2D. (6.5)

A Gröbner basis [184] is a special set of generators for the ideal I and allows us to cast (6.5)
as a semidefinite program [52, §3.3.5].

The second kind of certificates are the kind we consider in Chapter 2; we search for
polynomials λi such

q = σ +
M∑

i=1

λihi, σ ∈ Σ[x]≤2D, λi ∈ R[x]2D−deg(hi). (6.6)

This can also be cast as a semidefinite program (see Chapter 2).
When a Gröbner basis is available, (6.5) is substantially more appealing than (6.6). It

produces programs which are both smaller and more powerful than the formulation in (6.6).
Unfortunately, computing a Gröbner basis could be extremely expensive, requiring doubly
exponential time in general [77,78] and frequently destroys almost all of the sparsity in the
program [185]. Cheaper alternatives to computing Gröbner bases include basis-selection
methods [186] and sampling-based constructions [183]. The former still similarly destroys
the sparsity of the problem as it still relies on polynomial reduction, while the latter is only
available if the variety is amenable to sampling. For many robotics problems, even finding a
feasible solution can be challenging and so sampling the variety is not possible.

The aforementioned difficulties make (6.6) the default for most practitioners. In this
setting, the practical importance of adding redundant equalities to (6.6) has been reported
in several robotics works [32,187–190]. In the literature, the additional equalities are often
added by hand and constitute a significant part of the paper’s contribution, but with limited
explanation of why they help or how they were discovered [32,95,191,192].

Automating the search for these constraints has only recently been a topic of interest
in robotics. Most closely related to the current work is [190], which uses similar nullspace
computations as in our method to generate implied equalities, but relies on sampling which
can be difficult to perform efficiently, if at all. Moreover, the method can return constraints
that are weak or difficult to interpret. By contrast, our method avoids solution sampling
and directly characterizes the implied equalities that can strengthen a SOS relaxation.

Gröbner bases are in a formal sense the best set of implied equalities one could add to
(6.6). It is therefore unsurprising that our method is closely related to algorithms which com-
pute Gröbner bases such as Buchberger’s algorithm [193] and Faugère’s F4 and F5 [194,195].
However, our algorithm is much simpler, at the expense of being weaker. It involves only
simple linear algebra and no symbolic algebra.
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6.2 Simulation Lemma: When Can a New Equality Help?
In this section, we provide a simple condition for testing whether a redundant equality can
add strength to a SOS relaxation. All the results in the remainder of this chapter depend
on the set of generators h1, . . . , hM used to describe the ideal I = ⟨h1, . . . , hM⟩, i.e. the set
of equations h1(x) = 0, . . . , hM(x) = 0, and so we assume these are given and fixed.

First, we recall that by Theorem 9, ĥ(x) is redundant if ĥ(x) is in the real radical ideal
[52, Definition A.51] i.e. we can express it as

ĥ2r + σ ∈ ⟨h1, . . . , hM⟩, σ ∈ Σ[x],

for some r ∈ N. Unfortunately, certificates of this form require semidefinite programming to
compute.

Instead, we will use the sufficient condition that ĥ ∈ I. We recall the notion of proving
ĥ ∈ I in fixed degree from Definition 25 and the minimum degree of an ideal membership
proof from (1.9).

Definition 45 (Ideal Membership in Fixed Degree). After fixing a degree D̂, we consider
the set of polynomials ĥ which can be written as

ĥ(x) =
M∑

i=1

µihi, µi ∈ R[x]≤D̂−deg(hi)
. (6.7)

We call these the polynomials whose membership in the ideal can be proven in degree D̂. We
denote the set of all such polynomials ⟨h1, . . . , hM⟩≤D̂ or I≤D̂.

We now turn our attention back to SOS programming. While it is true that every ĥ ∈ I
is redundant, not every ĥ helps strengthen a SOS relaxation.

Lemma 2. Choose 2D. Let ĥ have degree d̂ and suppose that ĥ ∈ ⟨h1, . . . , hM⟩≤D̂, and so
there exists µi such that

ĥ =
∑

i

µihi, µi ∈ R[x]≤D̂−deg(hi)
. (6.8)

If there is a degree 2D certificate of the form

p = s+
∑

i

λihi + λ̂ĥ

s ∈ Σ[x]≤2D, λi ∈ R[x]≤2D−deg(hi), λ̂ ∈ R[x]2D−d̂,

(6.9)

then there is a certificate of degree at most 2D + D̂ − d̂ of the form

p = s+
∑

i

λ′ihi. (6.10)
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Proof 6.1. We expand the certificate (6.9) using the certificate of ĥ’s membership in the ideal

p = s+
∑

i

λihi + λ̂ĥ

= s+
∑

i

λihi + λ̂
∑

i

µihi

= s+
∑

i

(λi + λ̂µi)hi

Now we just need to argue that deg((λi + λ̂µi)hi) ≤ 2D + D̂ − d̂. The deg(λihi) ≤ 2D by
assumption. For the second term, from (6.8) deg(µi) ≤ D̂− deg(hi) and from (6.9) we have
that deg(λ̂) ≤ 2D − d̂. Therefore,

deg(λ̂µihi) ≤ 2D − d̂+ D̂ − deg(hi) + deg(hi)

= 2D + D̂ − d̂

Lemma 2 shows that the effect of adding a redundant ĥ of degree d̂ to the relaxation
can be simulated by simply increasing the degree of the relaxation. However, increasing the
degree of the relaxation is frequently intractable, so it is usually computationally preferred to
include the ĥ. An immediate corollary of Lemma 2 characterizes which implied constraints
do not help strengthen the relaxation.

Corollary 1. Let ĥ have degree d̂ and suppose there exists a degree D̂ certificate that ĥ ∈
⟨h1, . . . , hM⟩. Then if d̂ = D̂, adding ĥ as an implied equality to (6.1) cannot strengthen a
SOS certificate.

The corollary says that only a degree gap can matter. An implied equality is only poten-
tially useful when proving its membership in the original ideal requires higher degree than the
equality itself. In symbols, redundant equalities ĥ(x) = 0 satisfying deg⟨h1,...,hM ⟩(ĥ) = deg(ĥ)
don’t strengthen the relaxation. Corollary 1 is a necessary condition. It cannot guarantee
that a given implied equality will certainly help strengthen a relaxation, but it can discard
some which are provably useless.

The condition can be used to rigorously explain why specific implied equalities can help
strengthen SOS relaxations of polynomial optimization programs found in the literature.

Example 10 (Contact Planning [95]). In [95], a QCQP model of planning through contact
is presented that includes quadratic equalities of the form Ru = w, where R ∈ SO(n) is a
rotation matrix. The authors report that including the constraint u = RTw strengthens their
semidefinite relaxation. We can prove that u = RTw from Ru = w and RTR = I in degree
3:

RTw − u = −RT (Ru− w) + (RTR− I)u.

No lower degree proof exists, verifying the empirical finding that RTw = u can strengthen
their SOS relaxation.
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Example 11 (Pose Estimation [32,191]). In [32, Eq. 23], a QCQP model of robust pose
estimation is presented that includes the constraints xT0 x0 = 1 and xixTi = x0x

T
0 for i ∈ [N ].

These imply that xixTj = xjx
T
i and a degree-4 certificate of this fact is given in Eq. 24 of the

same paper. It can be shown that no lower degree certificate can exist, again supporting the
empirical finding that the proposed constraint strengthens the relaxation.

Example 12 (Stereo Vision [190]). In [190, Eq. 5], a QCQP for 1D camera localization is
presented. Again, a redundant constraint is proposed in Eq. 8 of the paper, and a minimal
degree 4 certificate for the implied equality is given, validating the claim that the implied
constraint can help the relaxation.

Notice that given the fixed generators h1, . . . , hM of the ideal, condition (6.8) is linear in
the coefficients of both ĥ and the multiplier polynomials µi. This means that if one is given
a polynomial ĥ of degree d̂ in n variables, then we can check whether a certificate of degree
D̂ exists by solving a linear system. This linear system has at most

∑M
i=1

(
n+D̂−deg(hi)

n

)

unknowns and
(
n+d̂
n

)
equations. In particular, Corollary 1 implies that if (6.8) is feasible

when D̂ = d̂, then the redundant equality ĥ does not help, while if it is infeasible, it may
help.

Example 13 (Checking ideal membership). Let I = ⟨h1, h2⟩ ⊆ R[x, y] where

h1(x, y) = x+ y, h2(x, y) = x− y.

Consider the degree-two polynomial ĥ(x, y) = x2 − y2. To check whether ĥ ∈ I with proof
degree D̂ = 2, we look for

ĥ = µ1h1 + µ2h2, µ1, µ2 ∈ R[x, y]≤1.

A degree 2 proof requires searching over polynomials

µ1(x, y) = a0 + a1x+ a2y, µ2(x, y) = b0 + b1x+ b2y.

We explicitly write out the expression for ĥ as a linear map. The columns of the matrix are
indexed first by h1 and its product with the basis elements [1, x, y], then by h2 and its product
with the basis elements. The rows are indexed by the coefficients of the monomials of ĥ.

Coefficient matching gives the indexed linear system

ĥ(x) ∼=




(h1 ∗ 1) (h1 ∗ x) (h1 ∗ y) (h2 ∗ 1) (h2 ∗ x) (h2 ∗ y)
1 0 0 0 0 0 0
x 1 0 0 1 0 0
y 1 0 0 −1 0 0
x2 0 1 0 0 1 0
xy 0 1 1 0 −1 1
y2 0 0 1 0 0 −1







a0 (µ1, 1)
a1 (µ1, x)
a2 (µ1, y)
b0 (µ2, 1)
b1 (µ2, x)
b2 (µ2, y)




=




0 1
0 x
0 y
1 x2

0 xy
−1 y2




.

One solution is

a0 = a1 = a2 = b0 = 0, b1 = b2 = 1,
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which gives µ1 = 0 and µ2 = x+ y. Thus

ĥ(x, y) = x2 − y2 = 0(x+ y) + (x+ y)(x− y) = µ1h1 + µ2h2,

so the linear system certifies that ĥ ∈ ⟨x+ y, x− y⟩≤2.
By Corollary 1, ĥ would not strengthen a SOS relaxation of a POP with these constraints

since deg(ĥ) = 2 and a degree 2 certificate of its membership in ⟨x+ y, x− y⟩ exists.

We next describe our procedure to generate new, but useful redundant equalities for
(6.1). In what follows, we fix a degree 2D which is the target degree of the SOS relaxation.
We select a degree D̂ ≥ 2D and search for polynomials ĥ which have degree no more than
2D and whose membership in the ideal can be proven in degree D̂.

The key idea is simple. The set of all redundant equalities of degree 2D or less that can
be proven in degree D̂ is a subspace of R[x]. A basis of this set can be computed. However,
this subspace will typically be quite large and contains many polynomials which cannot add
any strength to our relaxation. We appeal to the condition in Corollary 1 to remove those
that add no strength.

We begin by explaining the procedure when applied to generating new, redundant con-
straints for degree at most 2 for homogeneous QCQPs. SDP relaxations of QCQPs are
becoming increasingly popular in robotics [32,34,95,190,192], and as shown in Examples 10,
11 and 12 frequently require tightening via redundant equalities to be practically useful.
This setting allows us to be very concrete with our construction, before moving onto the
more general setting.

6.3 Generating New Quadratic Equalities for QCQPs
We begin this section by analyzing the case of QCQPs, as it has become a particularly
popular form for expressing polynomial programs in robotics and the notation makes it
easier to be concrete.

Frequently in robotics, only the degree 2 relaxation is sufficiently cheap to solve in prac-
tice, and therefore we focus on generating new linear and quadratic equalities for this case.
These degree 2 relaxations are the same (or the dual of the) relaxation given in Problem 2.3.

6.3.1 Warmup: Linearly Constrained Quadratic Program

Consider the following homogenized QCQP with only linear equality constraints

min xTQ0x

subject to Ax = 0, eT0 x = 1,
(6.11)

and assume that e0 is not in the rowspace of A1.
1This ensures that eT0 x = 1 is not redundant, i.e. implied by some linear combination of the rows of Ax.
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Suppose we have decided a priori that we wish to form a degree 2 relaxation.

max γ

subject to xTQ0x− γ = xTΩx+ xT (ΛTA+ ATΛ)x− λ0(x)(eT0 x− 1)

Ω ⪰ 0

(6.12)

Naturally, one may consider whether any additional linear equalities can help such a relax-
ation. We start by changing coordinates. Let x0 be a solution to Ax = 0 and eT0 x = 1. If no
such x0 exists, then the program is trivially infeasible. We change coordinates to y = x− x0
and instead consider the equations Ay = 0 and eT0 y = 0. Let Ã =

[
A
eT0

]
. This allows us to

consider the homogeneous polynomial equality Ãy = 0.
Consider a vector of polynomials µ(y) + ζ where each polynomial in the vector µ(y) has

no constant term and is of arbitrary degree. The set of all affine equalities that can be
generated by Ãy = 0 can be parametrized as:

âTy = (µ(y) + ζ)T Ãy (6.13a)

= µ(y)T Ãy︸ ︷︷ ︸
deg>1

+(ÃT ζ)Ty︸ ︷︷ ︸
deg=1

(6.13b)

ÃT ζ = â, µ(y)T Ãy = 0. (6.13c)

From (6.13a) to (6.13b), all we have done is group terms by degree. From (6.13b) to (6.13c),
we have matched coefficients by degree on either side of the equality in (6.13b).

These equations tell us two things. First, the set of all linear equalities we can add are
â = ÃT ζ =⇒ â ∈ Im(ÃT ). Therefore, every equality we could add is already parametrized
by Ãy = 0. Second, the equations imply that if we have a higher degree proof that Ay =
0, eT0 y = 0 =⇒ âTy = 0, then we can construct a proof of degree 1. By Lemma 2 this
means that every new affine equality constraint we could add does not help our relaxation.

Naturally, we next check if there are any new quadratic equalities we could add to our
formulation. We proceed similarly. We parametrize all homogeneous quadratic forms and
let µ(y) be a vector of polynomials with no linear or constant terms. All possible quadratic
equalities we could add are parametrized as

yTPy = (µ(y) +By + ζ)T Ãy

= µ(y)T Ãy︸ ︷︷ ︸
deg>2

+
1

2
yT (BT Ã+ ÃTB)y
︸ ︷︷ ︸

deg=2

+(ÃT ζ)Ty︸ ︷︷ ︸
deg=1

(6.14a)

ÃT ζ = 0,
1

2
(BT Ã+ ÃTB) = P. (6.14b)

Where again, from (6.14a) to (6.14b) we have simply matched the coefficients of the two
sides. This reveals two facts. First, all possible quadratic equalities we can add to (6.11) are
P = {BT Ã+ ÃTB | B ∈ R(m+1)×n}. This can be represented as ÃyyT = 0.

Again notice that the higher degree terms µ(y) do not factor in, and so we can safely set
them to 0. Once again, we have that if Ay = 0, eT0 y = 0 =⇒ yTPy = 0, this can be proven
in degree at most 2 and so by Lemma 2 this does not help our relaxation.
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We conclude this section by remarking that in general, affine equalities cannot imply any
higher degree implied equalities. This can be proven by continuing to argue in the manner
presented in this section.

6.3.2 Explicit Low Degree Construction

We now move onto the more general equality constrained QCQP case by allowing quadratic
equalities.

min xTQ0x

subject to xTPix = 0

Ax = 0, eT0 x = 1.

We can replace Ax = 0 with AxxT = 0 without affecting the SOS relaxation2, and so moving
forward, we will assume that the linear equalities have been written as quadratic equalities
instead. Therefore, we analyze the QCQP

min xTQ0x

subject to xTPix = 0, eT0 x = 1.
(6.15)

The first thing we note is that the homogenizing trick we used in Section 6.3.1 cannot be
used. Indeed, if we take x0 to be a solution of xTPix = 0 and eT0 x = 1, then performing the
substitution y = x− x0 results in

(y + x0)
TPi(y + x0) = yTPiy + 2xT0 Piy + xT0 Pix0,

which is not homogeneous. Therefore, we will see that genuinely new, non-trivial redundant
constraints can be found.

We begin our search by looking for new homogeneous quadratics. From Corollary 1, the
first non-trivial polynomials we could add are homogeneous quadratics which can be proven
in degree at least 3. We can parametrize the set of all homogeneous quadratics with a degree
at most 3 proof as

xT P̂ x =
∑

i

(aTi x+ bi)(x
TPix) + (xTS0x+ aT0 x+ b0)(e

T
0 x− 1). (6.16)

Note that this also implicitly allows for a search of implied linear constraints via quadratics
parametrized as

P̂ =

[
0 qT

q 0

]

since eT0 x = 1.
2For the degree-2 relaxation this is degree-preserving. Each entry of AxxT is obtained from Ax by

multiplying by a coordinate of x. Conversely, Ax = AxxT e0 − Ax(eT0 x − 1) so any affine-multiplier term
involving Ax can be rewritten using constant multipliers on AxxT and an affine multiplier on eT0 x− 1. The
same argument generalizes for the degree-2D relaxation.
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Matching coefficients (6.16) will result in the conditions
∑

i

ai ⊗sym Pi + e0 ⊗sym S0 = 0 (6.17a)

∑

i

biPi +
1

2
(a0e

T
0 + e0a

T
0 )− S0 = P̂ (6.17b)

a0 = 0, b0 = 0. (6.17c)

where (6.17a) collects the degree three terms of (6.16), (6.17b) the quadratic terms, and
(6.17c) the linear terms. We recall the notation ⊗sym from Section 1.4.1 denoting symmetric
tensor product.

Simplification of (6.17) results in the condition that xT P̂ x is provably redundant for
(6.15) in degree at most three if

P̂ =
∑

i

biPi − S0 (6.18a)

∑

i

ai ⊗sym Pi + e0 ⊗sym S0 = 0. (6.18b)

While these are all redundant, by Corollary 1 not all of them actually add strength.
There are two cases. The first is that P̂ genuinely encodes a quadratic. From Lemma 2 all
quadratics P̂ which we can express as

xT P̂ x =
∑

i

xT (µiPi)x+ (µT
0 x)(e

T
0 x− 1)

= xT

(∑

i

µiPi +
1

2
(µ0e

T
0 + e0µ

T
0 )

)
x− µT

0 x

(6.19)

=⇒ µ0 = 0, P̂ =
∑

i

µiPi (6.20)

=⇒ P̂ ∈ span(Pi). (6.21)

add no strength. Immediately, this shows that we can remove the
∑

i biPi component from
(6.18a) as it cannot add strength.

The second case is that P̂ is actually encoding a linear function. In this case, P̂ adds no
strength if (6.18) can be satisfied with S0 = 0 and ai = 0. This implies that every coefficient
is zero, and so it cannot happen. This does not mean that no linear implied equalities exist.
It simply means that none can be disqualified by Corollary 1.

The following example shows a linear equality that can be discovered in degree 3.

Example 14. Let R ∈ SO(2) be a rotation matrix. One way to parametrize the set of rota-
tion matrices is that RTR = I and det(R) = 1, the latter of which is a degree 2 polynomial
for SO(2). We consider checking whether this parametrization implies any linear equalities.
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Homogenizing with t and letting R =

[
r11 r12
r21 r22

]
, leads to

RTR = t2I, det(R) = t2

t2 = 1
⇐⇒





h1 := r211 + r221 − t2 = 0,

h2 := r212 + r222 − t2 = 0,

h3 := r11r12 + r21r22 = 0,

h4 := r11r22 − r12r21 − t2 = 0.

h5 := t2 − 1

.

A search over degree 3 certificates shows that

r11 − r22 = r12h3 + r22h4 − r11h2 − (r11 − r22)h5,
r12 + r21 = r11h3 − r21h4 − r12h1 − (r12 + r21)h5.

Thus, the parametrization implies the linear equalities r11 = r22 and r21 = −r12. This is the
familiar parametrization that

R =

[
cos(θ) sin(θ)
− sin(θ) cos(θ)

]
.

A simple linear algebra computation shows that a lower degree proof does not exist.

Summary: We summarize the key steps from this section. To check if an implied constraint
xT P̂ x ∈ ⟨xTP1x, . . . , x

TPMx, e
T
0 − 1⟩, we first choose a proof degree; in this section we chose

3. Next, we set up a linear system matching the coefficients of xT P̂ x to the proof that it is
in the ideal. This is (6.16).

By matching the coefficients on both sides, we are able to set up a linear system that
parametrizes all possible P̂ that we could add. This is (6.17). Parametrizing the set of P̂
amounts to computing the nullspace of a subset of these equations, (6.17a), (6.17b), and
(6.17c).

After recovering all possible P̂ , we note that by Corollary 1 some of these new equalities
will not actually add strength. Therefore, we reduce the set of P̂ by projecting away this
useless part.

We formalize these steps to search for new P̂ using higher degree proofs next.

6.3.3 High Degree Search

Any degree-D̂ proof that xT P̂ x lies in the ideal ⟨xTP1x, . . . , x
TPMx, e

T
0 x− 1⟩ has the form

xT P̂ x =
M∑

i=1

µi(x)
(
xTPix

)
+ µ0(x)

(
eT0 x− 1

)
, (6.22)

with µi ∈ R[x]≤D̂−2, µ0 ∈ R[x]≤D̂−1. Similar to (6.17), matching the terms of the same
degree on the left and right-hand sides of Equation (6.22) gives a linear equation between
the coefficients of µi(x) and P̂ . It also requires all terms which are not homogeneous of
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degree 2 to vanish on the right-hand side, forcing the coefficients of µi(x) to satisfy certain
linear equalities.

Because (6.22) is linear, we can encode it as a linear map:

H
⟨Pi⟩
2 (u) = P̂ (6.23a)

N
⟨Pi⟩
D̂

(u) = 0. (6.23b)

In (6.23), u stacks all the coefficients of the multiplier µi, H
⟨Pi⟩
2 is a linear map keeping the

degree 2 part of the right-hand side of (6.22), and N ⟨Pi⟩
D̂

is the linear map to all other terms.
The maps H⟨Pi⟩

2 and N
⟨Pi⟩
D̂

depend on the coefficients of the matrices Pi and the vector e0.
N

⟨Pi⟩
D̂

also depends on the chosen D̂. The size of the linear operator in (6.23) depends on

the choice of the proof degree D̂ and is at most
(
n+D̂
n

)
×
(
M
(
n+D̂−2

n

)
+
(
n+D̂−1

n

))
.

This conversion from a polynomial equality to a system of linear equations is standard
and is how a SOS program is converted into a standard form SDP. Mapping a basis for the
solutions to (6.23b) through (6.23a) constructs a spanning set for all redundant equalities
that could be added to (6.15). We denote the space of implied quadratic equalities proven
in degree D̂ as

E
⟨Pi⟩
D̂

:= H
⟨Pi⟩
2

(
ker(N

⟨Pi⟩
D̂

)
)
. (6.24)

This completes the generation part. It requires computing the nullspace of N ⟨Pi⟩
D̂

and then
mapping the nullspace through H⟨Pi⟩

2 . The first step can be computed in a variety of standard
ways including using a QR or SVD factorization.

6.3.3.1 Removing the Redundant Equalities

Once again, the parametrization in (6.24) may contain many polynomials which do not
strengthen our degree 2 SOS relaxation. These useless redundant constraints are parametrized
in (6.21).

To remove these from the subspace E⟨Pi⟩
D̂

, we compute the quotient

U
⟨Pi⟩
D̂

= E
⟨Pi⟩
D̂

/span{P1, . . . , PM}. (6.25)

This can be done in several ways. Given a basis of E⟨Pi⟩
D̂

, we can project the vectors
onto the orthogonal complement of span{P1, . . . , PM}. Alternatively, given a basis of
span{P1, . . . , PM}, we can complete it to a basis of E⟨Pi⟩

D̂
. Generically, we should expect

there to be relatively few implied equalities3 and so we expect the space of implied equalities
to be relatively small compared to the dimension of E⟨Pi⟩

D̂
. When this is the case, the latter

procedure can be much more efficient.
Finally, we emphasize computation of the space U ⟨Pi⟩

D̂
can still be achieved with basic

linear algebra regardless of the degree D̂. Moreover, the scaling as we increase D̂ is polyno-
mial in a fixed number of variables n. In our experiments, we show that we can allow D̂ to
increase to much higher degree that the SOS degree can be set to.

3This is true when there are fewer equations than variables [196, §17.1] and conjectured by the Fröberg’s
Conjecture when there are more equations than variables [197].
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Proof Deg. dim (6.23b) dim (6.25) New constraints t (s)
3 60 3 RTw = u 0.002
4 457 4 ∥w∥2 = ∥u∥2 0.013
5 3040 4 Same as degree 4 0.087
6 16512 9 RRT = I 0.647

Table 6.1: Quadratic implied equalities recovered for Ru = w and RTR = I. This encodes
R ∈ O(3).

Proof Deg. dim (6.23b) dim (6.25) New constraints time (s)
3 68 8 RTw = u

r̃T1 r̃2 = 0, r̃T2 r̃3 = 0
r̃1 × u = w2r̃3 − w3r̃2

0.003

4 520 16 ∥w∥2 = ∥u∥2
r̃T1 r1 = 1
r2 = r3 × r1, r3 = r1 × r2

0.026

5 3805 24 r̃T2 r̃2 = 1, r̃T2 r̃3 = 0
r̃2 × u = w3r̃1 − w1r̃3
r̃3 × u = w1r̃2 − w2r̃1

0.16

6 22151 24 Same as degree 5 1.337

Table 6.2: Quadratic implied equalities recovered for Ru = w, RTR = I, and r1 = r2 × r3.
This encodes R ∈ SO(3) using a quadratic cross-product representation.

6.4 Results
We consider the computation of implied equalities for various ideals. All experiments are
run on an 11th Gen Intel Core i9-11980HK CPU with 64 GiB RAM using Julia. For all
examples, we report the dimension of the nullspace in (6.23b), the dimension of (6.25), the
time required to compute the new candidate equalities, and which new constraints are found
by the procedure at a given degree. The dimension of (6.25) will be the cumulative sum of
the dimension of the new equations in the rows preceding it.

6.4.1 Ideal of Rotated Vectors

In this section, we consider the ideal from Example 10 in dimension 3, where vectors u and
w are related by a matrix R. We consider two cases.

1. We only constrain R ∈ O(3) by using the constraint RTR = I. The results are
presented in Table 6.1.

2. We constrain R to be a rotation R ∈ SO(3). We use the quadratic parametrization
RTR = I and r1 = r2 × r3, where ri is a column of R and × is the cross product. The
results are presented in Table 6.2.

We denote the columns of R as ri and the rows as r̃i.
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We note that in both cases, the computation times are negligible. Moreover, it is inter-
esting to track the evolution of proving that RRT = I in the case of O(3) versus SO(3). In
the O(3) case, the quadratic equality RRT = I is not proven until degree 6. However, in
the SO(3) case, we are able to prove that rows r̃Ti r̃j = 0 at degree 3 and the full relation
RRT = I is proven at degree 4.

Additionally, we note that at degree 6 for O(3) and degree 5 for SO(3), our procedure
has already found a basis for all possible implied constraints provable in any degree. Though
this cannot be proven by the proposed method, it can be certified by computing a Gröbner
basis of the considered ideals.

6.4.2 Cloned-Quaternion Pose Estimation

Proof Deg. dim (6.23b) dim (6.25) New constraints time (s)
3 21 0 None 0.001
4 394 18 x0x

T
1 = x1x

T
0

x0x
T
2 = x2x

T
0

x1x
T
2 = x2x

T
1

0.009

5 3770 18 Same as degree 4 0.084

Table 6.3: Quadratic implied equalities recovered for Example 11.

We consider the ideal from Example 11, namely

xT0 x0 = 1, xix
T
i = x0x

T
0 ,

with i ∈ [2], where each xi ∈ R4. We report the results of running our procedure in Table 6.3.
Our procedure recovers the implied constraints of [32,191] at degree 4. A Gröbner basis

computation confirms that these are all quadratic equalities obtainable in this example.
To verify the importance of adding these constraints, we run a small ablation on robust

registration instances generated from the Stanford bunny point cloud.
Each trial samples 20 correspondences, applies a random rotation, adds noise with bound

0.01, and replaces 20% of the correspondences with outliers. We use TEASER++ to export the
rotation-stage program from their procedure and a reference candidate solution, then solve
the primal SDP relaxation associated with [32, Eq. 23] both with and without the implied
equalities xixTj = xjx

T
i .

The results of the ablation are plotted in Figure 6.1 and confirm that the algebraically
generated equalities strengthen the relaxation in the intended way. Across 100 trials, adding
the equalities reduces the median relative gap between the TEASER++ candidate objective and
the SDP optimum from 1.71 to 0.90. It also changes the rank profile of the SDP solution:
with the equalities, 64 of 100 solutions are numerically rank one and the median rank is 1,
while without the equalities the median rank is 4 with no solutions being rank 1. The tighter
formulation has a modest additional cost when solved with the Clarabel implementation,
with median solve time increasing from 5.7 s to 6.5 s.
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Figure 6.1: Effect of the redundant equality xix
T
j = xjx

T
i on bunny-derived robust regis-

tration instances. The relative gap compares the TEASER++ candidate objective to the SDP
optimum, so smaller values indicate a tighter relaxation.

6.4.3 Generating New Equalities: The General POP Case

In this section, we generalize the construction in Section 6.3 to constructing implied con-
straints for (6.1) more generally.

After choosing relaxation degree 2D, we select a maximum ideal membership degree D̂.
To construct our implied equalities, we proceed in a bottom up fashion. For proof degree
K ≤ D̂ we define the linear map

LK :
M⊕

i=1

R[x]≤K−di → R[x]≤K , (µ1, . . . , µM) 7→
M∑

i=1

µihi, (6.26)

where di := deg(hi) and we take R[x]≤K−di = {0} if K < di. To define our analog of (6.23) in
this more general setting, we define the map ϕr to denote projection onto the homogeneous
degree-r part of a polynomial. We use ϕ̸=r to denote the projection onto the non-degree r
part. Every polynomial f can be written as f = ϕr(f) + ϕ ̸=r(f).

A degree r homogeneous polynomial ĥ has a degree-K proof of membership in the ideal
if there exists multiplier coefficients u such that

H
⟨hi⟩
r,K (u) = ĥ (6.27a)

N
⟨hi⟩
r,K (u) = 0, (6.27b)

where

H
⟨hi⟩
r,K := ϕr ◦ LK , N

⟨hi⟩
r,K := ϕ̸=r ◦ LK .

The space of homogeneous degree-r equalities with membership proofs of degree at most K
is therefore

E
⟨hi⟩
r,K := H

⟨hi⟩
r,K

(
kerN

⟨hi⟩
r,K

)
⊆ R[x]r.
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This is exactly the same construction as in the QCQP case. There, r = 2, H2,K keeps the
quadratic part, and N2,K enforces cancellation of the non-quadratic part. We emphasize that
after choosing the bases, every map here can be realized as a matrix and every operation
can be computed using standard tools from linear algebra.

It remains to remove the equalities that Corollary 1 says cannot help. For degree r, the
useless subspace is precisely the part already provable in degree r:

E⟨hi⟩
r,r = H⟨hi⟩

r,r

(
kerN ⟨hi⟩

r,r

)
.

Thus the potentially useful new degree-r equalities proven by degree K are represented by
the quotient

U
⟨hi⟩
r,K := E

⟨hi⟩
r,K /E

⟨hi⟩
r,r .

Computationally, one obtains a spanning set for E⟨hi⟩
r,K by computing a basis of kerN ⟨hi⟩

r,K and
applying H

⟨hi⟩
r,K . One then projects this basis onto the orthogonal complement of E⟨hi⟩

r,r , or
equivalently completes a basis of E⟨hi⟩

r,r to a basis of E⟨hi⟩
r,K .

Running this for every r ≤ 2D, with a proof degree Kr chosen for each r, gives all
candidate implied equalities that can strengthen the degree-2D SOS relaxation

U
⟨hi⟩
≤2D :=

2D⊕

r=0

U
⟨hi⟩
r,Kr

.

Choosing Kr = D̂ sets the proof degree to be the same value for every homogeneous part of
degree r.

Our procedure remains efficient in the general polynomial case, still only requiring basic
linear algebra operations. The main complication is the requirement to sequentially compute
the series of subspace U ⟨hi⟩

r,K rather than a single subspace.

6.5 Conclusion
Adding redundant equalities to a QCQP before taking the semidefinite relaxation has proven
essential to the successful application of SOS programming in robotics. In this chapter, we
have described a simple linear-algebraic procedure for rapidly and automatically generating
these candidate redundant equalities. Importantly, our procedure avoids adding candidate
equalities which provably cannot strengthen the relaxation, avoiding an unnecessary increase
in program size. We show that our method successfully recovers known, stronger formulations
of QCQPs from the robotics literature, is fast enough to serve as a simple preprocessing step
before solving a semidefinite relaxation, and can be generalized to arbitrary polynomial
programs.
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Part III

Tailored Conic Solvers
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Chapter 7

CCosmo: A General and Customizable
First-Order Convex Solver

Convex optimization appears throughout robotics, but in markedly different forms: small,
dense quadratic programs (QPs) arise in online whole-body control, inverse-kinematics con-
trollers, and reduced-order MPC controllers [198–202]; moderately sized, sparse and dense
quadratic and second-order cone programs (SOCPs) arise naturally in grasp selection and
contact planning problems due to friction constraints [95,203,204]; large, structured, and
sparse problems arise in the context of trajectory optimization [205–207], with complicated
semidefinite constraints becoming increasingly popular in the localization, perception, and
motion planning communities [34,95,188,190–192,208]. In this thesis, we have been particu-
larly interested in convex programs of various scales arising in the context of relaxations of
polynomial problems.

In many of these applications, a solver is part of a larger planning, control, or estimation
loop that repeatedly solves closely related problems to moderate accuracy at high speeds.
This setting favors first-order methods, which have low memory requirements, are natu-
rally warm started, and often converge rapidly to the accuracy required in the outer loop.
Moreover, the relative simplicity of first-order methods makes them easy to customize to dif-
ferent classes of instances, sizes, and hardware such as massive programs on compute clusters
[23,111], tiny programs on embedded hardware [202], or batches of programs on GPUs [209].
One of our main motivations for such a solver will be the developments in Chapter 9, where
we will use a convex optimization solver as a subroutine in a larger solver.

In this chapter, we introduce CCosmo, a family of convex optimization solvers based on the
alternating direction method of multipliers (ADMM) [39,101]. CCosmo is a C++ implemen-
tation of a standard algorithm described in [23,40] with a variety of heuristic enhancements
drawn broadly from the literature. Its basic form can be seen as a C++ implementation of
COSMO.jl. We further implement two variants of the method targeting specific cases. The
first targets a matrix standard form which will become relevant in our work in Chapter 9.
The second is a Cuda implementation of CCosmo which targets solving large batches of very
small problems in parallel.
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7.1 Related Work
Convex optimization using first-order methods has seen an explosion of research interest in
the past 10 years. The earliest, modern instance of a general convex solver based on ADMM
was the SCS solver from [210]. Implemented in C, SCS is able to detect optimality, primal
infeasibility, and dual infeasibility by solving a homogeneous, self-dual embedding (HSDE)
[211] of the original convex optimization problem. Due to the favorable numerical properties
of the HSDE [212] and the symmetric way in which the HSDE handles optimality and
infeasibility, SCS demonstrates predictable and robust convergence across a range of difficult
instances and was a catalyst for renewed interest in first-order methods. On the other hand,
low-accuracy solutions of an HSDE can in general be very far from being feasible, much less
optimal, points [163,211,213] and so a low-accuracy solution to the HSDE may not yield
good solutions.

Following SCS, the OSQP solver of [23] is an ADMM solver for quadratic programs (QPs)
written in C. Rather than solving an HSDE, OSQP runs ADMM directly on the primal for-
mulation of the QP, converging to an optimal solution if one exists and detecting primal
or dual infeasibility using properties of diverging iterates [214]. OSQP was widely adopted
[69,215,216] and used for solving both large-scale programs [217] and small programs on
embedded systems [218]. A solver based on similar ideas, but targeted at higher-accuracy
solves and denser problems is the ProxQP solver of [219].

Building on the success of OSQP, [40] introduced COSMO.jl, a Julia solver which imple-
ments the same base algorithm as OSQP. COSMO.jl handles a broader range of cones. Similar
to OSQP on QPs, COSMO.jl demonstrates competitive performance in attaining low-accuracy
solutions to convex optimization problems compared to more established interior point meth-
ods. Moreover, COSMO.jl natively handles convex programs with quadratic costs, which at
the time gave it superior performance on problems with this type of objective over conic
solvers such as Mosek [85] and SCS [210], though SCS has since been extended to natively
handle quadratic costs [220]. Lastly, [40] also demonstrated both the ease with which their
method could be adapted to special types of cones and the substantial computational bene-
fits of doing so. Our CCosmo solver is largely based on the ideas presented in COSMO.jl, with
additional enhancements and specializations.

In the search of ever more performance, extensions and variations of the original ADMM
algorithm have been proposed [104,221–223]. See [112] for a unifying viewpoint on many of
these extensions. The recent GeNIOS solver of [224] incorporates many of these ideas, solving
convex programs with second-order differentiable costs and general convex constraints via a
sequence of inexact solves of the ADMM subproblems. Another recent popular variation of
the ADMM algorithm is the primal-dual hybrid-gradient (PDHG) method, also known as
the Chambolle-Pock method, introduced in [225–228]. As this method relies only on sparse
matrix-vector products and projection onto cones, it has become a particularly popular
method for solving massive-scale convex optimization problems on GPUs. This direction has
resulted in several solvers targeting linear programs, such as PDLP [111], cuPDLP.jl [229],
cuPDLPx.jl [230], and cuPDLP-C [231], as well as PDCS [232] for general convex programs.

In practice, first-order methods are known to be both extremely sensitive to their algo-
rithmic hyperparameters [233] and also may exhibit poor convergence to higher accuracy
solutions [101,104]. To circumvent these issues, researchers have incorporated a wide variety
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of heuristic strategies for adaptively selecting hyperparameters [23,111] and various accelera-
tion schemes from the fixed-point literature. For example, SCS and COSMO.jl both implement
a safeguarded Anderson Acceleration scheme [220,234,235]. In the PDHG literature, accel-
erations based on restarts [106], Halpern iteration [108,110,236], and reflection/relaxation
[103] are popular. CCosmo optionally allows users to use many of these proposed schemes in
a single solver, giving users fine grained control of the underlying algorithm.

Finally, we note the recent attention on using accelerated hardware to solve convex
optimization problems. These efforts have focused primarily on using GPUs to solve a single,
massive instance [111,217,229]. In the robotics setting, we are frequently more interested in
the ability to solve a large batch of very small to moderately sized programs. This direction
has seen less attention, but is beginning to emerge as a research direction [237–239].

7.2 Problem Formulation
In this section, we formally introduce our problem formulation.

Let V and W be vector spaces. Let x ∈ V, A : V → W be a linear operator, b ∈ W, and
K ⊆ W be a convex set. We let q ∈ V∗ be a linear functional on V and P : V → R+ be a
positive semidefinite quadratic form.

CCosmo solves problems in the following form.

min P(x) + ⟨q, x⟩ (7.1a)
subject to A(x)− b ∈ K (7.1b)

C(x)− d = 0, (7.1c)

where K is a closed convex set.
The dual of (7.1) is

max ⟨λK, b⟩+ ⟨λ0, d⟩ − P(x) + inf
w∈K
⟨λK, w⟩ (7.2a)

subject to ∇P(x) = A∗(λK) + C∗(λ0)− q (7.2b)
λK ∈ (K∞)∗ . (7.2c)

We remind the reader that K∞ denotes the recession cone of K (see Definition 6) and K∗

denotes the dual cone (see Definition 7). The term infw∈K⟨λK, w⟩ can alternatively be written
as −σK(−λK) where σ is the support function of K (see Definition 8). A proof of the duality
between (7.1) and (7.2) is deferred to Section 7.8.1.

The formulation in (7.1) provides a flexible description of convex optimization problems.
We list two examples of interest.

Example 15 (Quadratic Convex Standard Form). Choosing V = Rn, W = Rm and providing
explicit matrix representations of P, A, and C results in the typical standard form described
in (QCSF).

min
1

2
xTPx+ qTx

subject to Ax− b ∈ K
Cx− d = 0.

(7.3)
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This is the standard form input of many modern solvers including SCS, COSMO.jl, and
Clarabel [22].

Example 16 (Matrix Standard Form). Choosing V = Rn×p and W =
⊕N

i=1 Rm×q results in
the matrix standard form of (7.1):

min
1

2
tr(XTPlXPr) + tr(QTX)

subject to AiXBi −Gi ∈ Ki, i ∈ [M ].
(7.4)

where Ki are convex sets.
We take particular interest in the following convex linear programming specialization of

(7.4).
min tr(QTX)

subject to AXB −G ∈ K1

XC − F ∈ K2

(7.5)

which is a natural form for the vertex part of the GCS convex relaxation in Chapter 3.

Remark 10. Since K is just assumed to be a convex set, in principle we can append all
the constraints C(x) = d onto the constraint A(x) − b ∈ K. We will see that the algorithm
described in Section 7.3 can handle constraints of the form (7.1c) directly. Absorbing C(x) =
d as a generic convex set will result in a slightly different algorithm. Our solver supports
either form; how C(x) = d is handled is a user-specified choice.

7.2.1 Optimality and Infeasibility Conditions

Assuming strong duality, the optimality conditions of (7.1) are given by

A(x)− b ∈ K, C(x)− d = 0 (7.6a)
∇P(x) = A∗(λK) + C∗(λ0)− q, λK ∈ (K∞)∗ (7.6b)

⟨λK,A(x)− b⟩ = inf
w∈K
⟨λK, w⟩. (7.6c)

Equations (7.6a) and (7.6b) encode primal and dual feasibility respectively, while (7.6c)
encodes complementary slackness and is frequently written as requiring that −λK be in the
normal cone of A(x)− b.

Our problem is dual unbounded if ∃λK, λ0 such that

A∗(λK) + C∗(λ0) = 0, λK ∈ (K∞)∗ (7.7a)
⟨λK, b⟩+ ⟨λ0, d⟩+ inf

w∈K
⟨λK, w⟩ > 0, (7.7b)

and the problem is primal unbounded if ∃x such that

A(x) ∈ K∞, C(x) = 0 (7.8a)
P(x) = 0, ⟨q, x⟩ < 0. (7.8b)

Under appropriate regularity assumptions guaranteeing the corresponding strong alterna-
tives, (7.7) is equivalent to primal infeasibility and (7.8) is equivalent to dual infeasibility.
We call λ (resp. x) a dual (resp. primal) improving ray. These infeasibility conditions follow
from e.g. [42, §5.8] or [44, §4.2 and §4.3].
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7.3 General Solution Method
We now turn our attention to solving (7.1). This is done by applying the ADMM algorithm
from Chapter 4 to a reformulation of (7.1). To employ Algorithm 1, we use the same splitting
method as in OSQP [23] and COSMO.jl [40] to cast (7.1) into the form (4.1). First, we introduce
slack variable s and consensus copies (x̃, s̃) and write (7.1) as

min P(x) + ⟨q, x⟩ (7.9a)
subject to A(x)− b = s (7.9b)

C(x)− d = 0 (7.9c)
(x̃, s̃) ∈ (V,K) (7.9d)
(x, s) = (x̃, s̃). (7.9e)

This corresponds to the following ADMM standard form.

min P(x) + ⟨q, x⟩+ 1(A(x)− b = s) + 1(C(x) = d) + 1((x̃, s̃) ∈ (V,K)) (7.10a)
subject to (x, s) = (x̃, s̃), (7.10b)

where 1(·) is the indicator function that is 0 if the expression is satisfied and ∞ otherwise.
In this case, the f and g are given by f(x, s) = P(x)+ ⟨q, x⟩+1(A(x)− b = s)+1(C(x) = d)
and g(x̃, s̃) = 1((x̃, s̃) ∈ (V,K)).

We apply Algorithm 1 to the augmented Lagrangian

LDx,Ds((x, s), (x̃, s̃), u) = P(x) + ⟨q, x⟩+ 1(A(x)− b = s) + 1(C(x) = d)+

1((x̃, s̃) ∈ (V,K)) +Dx(x− x̃) +Ds(s− s̃+ u) (7.11)

It can be shown that if x0 = x̃0, then no dual variable is needed for the constraint x = x̃ as
it will always be zero.

In this form, we can directly apply Algorithm 1. Due to the particular split we have
chosen, Line 1.3 and Line 1.4 can be written in closed-form. We describe how to efficiently
implement Line 1.3 and Line 1.4 in the next sections.

7.3.1 Form of Dx and Ds

We choose Dx and Ds to be compatible with the underlying vector-space structure. For
problems of the form (7.3), we use

D(z) = 1

2
zTDz, D ≻ 0. (7.12)

For problems of the form (7.4), we use

D(Z) = 1

2
tr(ZTDlZDr), Dl, Dr ≻ 0. (7.13)
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7.3.2 Affine Subspace Projection

Line 1.3 for (7.10) amounts to solving the following equality-constrained QP:

min P(x) + ⟨q, x⟩+Dx(x− x̃k) +Ds(s− s̃k + uk) (7.14)
subject to A(x)− b = s (7.15)

C(x) = d. (7.16)

The KKT system of (7.14) is given by



∇Ds 0 −I 0
0 ∇P +∇Dx A∗ C∗
−I A 0 0
0 C 0 0







s
x
ωK
ω0


 =




∇Ds(s̃
k − uk)

∇Dx(x̃
k)− q
b
d


 , (7.17)

and so performing Line 1.3 amounts to solving (7.17). Solving (7.17) is a standard problem
and an extremely common subroutine in many optimization algorithms; see [240, §16.2]
and [241]. Depending on the structure of the data, we solve (7.17) after eliminating s or
eliminating all of s, ωK, and ω0.

Eliminating s yields the system


∇P +∇Dx A∗ C∗

A −(∇Ds)
−1 0

C 0 0





x
ωK
ω0


 =



∇Dx(x̃

k)− q
b+ s̃k − uk

d


 . (7.18)

When C is surjective, then (7.18) is quasidefinite [242] and so admits a unique solution [240,
§16.2].

If C is not surjective, then the perturbed systems


∇P +∇Dx A∗ C∗

A −(∇Ds)
−1 0

C 0 −δI





x
ωK
ω0


 =



∇Dx(x̃

k)− q
b+ s̃k − uk

d


 (7.19)

is quasidefinite for every δ > 0 and admits a unique solution. We choose δ ≈ √ϵmach where
ϵmach is the floating-point precision1 [12] and solve (7.19) using iterative refinement [243,
§3.37].

Elimination of ωK and ω0 from (7.19) yields the system

(
∇P +∇Dx +A∗(∇Ds)A+ δ−1C∗C

)
x =[

∇Dx(x̃
k)− q +A∗(∇Ds)(b+ s̃k − uk) + δ−1C∗d

]
. (7.20)

In this case, (7.20) is positive definite.
Solving either (7.19) or (7.20) is sufficient as we can recover s = A(x)− b, and the dual

variables if needed from (7.17). This solve is the most expensive part of Algorithm 1 (unless
K contains large PSD cones). Both can be solved using Krylov subspace iterative methods

1for double precision ϵmach = 10−16 and for float precision ϵmach = 10−8
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such as GMINRES [244] for (7.19) and Conjugate Gradients [245] or MINRES [246] for
(7.20).

By assuming a concrete form to (7.1), we can also use a direct factorization approach
to solve (7.19) and (7.20). When Dx and Ds do not change between iterations, the left-
hand sides of (7.19) and (7.20) do not change. Therefore, their factorizations can be cached
between iterations, substantially speeding up the iteration and making the solve times very
predictable compared to using an iterative method. This is in contrast to interior point
methods which solve a similar system, yet must recompute the factorization at every step
[22,85].

We next outline the solution strategies we consider for problems of the form (7.3) and
(7.4).

7.3.2.1 Convex Standard Form

When solving an instance of (7.1) given in the form (7.3), with penalty parameter functions
chosen as (7.12), then (7.19) takes the form



P +Dx AT CT

A −D−1
s 0

C 0 −δI





x
ωK
ω0


 =



Dxx̃

k − q
b+ s̃k − uk

d


 , (7.21)

while (7.20) takes the form
(
P +Dx + ATDsA+ δ−1CTC

)
x = Dxx̃

k − q + ATDs(b+ s̃k − uk) + δ−1C∗d. (7.22)

When (7.3) is given as sparse data, we solve (7.21) rather than (7.22) as the latter results
in a much denser system. To solve (7.21), we perform a sparse LDLT factorization after
applying a fill-reducing permutation, offering the option to use either QDLDL2 [23] or SSIDS3

[247,248].
If the problem data is dense, we solve (7.22) since it is the smallest linear system. We

use a dense pivoted Cholesky factorization to factor the left-hand side.

7.3.2.2 Matrix Standard Form

When solving instantiations of (7.1) in the form (7.4), then (7.18) takes the form

PlXPr +DlxXDrx +
M∑

i=1

AT
i ΛiB

T
i = DlxX̃

kDrx −Q

AiXBi −D−1
lSi
ΛiD

−1
rSi

= Gi + S̃k
i − Uk

i , i ∈ [M ].

(7.23)

2https://github.com/osqp/qdldl
3https://ralna.github.io/spral/_build/html/C/ssids.html
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while (7.20) results in

PlXPr +DlxXDrx +
M∑

i=1

AT
i DlSi

AiXBiDlSi
BT

i =

DlxX̃
kDrx −Q+

M∑

i=1

AT
i DlSi

(
Gi + S̃k

i − Uk
i

)
DrSi

BT
i . (7.24)

Both (7.23) and (7.24) are highly structured matrix equations. In principle, both can be
solved using Kronecker vectorization (see Theorem 1), but the memory cost of forming these
matrices can be prohibitive even on a modern computer.

The controls community has historically developed methods for solving Lyapunov and
Sylvester equations of a similar form and there has been a modern resurgence of interest.
See the recent survey by [249]. In the case of multiple terms AiXBi − Gi ∈ Ki, direct
factorization methods exploiting the matrix structure of (7.23) and (7.24) seem difficult to
obtain. Therefore, most research has focused on developing more effective iterative methods
[250–254].

If we have a problem of the form (7.5), then (7.24) takes the form

DlXX
[
D

1/2
rX CTD

1/2
lS0

] [ D1/2
rX

D
1/2
lS0
C

]
+ ATDlSKAXBDlXB

T =

DlXX̃
kDrX −Q+ ATDlSK

(
G+ S̃k

K − Uk
K

)
DrSKB

T+

DlSK

(
F + S̃k

0 − Uk
0

)
DrS0C

T (7.25)

A very efficient, direct factorization method for solving (7.25) is described in Section 8.1.
In the current implementation, we assume the data matrices P,Q,Ai, Bi, Gi are all dense

and solve (7.24). In the case of many matrix convex constraints, we use the method of [254]
to solve (7.24). When there is only one convex constraint, or the special form given in (7.5),
we use our method from Section 8.1 to solve (7.25).

7.3.3 Cone Projection

Line 1.4 partitions into two subproblems:

min Dx(x̂
k+1 − x̃). (7.26)

where x̂k+1 = αxk+1 + (1− α)x̃k and

min Ds(ŝ
k+1 − s̃+ uk)

subject to s̃ ∈ K, (7.27)

where ŝk+1 = αsk+1 + (1− α)s̃k.
The solution to (7.26) is trivially x̃ = x̂k+1. The problem in (7.27) is the weighted

projection of ŝk+1 + uk onto a convex set.
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In practice, the set K is given in a factored form K = K1 × · · · × KN and so we assume
that the quadratic penalty Ds partitions according to this product structure

Ds(s) =
N∑

i=1

Dsi(si),

allowing (7.27) to also partition per set.
Now (7.27) corresponds to weighted projection onto the convex set Ki. If Dsi is a scaled

multiple of the identity, then this reduces to Euclidean projection onto the convex set Ki:

s̃i = ΠKi

(
ŝk+1 + uk

)
.

Many sets admit efficient or closed-form solutions in this case such as “linear” sets (i.e.
bounding boxes, the positive orthant, and the zero set), the Lorentz cone, and the PSD
cone.

More generally, if

Dsi = ρ2iT ∗
i Ti (7.28)

with ρi > 0 a scaling parameter and Ti an automorphism of Ki, (7.27) admits the solution

s̃i = T −1
i ΠKi

(
Ti
(
ŝk+1 + uk

))
. (7.29)

This is proven in Section 7.8.2.
The linear sets also admit closed-form solutions under anisotropic, coordinate-wise scal-

ings (i.e. diagonal Ds). The Lorentz cone admits efficient iterative solutions to problems of
the form (7.27) with general Dsi [232,255].

To ensure that Line 1.4 has an efficient solution, we will assume that Ds has the form
prescribed by (7.28), unless it is a linear set in which case we allow for anisotropic diagonal
scalings.

In Appendix B.1, we describe the sets currently supported by CCosmo, their projection
operators, and their automorphism groups.

7.3.4 Termination Criterion

We apply Algorithm 1 to (7.10) until our iterates satisfy one of the following conditions. To
terminate, we recover our dual variables as

λK = −∇Ds(u
k) λ0 = −ωk

0 (7.30)

where uk is the current ADMM dual iterate and ωk
0 is the equality-constraint multiplier from

the most recent solve of (7.17).

7.3.4.1 Optimality

We define our primal, dual, and gap residuals as

rp = A(x̃)− b− s̃, rd = ∇P(x̃) + q −A∗(λK)− C∗(λ0), rg = ⟨λK, s̃⟩ − inf
w∈K
⟨λK, w⟩.
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Note that Cx− d = 0 and Cx̃− d = 0 by construction at every iteration.
After choosing thresholds ϵabs and ϵrel, we terminate at optimality if all three conditions

∥rp∥∞ ≤ ϵabs + ϵrel max {∥A(x̃)∥∞ , ∥b∥∞ , ∥s̃∥∞} , (7.31a)
∥rd∥∞ ≤ ϵabs + ϵrel max {∥∇P(x̃)∥∞ , ∥q∥∞ , ∥A∗(λK)∥∞ , ∥C∗(λ0)∥∞} , (7.31b)

∥rg∥∞ ≤ ϵabs + ϵrel max

{
∥⟨λK, s̃⟩∥∞ ,

∥∥∥∥ infw∈K
⟨λK, w⟩

∥∥∥∥
∞

}
. (7.31c)

7.3.4.2 Infeasibility

By [214], if (7.1) is primal infeasible, then

δλkK := λkK − λk−1
K , δλk0 := λk0 − λk−1

0 (7.32)

converge to a certificate of primal infeasibility satisfying (7.7). If (7.1) is dual infeasible,
then

δxk := x̃k − x̃k−1

converges to a certificate of dual infeasibility satisfying (7.8).
After choosing tolerances ϵpinf > 0 and ϵdinf > 0, we declare primal infeasibility if

∥∥A∗(δλkK) + C∗(δλk0)
∥∥
∞ ≤ ϵpinf , (7.33a)∥∥δλkK − Π(K∞)∗(δλ

k
K)
∥∥
∞ ≤ ϵpinf , (7.33b)

⟨δλkK, b⟩+ ⟨δλk0, d⟩+ inf
w∈K
⟨δλkK, w⟩ ≥ ϵpinf . (7.33c)

Similarly, we declare dual infeasibility if
∥∥∇P(δxk)

∥∥
∞ ≤ ϵdinf , (7.34a)∥∥A(δxk)− ΠK∞(A(δxk))
∥∥
∞ ≤ ϵdinf , (7.34b)∥∥C(δxk)
∥∥
∞ ≤ ϵdinf , (7.34c)

⟨q, δxk⟩ ≤ −ϵdinf . (7.34d)

7.3.5 Summary of the Base Algorithm

We summarize the specialization of Algorithm 1 to the problem (7.1) in Algorithm 5. We
choose Dx = 10−6I because its role is to regularize the solution of (7.17). Given the product
of sets K = K1 × · · · × KN , we choose per-set penalty parameter ρi and automorphisms Ti
and compose Ds = ⊕N

i=1ρiT ∗
i Ti. We discuss how ρi and Ti are chosen in Section 7.4.2.

Using the previous subsections, the specialization of Algorithm 1 to the CCosmo split
(7.10) can be written explicitly as Algorithm 5. The affine-subspace step in Line 5.3 is
implemented by solving one of the linear systems (7.19) or (7.20), and then recovering the
equality multiplier ω0. The cone projection step in Line 5.5 is evaluated blockwise over the
product decomposition K = K1 × · · · × KN .
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Algorithm 5: Base ADMM algorithm specialized to (7.1)
Input: Penalty functions Dx, set automorphisms Ti, initial penalties ρi, so that

Ds = ⊕N
i=1(ρiT ∗

i Ti), relaxation parameter α ∈ (0, 2), initial iterates
(x̃0, s̃0, u0) with s̃0 ∈ K, optimality termination tolerances ϵabs and ϵrel, and
primal and dual infeasibility tolerances ϵpinf and ϵdinf .

Output: Either an approximate primal-dual solution or a certificate of infeasibility

5.1 k ← 0
5.2 while no termination criterion has fired do
5.3 Solve (7.14) for (xk+1, sk+1), and recover ωk+1

0

5.4 x̃k+1 ← αxk+1 + (1− α)x̃k and δxk+1 ← δxk+1 − δxk
5.5 s̃k+1 ← T −1

K ΠKTK(αsk+1 + (1− α)s̃k + uk)
5.6 uk+1 ← uk + αsk+1 + (1− α)s̃k − s̃k+1

5.7 λk+1
K ← −∇Ds(u

k+1) and δλk+1
K ← λk+1

K − λkK
5.8 λk+1

0 ← −ωk+1
0 and δλk+1

0 ← λk+1
0 − λk0

5.9 k ← k + 1
5.10 if (7.31) then
5.11 return optimal (x̃k+1, s̃k+1, λk+1

K , λk+1
0 )

5.12 else if (7.33) then
5.13 return Primal infeasible certificate (λk+1

K , λk+1
0 )

5.14 else if (7.34) then
5.15 return Dual infeasible certificate (x̃k+1, s̃k+1)

7.4 Enhancements
First-order methods are known to exhibit slow convergence to high-accuracy solutions and to
be very sensitive to their parameters and problem data. It is therefore standard to augment
a first-order method in a variety of ways. We describe the enhancements implemented in
CCosmo here.

7.4.1 Using Acceleration

The restarted anchoring schemes from Algorithm 2 apply directly to the fixed-point map
induced by Algorithm 5. In our setting, Algorithm 1 only converges if (7.1) has an optimal
solution and so the accelerated convergence rates of [103] only apply in the case where (7.1)
is feasible. However, it has also been shown that Halpern iteration on Algorithm 1 achieves
accelerated convergence to certificates of infeasibility for (7.1) as well and it is likely that
such results can be extended to infeasibility detection for the scheme from [103].

For the CCosmo split, we take the ADMM state to be

wk := (xk, sk, x̃k, s̃k, uk),

and apply (4.7) to this state. When applying acceleration, we choose by default α = 1.0,
γ = 1.8, and β = 15.
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7.4.1.1 Restarts

When restarts are enabled, we restart any time we see sufficient decrease in the fixed-point
penalty. Concretely, let

rt,kp = Dt
x(x

t,k+1 − x̃t,k+1) +Dt
s(s

t,k+1 − s̃t,k+1), (7.35)

rt,kd = Dt
x(x̃

t,k+1 − x̃t,k) +Dt
s(s̃

t,k+1 − s̃t,k), (7.36)

rt,k = rt,kp + rt,kd . (7.37)

We choose η ∈ (0, 1) and restart the epoch if

rt,k+1 ≤ ηrt,k.

In CCosmo, we choose η = 0.4.

7.4.2 Adaptive Penalty Function Selection

The choice of penalty function Dx and Ds dramatically affects the convergence of Algorithm 1
and Algorithm 2. In CCosmo, we will choose Dx = 10−6Dxb and Ds = Dsa ◦ Dsb as the
composition of a base scaling which does not change and an adaptive scaling.

7.4.2.1 Static Base Scaling

First-order methods are not affine invariant; rescaling the problem data will result in different
iterations. It is therefore common to rescale (7.1) via an invertible map Sx : V → V, an
automorphism SK of K, and an invertible map S0 on the equality-constraint space. Writing
x = Sx(x̂), the rescaled problem is

min P̂(x̂) + ⟨q̂, x̂⟩ (7.38a)

subject to Â(x̂)− b̂ ∈ K (7.38b)

Ĉ(x̂)− d̂ = 0. (7.38c)

where

P̂ = P ◦ Sx, q̂ = S∗
x(q),

Â = SK ◦ A ◦ Sx, b̂ = SK(b),
Ĉ = S0 ◦ C ◦ Sx, d̂ = S0(d).

Since Sx, SK, and S0 are invertible and SK preserves K, (7.1) and (7.38) have the same
feasible points up to the change of variables x = Sx(x̂).
Proposition 4. Let x = Sx(x̂) and s = S−1

K (ŝ). Applying Algorithm 1 to the ADMM
standard-form split of (7.38) with penalty functions D̂x and D̂s is equivalent, under the
induced change of variables on the primal and dual iterates, to applying Algorithm 1 to
(7.10) with penalty functions

Dx(x) = D̂x(S−1
x (x)),

Ds(s) = D̂s(SK(s)).
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Consequently, the effect of static rescaling in ADMM can be realized by modifying the penalty
functions.

The proof is deferred to Section 7.8.3.
A standard choice for scaling maps [22,23,111] is to compute positive diagonal maps Sx,init

and Ss,init such that the operator
[
Sx,init

Ss,init

] [
∇P A∗

A 0

] [
Sx,init

Ss,init

]
, (7.39)

is balanced in some way. Following [22,23,40], we use Ruiz scaling [256] to compute Sx,init

and Ss,init such that all the columns of (7.39) have infinity norm of approximately 1.
This raw Ruiz scaling output need not have the form required by (7.28), which is essential

for preserving the efficiency of Line 5.5. Therefore, after computing Ss,init = ⊕N
i=1Ssi,init, we

rectify the scaling on a per-cone basis by replacing each block with its average scaling,
denoted by Ssi,init:

Ssi = Ssi,initI

Ss = ⊕N
i=1Ssi .

If Ki is a linear set, i.e. the positive orthant, zero set, or a bounding box, we do not rectify
it as Line 5.5 remains efficient under general diagonal scaling. Moving a constraint of the
form Ai(x)− bi = 0 from the block (7.1b) to (7.1c) corresponds to choosing Ssi =∞·Ssi,init.

Our base penalty functions are given by:

Dxb =
1

2
⟨S−1

x (x),S−1
x (x)⟩ (7.40)

Dsb =
1

2
⟨Ss(s),S(s)⟩ (7.41)

7.4.2.2 Dynamic Scaling

Selecting Dsa adaptively to improve the convergence is a well-established and successful
heuristic in practice [23,40,101,111,257,258]. We select Dsa on a per-set basis. It will be
computed either as a scaling ρi or a set automorphism Ti.

Residual-Balanced Rescaling By default, CCosmo uses the same dynamic penalty scheme
as [23,40]. We choose a global scalar ρ̄ and a relative scale ρ0 and set:

Dsi(s) =

{
ρ0ρ̄⟨s, s⟩ Ki = O

ρ̄⟨s, s⟩ else
.

That is to say, the zero constraints included in the set block are scaled up by ρ0 relative to
the other set.

By default, we choose ρ̄ = 10−1 and ρ0 = 103. Over the course of the iterations, we allow
only ρ̄ to vary. This is done by computing

ρ̄k+1 ← ρ̄k

√
∥sk+1 − s̃k+1∥∞ /max{∥sk+1∥∞ , ∥s̃k+1∥∞}
∥s̃k+1 − s̃k∥∞ /max{∥s̃k+1∥∞ ,

∥∥s̃ki
∥∥
∞}

. (7.42)
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As every penalty update triggers a refactorization in Line 5.3, we only accept the new
penalties if ρ̄k+1 ≥ τ ρ̄k or if ρ̄k+1 ≤ ρ̄k

τ
with τ > 1. We choose τ = 5 by default.

A more aggressive scheme introduces a separate ρi for each set and adapts it on a per-set
basis.

ρk+1
i ← ρki

√∥∥sk+1
i − s̃k+1

i

∥∥
∞ /max{

∥∥sk+1
i

∥∥
∞ ,
∥∥s̃k+1

i

∥∥
∞}∥∥s̃k+1

i − s̃ki
∥∥ /max{

∥∥s̃ki
∥∥ ,
∥∥ski
∥∥} . (7.43)

For linear sets such as R+, bounding boxes, and the zero cone, this can be done on a per-
coordinate basis. Similar to the global penalty adaptation, we only update the penalties
if

∥∥ρk+1
∥∥
∞ ≥ τ

∥∥ρk
∥∥
∞ or

∥∥ρk+1
∥∥
∞ ≤

∥∥ρk
∥∥
∞

τ

where ρ is the vector all the penalties.

Primal Barrier Rescaling for Symmetric Cones In this section, we propose an alter-
native adaptive penalty scheme inspired by interior point methods. This should be seen as
an alternative to the schemes in the prior section, and should not be composed with them.

As noted in Section 7.4.2.1, first-order methods are not affine invariant and are sensitive
to the local geometry of the problem [106,259]. Moreover, it has recently been shown that
the local geometry of certain convex programs can force ADMM to converge sublinearly no
matter which scalar ρi is chosen [260]. For symmetric cone blocks, we therefore propose
adapting the penalty to the local geometry of the current iterates.

Let Ki be a symmetric cone with identity element ei ∈ int(Ki). For the cones considered
here, ei is the all-ones vector for Rn

+, the vector (1, 0, . . . , 0) for the Lorentz cone, and the
identity matrix for S+. Given the projected slack iterate s̃ki ∈ Ki, we define

µk
i = max

{
µmin,

⟨s̃ki , ei⟩
⟨ei, ei⟩

}
,

θk = max

{
θmin,

1

k + 1

}
,

s♯,ki = (1− θk)s̃ki + θkµ
k
i ei.

Here µmin > 0 and θmin ∈ (0, 1) are safeguarding parameters. The scalar µk
i is the projection

of s̃ki onto the identity ray {µei : µ ≥ 0}, clipped away from zero, while θk controls how
strongly the iterate is pulled into the interior. Since s̃ki ∈ Ki and ei ∈ int(Ki), we have
s♯,ki ∈ int(Ki) for every k.

Nesterov and Todd [261,262] show that symmetric cones admit canonical automorphisms
associated with interior points. Concretely, let fK be the standard logarithmic barrier func-

tion for the symmetric cone K. By choosing T k
i =

(
∇2fKi

(s♯,ki )
)1/2

we get that s♯,ki maps to
the identity element:

T k
i (s

♯,k
i ) = ei.
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This yields the block penalty

Dk
si
(h) =

1

2
⟨T k

i (h), T k
i (h)⟩. (7.44)

For the standard symmetric cones, these scalings have familiar forms. For Rn
+ we ob-

tain T k
i = diag((s♯,ki )−1). For S+, writing S♯,k

i ≻ 0, we use the congruence map X 7→
(S♯,k

i )−1/2X(S♯,k
i )−1/2. For the Lorentz cone, we use a Lorentz-cone automorphism sending

s♯,ki to the identity element [263].
The scheme extends naturally to bounding boxes [ℓ, u]. In this case we set T k

i =

diag

(
1

s♯,kj −ℓj
, 1

uj−s♯,kj

)
. This is not strictly an automorphism of the box, but as any diag-

onal scaling of the box still admits a closed form expression for Line 5.5, we can use this
scaling efficiently.

This construction captures local cone geometry using only the primal projected slack. We
leave incorporation of dual information from the residual of the projection to future work.

Once again, to avoid triggering a refactorization unnecessarily, we only accept the update
when the candidate penalty metric differs substantially from the currently accepted penalty
metric. Letting

Mk
i = (T k

i )
∗T k

i ,

we compute

∆k
i = max

∣∣log
(
λi
(
(Mk−1

i )−1/2Mk
i (Mk−1

i )−1/2
))∣∣, (7.45)

and accept the update if
∥∥∆k

∥∥
∞ ≥ log(τ)

In (7.45), we use the matrix logarithm, and the distance (7.45) is the Thompson-Part metric
which measures the distance between two positive definite matrices in an affine invariant
way [264, §6.4].

We note that computing (7.45) can be done relatively efficiently given the factors Ti and
does not require new eigenvalue factorizations. Nonetheless, as computing the scaling matri-
ces is much more computationally expensive than (7.42), we only do this very occasionally,
e.g. every 500 iterations. Moreover, while the metric (7.44) is diagonal in the case of the
bounding box and nonnegative orthant, it is not diagonal in the general case of the Lorentz
and PSD cones. This may slow down Line 5.3 substantially due to loss of sparsity.

7.4.2.3 Final Penalty Selection

We initialize Dx = 10−6Dxb where Dxb is given in (7.40). We set

Ds = (⊕N
i=1Dsi) ◦ Dsb,

where Dsb is given in (7.41) and Dsi is one of the proposed penalty methods, Residual-
Balanced Rescaling or Primal Barrier Rescaling for Symmetric Cones. We update the penalty
according to the update rules in those sections.
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Figure 7.1: Maros–Meszaros QP absolute
performance profile.

Solver Fraction Solved Shifted GM [s]
Clarabel 112/138 (81.2%) 4.93
SCS 77/138 (55.8%) 44.1
OSQP 73/138 (52.9%) 54.9
SCS no AA 71/138 (51.4%) 62.8
CCosmo 73/138 (52.9%) 66.5
COSMO.jl 68/138 (49.3%) 84.5
COSMO.jl no AA 59/138 (42.8%) 132

Table 7.1: Shifted geometric mean and
the fraction solved in the time/itera-
tion limit of each solver on the Maros–
Meszaros QPs sorted by shifted geometric
mean.
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Figure 7.2: Mittelmann SOCP absolute
performance profile.

Solver Fraction Solved Shifted GM [s]
Clarabel 16/16 (100.0%) 3.20
CCosmo 9/16 (56.2%) 3.14× 101

CCosmo unenhanced 8/16 (50.0%) 5.03× 101

SCS unenhanced 7/16 (43.8%) 6.06× 101

SCS 7/16 (43.8%) 6.23× 101

COSMO.jl unenhanced 5/16 (31.2%) 1.57× 102

COSMO.jl 5/16 (31.2%) 1.95× 102

Table 7.2: Shifted geometric mean and
the fraction solved in the time/iteration
limit of each solver on the Mittelmann
SOCP sorted by shifted geometric mean.

7.5 Results

7.5.1 Standard Form Benchmark

We compare CCosmo against Clarabel [22], SCS [210,220], and COSMO.jl [40], and include
OSQP [23] on QP benchmarks. To compare the base algorithms, we also compare to SCS and
COSMO.jl with acceleration disabled; we call these the unenhanced versions. All problem
instances are parsed using CVXPY, except some GCS problems which are parsed using Drake.
Experiments are run on an 11th Gen Intel Core i9-11980HK CPU with 64 GiB RAM to
absolute and relative error tolerances of 10−3 and 10−4 with a 10k iteration limit and a
timeout of 1 hour.

In CCosmo, we use the static-penalty scheme from Static Base Scaling, the scalar residual
balancing scheme of Section 7.4.2.2, and run without any acceleration, setting α = 1.7. This
is done to configure the solver to be in a similar default setting as OSQP and COSMO.jl.
Moreover, as shown in Section 7.5.3, the additional enhancements did not show conclusively
better results.

We begin by evaluating the solvers’ performance on two challenging benchmarks: 138
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QPs from the Maros–Meszaros benchmark [265] and the 16 smallest SOCP instances4 from
the 7th DIMACS challenge [266] hosted on the Mittelmann benchmark [267]. All solvers
are run with absolute and relative tolerances of 10−3 and 10−4. When a solver returns a
solution, we check whether the returned cost is within 5 times the relative tolerance of the
known solution, otherwise we declare the result a failure. If a solver fails, its reported time
to solve an instance is set to the time limit.

We report absolute performance profiles for both the Maros–Meszaros benchmark in
Figure 7.1 and the Mittelmann benchmark in Figure 7.2. These profiles show the fraction of
instances a solver succeeds in solving within a specified time window [22]. We also report the
shifted geometric mean [267], a standard metric for comparing solver performance, for the
Maros–Meszaros benchmark in Table 7.1 and the Mittelmann SOCP benchmark Table 7.2.

The results show that CCosmo is competitive with other open-source first-order solvers,
as expected since it implements a very similar algorithm. SCS is typically slightly faster than
CCosmo on the Maros–Meszaros and Mittelmann benchmarks as SCS takes fewer iterations.
This is consistent with the observations of [220]. OSQP similarly reports faster times on the
Maros–Meszaros benchmark as it typically takes fewer iterations. However, OSQP does not
include the duality gap (7.31c) as part of its convergence criterion and so returns slightly
worse solutions. Finally, CCosmo demonstrates both better robustness and performance than
COSMO.jl. In this case, the robustness gap is primarily due to COSMO.jl failing to return a
solution within 5 times the relative tolerance of the known solution.

Due to the challenging nature of these problems, the more robust second-order interior
point solver Clarabel outperforms the first-order solvers in terms of problems solved. How-
ever, on the easier instances in the benchmarks, first-order solvers typically return solutions
in comparable time, or more quickly.

7.5.2 Fixed Contact-Schedule Centroidal Locomotion MPC

One of the primary advantages of first-order solvers is the ease with which they can be
warm-started. This is in contrast to interior point methods which are notoriously difficult
to warm-start.

To demonstrate the advantages of this, we consider a repeated fixed contact-schedule
centroidal locomotion MPC benchmark similar to [268] and [156, Chpt. 5, Chpt. 7]. We
model friction at the feet using second-order cones, which yields a sequence of related SOCPs.
Across a rollout, consecutive problems differ only through the shifted state and reference
data, making this a natural setting for warm starting. Each problem in the benchmark has
1340 variables and 1556 constraints, and we evaluate both a nominal-tracking rollout and a
push-recovery rollout. For details of the problem formulation, see Appendix B.2.

We compare the performance of CCosmo, SCS, and Clarabel on this task, warm starting
CCosmo and SCS from the previous solution. In the nominal-tracking rollout, CCosmo attains
a median solve time of 2.13ms with interquartile range 0.05ms, compared with 3.10ms and
1.04ms for SCS and 4.78ms and 1.84ms for Clarabel. In the push-recovery rollout, CCosmo
attains a median of 5.40ms with interquartile range 0.18ms, compared with 6.24ms and
0.58ms for SCS and 10.66ms and 4.13ms for Clarabel. These results are summarized in

4Problems nql180 and qssp180 are too large for the hardware of the test machine
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Figure 7.3: Timing distribution for the warm-starting, fixed-contact-schedule locomotion
MPC benchmark. Each box summarizes all repeated solves in one rollout regime, excluding
the first solve.

Figure 7.3.

7.5.3 Enhancements Ablation

In this section, we consider the effect of each of the enhancements proposed in Section 7.4
when used on the full Maros–Meszaros benchmark. We begin by comparing the various
penalty adaptation schemes when run on the base algorithm Algorithm 5. The main con-
clusion is that the scalar residual-balancing penalty update is the most reliable individual
enhancement on this benchmark. Next, we consider the effects of using the accelerated
scheme in Algorithm 2 compared to Algorithm 1. It is a well-known phenomenon that ac-
celerated rates in theory do not always translate to accelerated rates in practice, and on this
benchmark the KM/Halpern recurrence is not a robust standalone replacement for penalty
adaptation. Finally, we consider the effects of composing the best penalty adaptation scheme
with the best acceleration schemes. In all experiments, we turn the static scaling off.

The strongest KM composition solves slightly more problems, but the unaccelerated
scalar-balancing rows have slightly better shifted geometric mean. On instances where both
KM acceleration and simple over-relaxation succeed, the actual wall-clock time from using
the simpler over-relaxation scheme is better.

Remark 11. To better compare between different ablations, we plot all instances where at
least one solver succeeds across all ablations in this section. If a column is blank, it means
that a solver from a different ablation succeeded on that instance, but none in the current
cross view did. This is done to ensure that the ith problem instance in e.g. Figure 7.4
corresponds to the ith problem instance in e.g. Figure 7.6.

7.5.3.1 Penalty Adaptation Ablations

To isolate the effect of the penalty rule, we set α = 1 and disable acceleration throughout
this ablation and report the results in Table 7.3. Only solver status optimal which returns
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variant strict inacc. max
iters SGM [s] median penalty

adaptations
common

strict
cand.
only

base
only

median common solved
iter ratio

fixed ρ 32 1 76 565 0 32 0 0 1.000
scalar balancing 63 3 49 97.40 1 30 33 2 1.000
coordinatewise 37 9 76 428 2 21 16 11 1.000
barrier 50 8 73 217 2 28 22 4 1.000

Table 7.3: Penalty adaptation ablation on the full Maros–Meszaros benchmark. The baseline
for the median iteration ratio and base only columns uses a fixed ρ = 0.1 with α = 1. Strict
solves are those with solver status optimal which return a solution within 5 times the
relative tolerance of the known solution; all other statuses are charged as failures in the
shifted geometric mean.

a solution within 5 times the relative tolerance of the known solution counts as a strict
solve; optimal_inaccurate, max-iteration, error, and objective-failure statuses are charged
as failures in the shifted geometric mean. We also report the median number of times the
penalty is adapted over the course of the solve, the number of instances each variant solved in
common compared to the fixed-penalty solver, the number the variant only solved, and the
number the base solver only solved. Finally, for each variant we consider all the instances
commonly solved by that variant and the base solver. For these common instances, we
consider the ratio of the number of iterations taken by the variant versus the base solver.
Ratios lower than 1 indicate that the variant took fewer iterations on the commonly solved
instances.

The fixed-ρ baseline solves (32/138) instances with a shifted geometric mean of 565
seconds. The clear winner is the scalar residual-balancing update, which solves (63/138)
instances with a shifted geometric mean of 97.40 seconds. This rule solves 33 instances that
the fixed-ρ baseline fails to solve, while failing on 2 instances solved by the fixed-ρ baseline.

Barrier metric rescaling is safer than coordinatewise rescaling, but it does not compete
with scalar residual balancing on this benchmark. It solves (50/138) instances with a shifted
geometric mean of 217 seconds. It solves 22 instances that the fixed-ρ baseline does not,
while failing on 4 instances solved by the baseline.

We see that on instances where both the variant and the fixed-penalty solver succeeded,
both solvers take the same number of steps, indicating that adaptation is only needed and
used when the problem requires it.

Coordinatewise rescaling appears too aggressive: it solves only (37/138) instances, with
a shifted geometric mean of 428 seconds.

In Figures 7.4 and 7.5, we compare iteration count and wall-clock time across instances
solved by at least one plotted variant. We plot the log of the ratio of each metric against
the best performing variant on that instance. The easy instances do not strongly separate
the penalty rules. The harder instances do: scalar residual balancing is the only penalty
adaptation that improves both coverage and shifted geometric mean at benchmark scale.

7.5.3.2 KM/Halpern Acceleration

To isolate the effect of the acceleration recurrence, we next disable dynamic penalty adap-
tation and compare the accelerated KM/Halpern variants and over-relaxation variants with
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Figure 7.4: Impact of different penalty adaptation schemes on iteration count for Maros–
Meszaros instances solved by at least one plotted variant. We show the log of the iteration
count of an instance normalized by the best variant on that instance.

a fixed penalty parameter and α = 1. Table 7.4 reports the results of the two types of accel-
eration. The first runs Algorithm 5, but sweeps the relaxation parameter α ∈ {0.8, 1.2, 1.6}.
The second wraps Algorithm 5 in the acceleration loop of Algorithm 2 while potentially al-
lowing for restarts. We fix α = 1, and sweep pairs of γ ∈ {1.5, 1.8} and β ∈ {10, 15, 20} with
restarts both on and off. We also compare to the accelerated variant α = 1, γ = 1, β = 2,
which corresponds to pure Halpern iteration.

Unlike in Section 7.5.3.1, no acceleration scheme substantially improves coverage over
the fixed-ρ baseline. Simple over-relaxation is the most useful acceleration-only mechanism:
α = 1.6 solves (36/138) instances, compared with (32/138) for α = 1. Pure Halpern iteration
performs poorly without restarts, solving only (11/138) instances, though restarts recover
much of the lost performance.

In Figures 7.6 and 7.7 we compare the baseline to the acceleration schemes. These figures
have far more blank columns, compared to Figures 7.4 and 7.5 because many problems require
penalty adaptation to solve at all. Restarting improves the robustness of pure Halpern
iteration, but it does not make Halpern competitive with simple over-relaxation.

The best fixed-ρ acceleration-only story is therefore not KM/Halpern acceleration, but
the classical over-relaxation choice α = 1.6. Perhaps the most important finding is that
over-relaxation with α = 1.6 is the only method which consistently reduces the iteration
count relative to the baseline on commonly solved instances. All accelerated variants take
more iterations, with the Halpern variants taking substantially more.

Nonetheless, the overall conclusion is that penalty adaptation is much more important
than acceleration on this benchmark.

7.5.3.3 Composing Enhancements

Finally, we consider whether the adaptation of the penalty parameters composes well with the
acceleration schemes of the prior section. We compare composing scalar residual balancing,
barrier metric rescaling, and coordinatewise rescaling with the best performing accelerated
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Figure 7.5: Impact of different penalty adaptation schemes on wall-clock time for Maros–
Meszaros instances solved by at least one plotted variant. We show the log of the solve time
of an instance normalized by the best variant on that instance.

variants. We use the unaccelerated algorithm with scalar residual balancing and α = 1.6 as
the baseline, and compare against KM variants with γ = 1.8, β = 15 and γ = 1.5, β = 20,
both with and without restarts. The results are summarized in Table 7.5.

Composing KM/Halpern acceleration with scalar residual balancing improves strict solve
coverage slightly. The best row, KM with γ = 1.8, β = 15 and restarts, solves (64/138)
instances with a shifted geometric mean of 98.95 seconds. The scalar residual-balancing
baseline with α = 1.6 solves (63/138) instances with shifted geometric mean 100.88 seconds.
This is a coverage improvement, but not a clean timing improvement. On common solved
instances, the accelerated row is 1.589× slower and has a median iteration ratio of 1.000
against the α = 1.6 scalar-balancing baseline, indicating that it is not taking fewer iterations,
but is iterating almost 60% slower.

The barrier and coordinatewise compositions do not show the same benefit. Barrier
metric rescaling alone solves (50/138) instances, while the best barrier-composed row solves
(48/138). Coordinatewise rescaling solves (37/138) instances, while the best coordinatewise-
composed rows solve (31/138). Thus the composition result is best understood as a robustness-
speed tradeoff for scalar residual balancing, not as evidence that KM/Halpern acceleration
is a generally useful replacement for over-relaxation.

We note that the best performing variant of CCosmo in this section solves fewer instances
than in Section 7.5.1 because we have disabled static-scaling in this ablation.
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variant strict inacc. max
iters SGM [s] median solved

iters
median
restarts

common
strict

cand.
only

base
only

GM time
ratio

median common solved
iter ratio

α = 1 32 1 76 565 226 0 32 0 0 1.000 1.000
α = 0.8 31 2 77 589 226 0 30 1 2 1.095 1.250
α = 1.2 33 2 72 526 201 0 32 1 0 0.821 1.000
α = 1.6 36 3 70 449 164 0 31 5 1 0.825 0.669
pure Halpern (none) 11 2 97 1879 376 0 10 1 22 11.10 10.67
pure Halpern (restart) 28 0 77 731 401 3 28 0 4 4.683 2.471
KM α = 1, γ = 1.5, β = 20 (restart) 33 0 77 545 251 2 31 2 1 2.125 1.358
KM α = 1, γ = 1.8, β = 15 (none) 32 0 77 572 264 0 30 2 2 1.570 1.076
KM α = 1, γ = 1.5, β = 10 (restart) 32 0 77 580 288 2 30 2 2 2.198 1.395
KM α = 1, γ = 1.5, β = 2 (restart) 32 0 78 588 451 3 29 3 3 3.460 1.906
KM α = 1, γ = 1.8, β = 15 (restart) 32 0 76 589 238 2 30 2 2 1.812 1.054
KM α = 1, γ = 1.8, β = 20 (restart) 31 0 75 604 226 2 29 2 3 1.868 1.109
KM α = 1, γ = 1.8, β = 2 (restart) 31 0 77 609 376 3 28 3 4 3.239 1.757
KM α = 1, γ = 1.5, β = 20 (none) 31 0 77 609 251 0 29 2 3 1.769 1.483
KM α = 1, γ = 1.8, β = 10 (restart) 31 0 76 610 226 2 29 2 3 1.914 1.150
KM α = 1, γ = 1.5, β = 15 (restart) 31 0 77 613 251 2 30 1 2 2.227 1.362
KM α = 1, γ = 1.2, β = 15 (restart) 31 0 76 615 276 2 30 1 2 2.759 1.699
KM α = 1, γ = 1.2, β = 20 (restart) 31 0 76 622 301 2 30 1 2 2.753 1.657
KM α = 1, γ = 1.8, β = 20 (none) 30 0 77 641 201 0 29 1 3 1.580 1.000
KM α = 1, γ = 1.5, β = 15 (none) 30 0 77 647 276 0 29 1 3 2.000 1.490
KM α = 1, γ = 1.5, β = 10 (none) 30 0 77 649 364 0 29 1 3 2.187 1.490
KM α = 1, γ = 1.2, β = 20 (none) 30 0 76 654 338 0 29 1 3 2.168 1.794
KM α = 1, γ = 1.2, β = 15 (none) 30 0 77 654 326 0 29 1 3 2.259 1.794
KM α = 1, γ = 1.2, β = 10 (restart) 30 0 76 661 351 2 28 2 4 2.644 1.706
KM α = 1, γ = 1.8, β = 10 (none) 29 0 77 684 326 0 28 1 4 1.718 1.175
KM α = 1, γ = 1.2, β = 10 (none) 28 1 77 728 438 0 27 1 5 2.498 1.962
KM α = 1, γ = 1.2, β = 2 (restart) 28 1 78 739 488 3 27 1 5 3.970 2.147
KM α = 1, γ = 1.8, β = 2 (none) 13 1 95 1667 226 0 12 1 20 8.860 8.042
KM α = 1, γ = 1.2, β = 2 (none) 13 0 96 1668 326 0 12 1 20 11.51 12.54
KM α = 1, γ = 1.5, β = 2 (none) 13 1 95 1668 276 0 12 1 20 11.31 9.654

Table 7.4: Fixed-ρ KM/Halpern and over-relaxation rows on the full Maros–Meszaros bench-
mark. The pairwise columns compare against fixed ρ with α = 1. These rows isolate accel-
eration from penalty adaptation, pin the pure Halpern rows, and include the over-relaxed
α = 1.6 fixed-ρ control.
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Figure 7.6: Impact of different acceleration schemes on iteration count for Maros–Meszaros
instances solved by at least one plotted variant.
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Figure 7.7: Impact of different acceleration schemes on wall-clock time for Maros–Meszaros
instances solved by at least one plotted variant.

variant strict inacc. max
iters SGM [s] median

restarts
common

strict
cand.
only

base
only

GM time
ratio

median common solved
iter ratio

α = 1.6 scalar balancing 63 3 46 101 0 63 0 0 1.000 1.000
scalar balancing 63 3 49 97.40 0 57 6 6 0.91 1.000
KM α = 1, γ = 1.8, β = 15 (scalar balancing, restart) 64 0 48 98.95 2 54 10 9 1.589 1.000
KM α = 1, γ = 1.5, β = 20 (scalar balancing, restart) 63 1 49 104 2 55 8 8 1.637 1.124
KM α = 1, γ = 1.8, β = 15 (scalar balancing) 63 1 47 105 0 54 9 9 1.480 1.006
KM α = 1, γ = 1.5, β = 20 (scalar balancing) 62 2 46 110 0 53 9 10 1.485 1.154
barrier 50 8 73 217 0 41 9 22 1.050 1.000
KM α = 1, γ = 1.8, β = 15 (barrier, restart) 48 5 80 248 1 39 9 24 2.378 1.307
KM α = 1, γ = 1.5, β = 20 (barrier, restart) 46 11 73 277 1 37 9 26 2.019 1.000
KM α = 1, γ = 1.8, β = 15 (barrier) 44 7 81 298 0 38 6 25 2.388 1.432
KM α = 1, γ = 1.5, β = 20 (barrier) 41 11 76 354 0 37 4 26 2.080 1.284
coordinatewise 37 9 76 428 0 30 7 33 1.067 1.000
KM α = 1, γ = 1.8, β = 15 (coordinatewise) 31 5 96 585 0 29 2 34 2.376 1.000
KM α = 1, γ = 1.8, β = 15 (coordinatewise, restart) 31 5 96 586 1 29 2 34 2.553 1.000
KM α = 1, γ = 1.5, β = 20 (coordinatewise) 29 3 98 654 0 27 2 36 1.880 1.000
KM α = 1, γ = 1.5, β = 20 (coordinatewise, restart) 29 3 98 659 1 27 2 36 2.233 1.000
pure Halpern (coordinatewise) 28 9 85 691 0 26 2 37 1.626 1.000
pure Halpern (barrier) 27 13 91 752 0 25 2 38 2.232 1.198
pure Halpern (scalar balancing) 17 3 88 1323 0 17 0 46 5.637 5.809

Table 7.5: Composition ablation on the full Maros–Meszaros benchmark. The pairwise
columns compare against scalar residual balancing with α = 1.6.
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Figure 7.8: Impact of composed penalty adaptation and acceleration schemes on iteration
count for Maros–Meszaros instances solved by at least one plotted variant.
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Figure 7.9: Impact of composed penalty adaptation and acceleration schemes on wall-clock
time for Maros–Meszaros instances solved by at least one plotted variant.
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7.5.4 Matrix Standard Form Results

We consider using the matrix standard form implementation to solve the shortest path in a
GCS convex relaxation of various vertex programs described in Section 9.3. These programs
have the form

min
1

2
∥X −Xref∥2F (7.46a)

subject to AXB ∈ K (7.46b)
XC = 0. (7.46c)

We report the performance on four different families which show dramatically different
sparsity. We consider three instances from the IiwaShelf environment which all have 11
vertices, two instances from the Bimanual each having 15 vertices, the cg_simple_4 en-
vironment which has 194 vertices, and three instances of Maze which have 225, 100, and
25 vertices each, respectively. In Table 7.6, we report the structure of each instance and
make note of the number of non-zero entries and the density of the constraint matrix after
vectorizing the problem.

In Table 7.7, we report the shifted geometric mean with a one-second shift for solving
the problems in vector standard form versus matrix standard form. We show the abso-
lute performance profiles in Figure 7.10. In these instances, we note that the density of
the program substantially affects whether the matrix-standard form outperforms the vector
standard form. This is due to the fact that the matrix standard form solver necessarily uses
dense linear algebra (see Chapter 8) while the vector standard form can use either sparse or
dense linear algebra depending on the problem.

On the relatively dense instances of IiwaShelf, Bimanual, and Maze, we see that the
matrix-algebra allows the solver to improve its solve time. However, on the extremely sparse
cg_simple_4, the price of performing the dense linear algebra does not outweigh the advan-
tage of the structured solve. In Figure 7.11 we show that the entirety of the discrepancy
between the two solvers is due to the different backends used to solve the linear systems.
We exclude cg_simple_4 due to the memory requirements of running the fully instrumented
solver on this large family.

The sparse vector backend is surprisingly effective on these programs because the B factor
in (7.46b) is very sparse and the C factor is very small. For larger programs, the sparse vector
backend is expected to be much less effective. The resulting vectorization of the program

Family Vertices Vars Rows Akron nnz Akron density
IiwaShelf 33 207 8740 106087 6.07%
Bimanual 30 259 3168 30536 3.72%
cg_simple_4 194 1012 7586 31964 0.416%
Maze 350 98 725 3220 4.37%

Table 7.6: Structural summary for the GCS vertex matrix-program benchmark. Size,
nonzero, and density columns report medians over vertices. The density column is
nnz(Akron)/(mn), where Akron ∈ Rm×n is the vectorized affine operator for the two ma-
trix constraints.
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Figure 7.10: Absolute performance profiles for the vertex families. The result is family-
dependent: Maze and Bimanual favor matrix standard form, IiwaShelf is close by shifted
geometric mean, and the cg_simple_4 favors vector standard form.

is therefore only modestly larger and extremely sparse as well. To demonstrate that even
a mild disruption of this phenomenon leads to performance gains, we consider adding two
dense rows of the form hT (yv, yEv) ≥ 0 to every vertex local constraint. We choose h ≥ 0,
so this constraint is completely redundant for the program: it does not change the optimal
value of the feasible set. These dense rows lead to a dense column in the vectorization of
(7.46b). We compare the effects of adding these rows in Figure 7.12. Including these rows
does almost nothing to the matrix backend as it is necessarily in dense linear algebra. On
the other hand, even this minor disruption to the sparsity leads to a more than 10% change
in the runtimes of the sparse backend.

7.6 CCosmo on the GPU
An emerging trend in convex optimization is the utilization of accelerated hardware such as
GPUs to increase the speed at which convex optimization programs can be solved. The vast
majority of this work has been focused on using the massive parallelism in a GPU to accel-
erate the solution of a single, very large, sparse program [84,111,229,232,269,270]. Recently,
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Family Vertices Vector SGM [s] Matrix SGM [s] Median Ratio Geom. ratio Matrix faster
IiwaShelf vertices 33 2.82 2.49 0.695 0.815 18/30
Bimanual 30 0.350 0.187 0.648 0.634 26/30
cg_simple_4 194 0.637 1.30 1.475 1.751 15/194
Maze 350 0.00437 0.00356 0.812 0.816 349/350

Table 7.7: Comparison of solve times for the vertex programs of GCS convex relaxations in
both vector standard form and matrix standard form. The median ratio is the median of
matrix standard form solve time divided by vector standard form solve time. Ratios below
1 indicate that the matrix solve was faster. We see that for the denser families, the matrix
backend outperforms the vector backend.
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Figure 7.11: Accumulated time in each step of Algorithm 5 across all vertices in different
families. We compare solving the programs from the GCS convex relaxations using the matrix
standard form backend against the vector standard form backend. Almost the entirety of the
discrepancy in solve times is accounted for by the difference in performing the linear solve.

there has been interest in using the parallel capabilities of the GPU for solving batches of
optimization programs [237,238]. These batched settings occur naturally in robotics such
as when performing trajectory optimization [271], collision detection [117,152], or when em-
bedding optimization problems as a layer in a neural network [272]. In some instances, a
batch of optimization programs is structurally identical: the operators P , A and C have
the same shape and non-zeros, but different values, and the set K is the same. In other
instances, such as in collision detection, the programs in the batch may differ structurally.
The heterogeneous batch setting is typically handled by simply padding smaller instances
up to the size of the largest instances.

GPUs achieve their superior numeric throughput compared to CPUs by combining much
higher on-chip parallelism with a memory system built to sustain that parallelism. A CPU
is designed primarily to minimize the latency of a relatively small number of threads. To do
this, it spends a large fraction of its chip area on deep cache hierarchies, branch prediction,
out-of-order execution, and other control mechanisms that help a single thread make progress
quickly even on irregular code. A GPU makes the opposite tradeoff. It devotes much
less area to sophisticated per-core control and caching and instead uses that silicon budget
for substantially more, but simpler cores and a much wider memory system. When an
algorithm exposes significant independent work, a GPU is able to perform substantially more
calculations than a CPU, hiding latency by switching between threads that are ready to run.
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Figure 7.12: Ratio of solve times between the matrix-standard to vector forms before and
after adding two dense rows to the right factor of AXB. Ratios below one favor the matrix
standard form solver. This dense cut affects the efficiency of the vector standard form solver
much more than the matrix standard form solver, leading to a relative speedup of the matrix
standard form solver.

The GPU pairs substantially more cores with substantially higher memory bandwidth to
ensure that the cores can stream data quickly enough to avoid stalling.

The result is that GPUs excel at processing highly regular, massively parallel workloads
with regular memory accesses and uniform control flow. In principle, this makes trivially
parallelizable batch workflows, such as solving batches of convex optimization problems,
ideal candidates for acceleration using a GPU. The most natural way to parallelize Algo-
rithm 5 over a batch of (7.10) is to simply batch the operations of Algorithm 5 and run
the entire batch in lockstep. This can be an effective strategy, particularly for structurally
identical batches, and is the approach implemented by [237,238] for performing one loop of
Algorithm 5.

On the other hand, even structurally identical convex programs can require substantially
different numbers of iterations to converge. In the case when some programs converge sub-
stantially faster than others, the GPU is either left performing unnecessary work on the
already converged programs or we must implement a masking scheme to ensure that the
GPU skips work on these programs. Both result in underutilization of the GPU: the former
by doing unnecessary work and the latter by affecting the way the GPU must access memory.

Another way to achieve parallelism would be to consider the entire loop of Algorithm 5
as a single workflow and batch across the entire ADMM loop. Even in this setting, it is not
trivial to obtain good performance on the GPU due to the complex branching that occurs in
the loops, particularly in the convergence checks. Nevertheless, in this section we show that
batching solves by treating Algorithm 5 as a single workflow can be an effective strategy.
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7.6.1 A Primer on GPU Architectures

We briefly review the organization of the GPU programming model as implemented in
Nvidia’s Cuda programming language as it will be highly relevant to describing our im-
plementation. The interested reader is referred to [273] for details.

The basic unit of work launched on a GPU is a kernel, which specifies a function that is
executed by many threads. The threads of a kernel are organized into blocks, and the group
of blocks is organized into a grid.

Threads in the same block cooperate, executing in a single-instruction, multiple-thread
(SIMT) fashion; all threads in a block execute the same instruction on different data every
cycle. When threads in a block follow different data-dependent branches, the block must ex-
ecute those branches serially, so irregular control flow reduces effective throughput.5 Threads
in a block can cooperate by synchronizing memory accesses. This can either be done by ac-
cessing the global memory or through a local cache known as shared-memory, an explicitly
managed cache that is much faster to access than the global memory when used correctly.

As threads in the same block are meant to cooperate, the fundamental unit of independent
work on a GPU is a block. Blocks can be scheduled for execution in any order, and are
scheduled for execution on streaming multiprocessors (SM), the fundamental hardware unit
on a GPU. An SM is the basic compute engine of the GPU: it contains the arithmetic units
that execute instructions and all threads in a block are guaranteed to execute on the same
SM. A block remains on an SM until it is completed. The SM is the physical location of the
shared memory used by threads in a block, and the number of blocks that can be scheduled
onto the same SM is limited by the number of threads in a block, the amount of shared
memory requested, and the complexity of the function executed by the block.

Finally, the kernel blocks are organized into a grid. Blocks in the grid are largely in-
dependent and the kernel is considered complete once all the blocks in the grid have been
executed on the SMs.

Optimizing GPU throughput amounts to ensuring that all blocks in the kernel have
sufficient work to continue saturating the GPU. An important part of ensuring blocks can
perform work is optimizing memory access. In the CUDA programming model, there are
three types of memory: the host (CPU) memory, the device (GPU) global memory, and the
aforementioned shared memory within a block. Accessing data on the CPU from the GPU
is by far the slowest type of memory access, as it requires physical transfer of data between
two devices. Within the device, global memory is large and offers high aggregate bandwidth,
but it is still physically separate from an SM’s memory; uncached accesses incur hundreds of
clock cycles of latency, so performance depends strongly on coalescing accesses across blocks
and on having enough active blocks for the scheduler to hide this latency [274].

If threads in the same block repeatedly reuse the same data, e.g. when performing matrix
multiplication, it can be worth staging chunks of global memory into shared memory which
is physically located on the SM where the block is running. Shared-memory latency can be
roughly 100 times faster than global memory, but the physical transfer of the data consumes
cycles.

Besides the latency of transferring the shared memory, a further trade-off is that shared
5Technically this is true at the level of warps not blocks. Warps are groups of 32 threads which are

physically executed at the same time by an SM.

174



memory is scarce, and requesting large amounts of it reduces the number of blocks that
can reside concurrently on an SM and thus execute in parallel. Finally, global memory
persists across kernel launches, while shared memory lasts only for the lifetime of a block
and therefore does not persist between kernel launches.

Jointly optimizing the transfer of data across these different regions of memory as well
as maximizing the throughput of a block is essential for achieving good performance.

7.6.2 Cuda Implementation

We consider a Cuda implementation of Algorithm 5 for problems in the form (7.3) without
explicit C(x) = d constraints6. We denote by Pi, Ai, bi and Ki the data for the ith program.
The jth cone in the ith program is denoted by Kij. As GPUs are optimized for regular
workflows with predictable memory access, we assume that (7.3) has been specified using
dense data matrices. However, we do not assume that every program is structurally the
same size.

In contrast to prior work which launches a separate kernel for each step of (7.3) [237,238],
we fuse the entire loop Algorithm 5, including the convergence check, into a single kernel.
As the fundamental unit that can be scheduled independently by the GPU is a block, we
consider an implementation of Algorithm 5 where each program is assigned to a single block.
That is to say, all threads in a block cooperate to execute the linear system solve Line 5.4,
the cone projection Line 5.5, vector additions, and matrix-vector multiplications.

As Algorithm 5 executes many passes over the data, we consider an architecture where all
data and solver state for a single program is loaded into shared memory for the entire duration
of the solve. This maximizes the speed with which we can perform the computations for a
single program but fundamentally limits the size of the programs we can solve. Moreover,
this architecture may reduce the overall amount of parallelism that we can achieve on the
GPU as it limits the number of blocks which can be scheduled concurrently on the SM.

We make heavy use of Nvidia’s cuSolverDx and cuBLASDx libraries, which allow for
fusing basic linear algebra functions into larger kernels. These libraries require knowing the
size of the data at compile time. Therefore, our current implementation supports programs
with n ∈ {2, 4, 8, 16, 32, 64} variables and m ∈ {2, 4, 8, 12, 16, 24, 32, 48, 64} constraints, with
further sizes being available for compilation for larger GPUs. Programs which do not fit into
these sizes are automatically padded to the next supported size. When solving a heteroge-
neous batch, a separate kernel is launched for every supported size.

We now turn our attention to the details of the implementation of the two most compu-
tationally intense steps Line 5.4 and Line 5.5.

Factoring and Solving the Linear System To execute Line 5.4, we solve (7.24) by
computing a Cholesky factorization of the matrix operator. The initial factorizations are
done by a call to Nvidia’s cuSolver potrfBatched function.

We use Nvidia’s optimized implementation of forward-backward triangular solving via
cuSolverDx to fuse the solve into the larger kernel. This requires the data matrices and
program state to be loaded into shared memory and also requires knowing the size of the

6Zero constraints are included in the constraints A(x)− b block and get a dual variable
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Workload Num
instances CPU (ms) GPU prep (ms) GPU solve (ms) D2H (ms) Mean iters

CPU/GPU
Solve

Speedup
End-to-end
Speedup

cg_simple_4 8522 1830.34 160.44 227.14 213.65 90.9 / 92.6 8.06x 3.04x
cg_maze_b1 (25k pre-
fix)

25000 5985.10 338.75 672.57 558.23 130.7 / 132.1 8.90x 3.81x

Maze 30_10_48 ver-
tices and edges

3916 78.25 163.90 21.34 120.62 22.3 / 22.3 3.67x 0.26x

Maze 30_10_48 edges
only

3016 51.34 186.59 10.54 94.43 20.0 / 20.0 4.87x 0.18x

Maze 30_10_48 ver-
tices only

900 34.94 210.54 13.38 30.51 30.1 / 30.1 2.61x 0.14x

Table 7.8: Performance of the Cuda port of CCosmo on heterogeneous batches of small pro-
grams. The GPU solve time is only the device factorization time plus the solve-kernel
time. GPU prep is only host-to-device upload plus device allocation/setup. The end-to-end
speedup divides the CPU solve time by GPU prep, GPU solve, and device-to-host (D2H)
readback; host packing, host setup, constructor-time factorization, and host finalization are
excluded as overhead.

data matrices at compile time. This is the primary technical reason that we support only a
fixed number of program sizes.

Projection Onto Cones In the current implementation, we support only the zero set,
the nonnegative orthant, bounding boxes, and Lorentz cones. We assume there is a single
block of each of the zero set, the nonnegative orthant, and the bounding-box constraints, of
sizes nO, nR+ , and n[l,u], respectively. Projection onto these sets is trivially parallelized using
strided elementwise passes.

Projection onto large Lorentz cones is done using a blockwise reduction; all threads in
the block cooperate to compute the projection. Projection onto small Lorentz cones is done
using warpwise reductions.

Convergence Checks We support only optimality checks in the current implementation.
The necessary matrix-vector products are computed using Nvidia’s cuBlasDx library which
provides optimized BLAS implementations for fusing into larger kernels. Again, these require
known, compile-time sizes of the program at hand.

Enhancements To avoid introducing more complexity into the kernel code, which may
affect GPU occupancy, we do not implement any additional enhancements to the base algo-
rithm Algorithm 5. As our assumption is that programs are small enough to fit in the shared
memory of a block, we see in practice that using the unenhanced versions is sufficient.

7.6.3 Results

In Chapter 9 we consider an algorithm for solving GCS instances which involves repeatedly
solving a convex program at every vertex and every edge. We also introduce a benchmark
of instances in Section 9.3, some of which will have hundreds to thousands of vertices and
edges associated to small programs. Here, we test the viability of accelerating the algorithm
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Figure 7.13: Stacked timing view of the CPU and GPU times for the large-batch workloads
in Table 7.8. The GPU bar stacks GPU solve time, GPU prep, and device-to-host readback.
Even with orchestrating the data between the GPU and CPU, we get substantial speedups
on these instances.

in Chapter 9 by parallelizing the solution of the convex programs using the GPU. All exper-
iments in this subsection were run on an Nvidia GeForce RTX 3060 Laptop GPU (6 GiB
VRAM, compute capability 8.6) and an 11th Gen Intel Core i9-11980HK CPU. Our results
are summarized in Table 7.8. In short, on large, dense, heterogeneous batches, we achieve
close to a 3 − 9× speedup over solving the batch on a CPU. These results are comparable
to those in [237, §4.2] which report similar speedups, albeit in their case they achieve a 5×
speedup when comparing parallelism on a GPU against serially solving on the CPU.

In the current implementation, much of the gain for very small programs can be erased by
the orchestration of the data transfer between the GPU and the CPU. The work outside the
GPU solving kernel erases about 50% of the speedup benefit for batches with large programs
and completely erases the benefits for small programs. We provide an in-depth breakdown
of the time of the GPU operations in Appendix B.3. Tables Tables B.3 and B.5 indicate we
are using only 12 − 54% of the memory bandwidth to transfer solutions back to the CPU,
which is where the most time is lost.

We consider three examples. In all cases, we add a quadratic error cost to each vertex
and edge program to ensure that the solution is not trivial7.

In the first, all 8522 vertex and edge programs of the cg_simple_4 instances were solved
7At the vertices, we use the original program, not the vertex program from the GCS convex relaxation

which is much larger.
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Family Num instances Num vars Num constraints A nonzeros A density Cone mix
Vertex V1 60 15 50 100 13.3% R38

+ × L12

Vertex V2 96 16 58 114 12.3% R45
+ × L13

Vertex V3 36 17 66 132 11.8% R52
+ × L14

Start vertex 1 5 10 18 36.0% O4 × L6

Goal vertex 1 5 10 18 36.0% R4
+ × L6

Edge E1 1200 21 26 70 12.8% O4 × L22

Edge E2 2880 22 27 71 12.0% O4 × L23

Edge E3 2640 23 28 76 11.8% O4 × L24

Edge E4 1296 24 29 77 11.1% O4 × L25

Edge E5 288 25 30 82 10.9% O4 × L26

Edge E6 14 15 20 52 17.3% O4 × L16

Edge E7 10 16 21 53 15.8% O4 × L17

Table 7.9: Families of programs in cg_simple_4.

Family Num instances Num vars Num constraints A nonzeros A density Cone mix
Vertex V1 196 15 50 100–108 13.7% mean R38

+ × L12

Vertex V2 329 16 58 110–142 13.0% mean R45
+ × L13

Vertex V3 101 17 66 132 11.8% R52
+ × L14

Start vertex 1 5 10 18 36.0% O4 × L6

Goal vertex 1 5 10 18 36.0% R4
+ × L6

Edge E1 8257 21 26 70 12.8% O4 × L22

Edge E2 10376 22 27 71 12.0% O4 × L23

Edge E3 4926 23 28 76 11.8% O4 × L24

Edge E4 767 24 29 77 11.1% O4 × L25

Edge E5 35 15 20 52 17.3% O4 × L16

Edge E6 11 16 21 53 15.8% O4 × L17

Table 7.10: Families of programs in the first 25, 000 regularized local programs from
cg_maze_b1, taken in deterministic vertex-then-edge order.

as a single batch. In Table 7.9, we report the different families of programs the 8522 programs
partition into. We note that these programs exhibit heterogeneity at a structural level.
Nevertheless, on these instances we achieve about an 8 − 8.9× speedup relative to solving
the programs in parallel on the CPU. However, this performance difference drops to only
3− 3.8× if we include the overhead.

The second batch of instances is from the even larger cg_maze_b1 instances. This instance
has over 50, 000 edge and vertex programs, and so the entire batch is too large to fit on the
GPU’s VRAM. Instead, we solve the first 25, 000 programs. In Table 7.10, we report the
precise breakdown of the different families of problems the 25, 000 problems fall into. Again,
we see heterogeneity across the batch, with larger vertex programs, but more complex edge
programs. We attain a similar performance increase of almost 9× the CPU baseline, but
about half of this performance gain is wiped out if we include the time to transfer data to
and from the GPU.

The results on the cg_simple_4 and cg_maze_b1 are visualized in Figure 7.13.
Finally, we consider the cost of solving only the edge and vertex programs for a large

member from the Maze examples. The description of each problem is given in Table 7.11. In
this case, the programs are extremely small, less than 5 variables per vertex or edge and only
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Figure 7.14: Stacked timing view of the CPU and GPU times for the Maze 30_10_48 work-
loads in Table 7.8. The GPU bar stacks GPU solve time, GPU prep, and device-to-host
readback. The overhead of orchestrating the data drowns out the advantage from solving on
the GPU.

Family Num instances Num vars Num constraints A nonzeros A density Cone mix
Vertex V1 898 5 11 13 23.6% R8

+ × L3

Boundary vertex 2 5 9 11 24.4% O2×R4
+×

L3

Edge E1 3016 10 2 4 20.0% O2

Table 7.11: Families of programs in the Maze 30_10_48.

a handful of constraints. In this situation, we obtain a speedup of 2.5 − 5× if we consider
only solve time, but are only 0.2× faster (which is a slowdown) if we consider data transfer
times. The reason for the discrepancy is that the 3016 edge programs are so small and solved
so quickly that the data transfer times dominate.

To see this discrepancy, we also report the time taken to solve the 900 vertex programs
separately from the 3016 edge programs. The vertex programs achieve a 2.61× speedup in
solve times, with an overall speedup of 0.14× when data transfer times are included, com-
pared to the edge programs which achieve a 0.18× speedup. The results on these instances
are visualized in Figure 7.14.

7.7 Conclusion
In this chapter, we introduced CCosmo, a family of C++ implementations of a popular first-
order method for solving convex optimization programs. Our implementation is based on
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the same base algorithm as OSQP and COSMO.jl, and contains a broad family of additional
heuristic enhancements. Ablation studies demonstrate that the additional enhancements
do not conclusively improve the performance of CCosmo, and therefore our standard-form
implementation achieves comparable solve times to popular open-source solvers. Nonetheless,
as CCosmo is written in C++, it is substantially more portable than the Julia solver COSMO.jl.

In addition to the standard-form solver, CCosmo also introduces a specialized path for
programs in a particular matrix-standard form. This form allows CCosmo to use a specialized
dense matrix linear algebra backend for its most expensive step and we show that this can
give benefits even when solving sparse programs.

Finally, we introduced a Cuda implementation of CCosmo for solving large batches of small
programs. We demonstrate that the implementation can reduce solve times by about 3−9×,
but that orchestrating the data between the CPU and GPU can add substantial overhead
that can wipe out much of this gain.

Overall, this chapter contributes a substantial engineering effort stress testing a popular
algorithm for solving convex optimization programs in the literature.

7.8 Deferred Proofs

7.8.1 Duality in Convex Quadratic Programs

We prove the duality between (7.1) and (7.2). Without loss of generality, we can assume there
is no constraint C(x)− d = 0 since we can simply append these constraints to A(x)− b ∈ K.

Proof 7.1. We write (7.1) as

min
x
P(x) + ⟨q, x⟩+ δK(A(x)− b) (7.47)

Since K is closed and convex, Fenchel conjugacy [20, Theorem 13.2] gives

δK(z) = sup
λ

(
−⟨λ, z⟩+ inf

w∈K
⟨λ,w⟩

)
. (7.48)

Therefore (7.47) becomes

min
x

sup
λ

(
P(x) + ⟨q, x⟩ − ⟨λ,A(x)− b⟩+ inf

w∈K
⟨λ,w⟩

)
. (7.49)

The corresponding dual function is

g(λ) = inf
w∈K
⟨λ,w⟩+ inf

x
(P(x) + ⟨q, x⟩ − ⟨λ,A(x)− b⟩)

= ⟨λ, b⟩+ inf
w∈K
⟨λ,w⟩+ inf

x
(P(x) + ⟨q, x⟩ − ⟨A∗(λ), x⟩) .

If this infimum is finite and attained, first-order optimality requires

∇P(x) + q −A∗(λ) = 0

=⇒ ∇P(x) + q = A∗(λ)
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Plugging this into the inner objective gives

P(x) + ⟨q, x⟩ − ⟨A∗(λ), x⟩
P(x) + ⟨q, x⟩ − ⟨∇P(x) + q, x⟩

P(x)− ⟨∇P(x), x⟩
P(x)− 2P(x)
−P(x)

where ⟨∇P(x), x⟩ = 2P(x) by Euler’s theorem for homogeneous functions. Therefore

g(λ) = ⟨λ, b⟩ − P(x) + inf
w∈K
⟨λ,w⟩

whenever ∇P(x) = A∗(λ)− q. This gives (7.2). Finally,

inf
w∈K
⟨λ,w⟩ > −∞ ⇐⇒ λ ∈ (K∞)∗ ,

so the additional term in the dual objective is finite precisely on the stated dual feasible set.

7.8.2 Proof of Cone Projection

Proof 7.2. If D = ρ2T ∗T where T is an automorphism of K, then

Ds(ŝ− s̃+ u) = ρ2⟨T (ŝ− s̃+ u), T (ŝ− s̃+ u)⟩
= ρ2⟨T (s̃)− T (ŝ+ u), T (s̃)− T (ŝ+ u)⟩

Letting z = T (ŝ+ u) and s̆ = T (s̃), our problem reduces to

min
s̆
∥s̆− z∥22

subject to T −1(s̆) ∈ K

Since T is an automorphism, T −1(s̆) ∈ K ⇐⇒ s̆ ∈ K. Therefore, s̆∗ = ΠK(z). Substituting
back into the original variables, we obtain

s̆∗ = ΠK(z) =⇒ s̃ = (T −1 ◦ ΠK ◦ T )(ŝ+ u)

7.8.3 Proof of Proposition 4

We recall our definitions

P̂ = P ◦ Sx, q̂ = S∗
x(q),

Â = SK ◦ A ◦ Sx, b̂ = SK(b),
Ĉ = S0 ◦ C ◦ Sx, d̂ = S0(d),

and prove Section 7.4.2.
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Proof 7.3. Let L̂D̂x,D̂s
denote the augmented Lagrangian of the ADMM standard-form split

of the rescaled problem (7.38) with penalty functions D̂x and D̂s:

L̂D̂x,D̂s
((x̂, ŝ), (˜̂x, ˜̂s), û) = P̂(x̂) + ⟨q̂, x̂⟩+ 1(Â(x̂)− b̂ = ŝ) + 1(Ĉ(x̂) = d̂) + 1(˜̂s ∈ K)

+ D̂x(x̂− ˜̂x) + D̂s(ŝ− ˜̂s+ û).

Substituting

x̂ = S−1
x (x), ŝ = SK(s),

˜̂x = S−1
x (x̃), ˜̂s = SK(s̃),

û = SK(u)
and the definitions of P̂ , q̂, Â, b̂, Ĉ, d̂ give

P̂(x̂) = P(x), ⟨q̂, x̂⟩ = ⟨S∗
x(q),S−1

x (x)⟩ = ⟨q, x⟩,
1(Â(x̂)− b̂ = ŝ) = 1(SK(A(x)− b− s) = 0) = 1(A(x)− b = s),

1(Ĉ(x̂) = d̂) = 1(S0(C(x)− d) = 0) = 1(C(x) = d),

1(˜̂s ∈ K) = 1(SK(s̃) ∈ K) = 1(s̃ ∈ K),
where the last equality uses that SK is an automorphism of K. For the penalty terms,

D̂x(x̂− ˜̂x) = D̂x

(
S−1
x (x− x̃)

)
= Dx(x− x̃),

D̂s(ŝ− ˜̂s+ û) = D̂s (SK(s− s̃+ u)) = Ds(s− s̃+ u).

Therefore

L̂D̂x,D̂s
((x̂, ŝ), (˜̂x, ˜̂s), û) = LDx,Ds((x, s), (x̃, s̃), u),

where LDx,Ds is the augmented Lagrangian of (7.10) with

Dx(x) = D̂x(S−1
x (x)),

Ds(s) = D̂s(SK(s)).
Since the two formulations are related by an invertible linear change of variables, minimizing
one augmented Lagrangian is equivalent to minimizing the other, and the ADMM iterates
correspond exactly under the same change of variables.

It is worth noting that in exact arithmetic, static scaling can be achieved by simply
changing the penalty parameter. However, in finite arithmetic, factoring the matrix



S−∗
x ◦ ∇P ◦ S−1

x + S−∗
x ◦ Dx ◦ S−1

x S−1
x ◦ A∗ ◦ SK S−1

x ◦ C∗ ◦ S0
S∗
K ◦ A ◦ SK −S∗

K ◦ ∇D−1
s ◦ SK 0

S∗
0 ◦ C ◦ S−1

x 0 −δS∗
0 ◦ S0




versus 

∇P +Dx A∗ C∗
A −∇D−1

s 0
C 0 −δI




can lead to dramatically different forward and backward error due to round off. This can
lead to a difference in solver robustness.
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Chapter 8

Solving Tensor-Structured Linear
Systems

Numerical linear algebra is the core computational engine behind the vast majority of op-
timization algorithms. A central bottleneck in many algorithms, including those in the
Section 7.3.2.2 is the efficient solution of linear systems. It is therefore unsurprising that a
vast amount of research on solving linear systems exists. While many algorithms exist for
solving general linear systems, it is often the case that specialized algorithms that target a
structured subclass of linear systems can do better [275–278].

In this chapter, we take interest in systems of linear matrix equations. All systems we
consider in this chapter have some variation of the form

AXB + CXD = G. (8.1)

Such linear systems and their generalizations arise in a wide variety of contexts including
differential equations [279,280] and optics [281] and have been studied extensively [282–285].
A recent survey on the topic is given in [249].

Using the properties of the Kronecker (tensor) product (see Theorem 1), we can transform
(8.1) into the more typical form [47, Lemma 4.3.1]

((
BT ⊗ A

)
+
(
DT ⊗ C

))
vec(X) = vec(G), (8.2)

where vec(X) denotes the vector created from the matrix X by stacking the columns of X.
While this shows that solving (8.1) is no harder than solving a general linear system, in

this chapter we are interested in techniques that actually exploit the fact that our system has
this tensor product structure, while also leveraging the particular properties of the matrices
at hand.

8.1 Positive Semidefinite Generalized Sylvester Equations
In this section, we consider a method for solving generalized positive semidefinite Sylvester
matrix equations of the form

PlXPr +QlXQr = G, (8.3)
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where

Pl, Ql ∈ Sm
+ , Pr, Qr ∈ Sn

+

G ∈ Rm×n, X ∈ Rm×n.

Linear systems of this form arise naturally when solving matrix-structure optimization pro-
grams using CCosmo. They also arise in optics [281], the discretization of partial differential
equations [280], and other computational fields.

We describe a direct-factorization based approach to solving (8.3) which involves working
with the matrices in pairs (Pl, Ql) and (Pr, Qr). By working with these matrices in pairs, we
are able to solve dense instances in O(m3+n3) time and can avoid forming larger Kronecker
products of matrices. Additionally, our method will rely only on simple, optimized linear
algebra subroutines such as the Cholesky, singular value, and QR decompositions.

8.1.1 Related Work

Applying the Kronecker identity converts (8.3) into a standard linear system with coefficient
matrix

Pr ⊗ Pl +Qr ⊗Ql, (8.4)

so one immediate baseline is to solve the vectorized system directly [47, Lemma 4.3.1]. This
is conceptually simple, but ignores the tensor structure and incurs the cost of factorizing an
mn×mn matrix and also incurs conditioning issues due to multiplying the spectra of the P
and the Q. To avoid forming this large matrix, several possible alternative avenues exist.

As (8.3) is a positive semidefinite linear system, a wide variety of iterative Krylov sub-
space methods can be used such as the conjugate gradient method [245], MINRES [246], or
GMINRES [244]. These methods only rely on being able to apply the linear operator on the
left-hand side of (8.3) efficiently and so can scale to very large instances of (8.3). Variations
of these iterative methods specialized to the structure of (8.3), but not necessarily assuming
the positive semidefiniteness of P and Q, have recently been proposed [254,286,287].

While iterative methods are attractive for scaling to enormous instances of (8.3), direct
factorization methods are of interest when (8.3) is somewhat small or particularly poorly
conditioned. The former case occurs naturally when solving matrix optimization problems
in robotics and the latter occurs naturally in the context of solving instances of (8.3) during
an interior point method, where the linear system becomes progressively more ill-conditioned
as the algorithm iterates [288,289].

To the best of our knowledge, almost all work on direct-factorization approaches to (8.3)
has focused on the more general case when P and Q are only assumed to be square. In the
case when Pr and Ql are stably invertible, (8.3) can be converted to

Q−1
l PlX +XQrP

−1
r = Q−1

l GP−1
r , (8.5)

which is known as a Sylvester equation and can be solved using the Bartels-Stewart [283] or
Hessenberg-Schur method [284].
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Another, similar method converts (8.3) into a pair of Sylvester equations

PlR− LQr = G

QlR + LPr = 0,
(8.6)

which is also (confusingly) called a generalized Sylvester matrix equation [290]. The solution
X is recovered from either L or R by solving R = XPr or L = −QlX. Therefore, this
method only requires one of Ql or Pr to be stably invertible rather than both. Software for
solving (8.6) is available [291] in LAPACK in the function DTGSYL1.

Most similar to our method is [292]. In that work, a generalization of the Bartels-Stewart
method is presented which directly targets (8.3), again without the positive semidefinite
assumption on P and Q. Regularity conditions are given for when the solution exists in this
setting, and the method requires computing the QZ decompositions of the pairs (Pl, Ql) and
(Pr, Qr) [293]. A Fortran implementation is given in [282], with errors corrected by [294].

The main difference in our method compared to these prior works is the specialization
to the case when P and Q are positive semidefinite. We will see in this case that we can
solve (8.3) directly using only elementary factorizations such as QR, SVD, and the Cholesky
decompositions rather than relying on more esoteric factorizations such as the QZ, Schur,
and Hessenberg-Schur decompositions.

8.1.2 Conditions for Solvability

We begin by briefly stating the consistency equations for (8.3) to have any solution.

Theorem 20. A solution to (8.3) exists if and only if

G ⊥ {Z ∈ Rm×n | PlZPr = 0, QlZQr = 0} (8.7)

in the standard Frobenius norm inner product. The solution is unique if and only if {Z ∈
Rm×n : PlZPr = 0, QlZQr = 0} = {0}
Proof 8.1. Denote by A(X) = PlXPr + QlXQr. Since A can be expressed as the matrix
Pr⊗Pl+Qr⊗Ql it is positive semidefinite since the Kronecker product of two PSD matrices
is PSD as is the sum of two PSD matrices [47].

A solution to (8.3) exists if and only if G ⊥ ker(A), where we use the standard matrix
inner product ⟨X, Y ⟩ = tr(Y TX).

We characterize ker(A). Because A ⪰ 0, we get that X ∈ ker(A) if and only if
⟨A(X), X⟩ = 0

tr(XTPlXPr) + tr(XTQlXQr) = 0.

Since Pl ⪰ 0, then XTPlX ⪰ 0 and so tr(XTPlXPr) ≥ 0 since it is the inner product of
positive semidefinite matrices. The same holds for the second term and therefore each term
individually must be 0. Moreover,

tr(XTPlXPr) =
∥∥∥P 1/2

l XP 1/2
r

∥∥∥
2

F
= 0,

1https://www.netlib.org/lapack/explore-html/d4/d3b/group__tgsyl_ga96eff9d077e7600c68cd18246ca4cdc3.
html#ga96eff9d077e7600c68cd18246ca4cdc3
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which implies that PlXPr = 0 and similarly for QlXQr.
Therefore,

ker(A) = {Z | PlZPr = 0, QlZQr = 0}. (8.8)

8.1.3 Simultaneous Diagonalizations of Positive Semidefinite Ma-
trices

Our method will crucially rely on the ability to simultaneously diagonalize two positive
semidefinite matrices using congruences. We will collect a handful of these results under
different assumptions. These results appear in various forms in the literature from the late
1980s through the early 2000s. See [47,275,295] for a more detailed discussion as well as the
relationship between these results and symmetric matrix pencils.

The first theorem concerns the simultaneous diagonalization of two positive definite ma-
trices and is the strongest. This result dates back to at least Weierstrass [296]. The theorem
states that two positive definite matrices can be simultaneously diagonalized using an invert-
ible congruence and the resulting diagonal matrices are inverses of each other. The statement
is adapted from [297] and can also be found in [298] as part of a method for computing the
matrix geometric mean between two matrices.

Theorem 21. Let P, Q ≻ 0. Then there exists an invertible T and a positive diagonal
matrix D such that T TPT = D and T TQT = D−1.

In particular, if

P = LPL
T
P , Q = LQL

T
Q (8.9)

for any invertible square factors LP and LQ and

L−1
Q LP = UDV T , (8.10)

then, T can be given by either of the following expressions

T := L−T
Q UD−1/2 = L−T

P V D1/2, (8.11)

and

T−1 := D1/2UTLT
Q = D−1/2V TLT

P . (8.12)

One realization of the matrix T and its inverse T−1 can be computed using two Cholesky
factorizations and one singular value decomposition.

The proof of Theorem 21 is carried out by simply checking that the two expressions for
T in (8.11) are equivalent and achieve the stated diagonalization.
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Proof 8.2 (of Theorem 21). Since P and Q are positive definite, then the matrices LP and
LQ in (8.9) exist and are invertible. One instance of the decomposition (8.9) can be computed
using the Cholesky decomposition.

To see the equivalence of the two expressions for T in (8.11), note that from (8.10) we
have

L−1
Q = UDV TL−1

P (8.13)

=⇒ T =
(
L−T
P V DUT

)
UD−1/2 = L−T

P V D1/2, (8.14)

where the implication follows from plugging (8.13) into (8.11).
To see T achieves the claimed diagonalization, we expand using the most convenient form

of T

T TPT = (D1/2V TL−1
P )LPL

T
P (L

−T
P V D1/2) = D (8.15)

T TQT = (D−1/2UTL−1
Q )LQL

T
Q(L

−T
Q UD−1/2) = D−1. (8.16)

In the case where P ≻ 0 but Q ⪰ 0, we will not be able to diagonalize to D and its
inverse, but instead can diagonalize to I and some other matrix D. This result appears in
[275, Algorithm 8.7.1].

Theorem 22. Let P ≻ 0 and Q ⪰ 0. Then there exists an invertible T and a nonnegative
diagonal matrix D such that T TPT = I and T TQT = D.

In particular, if

P = LPL
T
P (8.17)

and

L−1
P QL−T

P = UDUT , (8.18)

then

T = L−T
P U, (8.19)

and

T−1 = UTLT
P . (8.20)

Proof 8.3 (of Theorem 22). We again verify the statement by expanding the expression T TPT
and T TQT

T TPT = UTL−1
P LPL

T
PL

−T
P U = I

T TQT = UTL−1
P QL−T

P U = UTUDUTU = D.
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Notice that if we are in the case that P, Q ≻ 0 as in Theorem 21 we can instead
apply Theorem 22. The reason Theorem 21 can be preferable is that it treats P and Q
symmetrically. Moreover, it avoids forming the L−1

P QL−T
P which can have a squaring effect

on the condition number. It is worth noting that when P, Q ≻ 0, then a factorization
of the type Theorem 21 can be recovered from Theorem 22 by post-multiplying the T in
Theorem 22 with D−1/4.

The case when both P and Q are only positive semidefinite requires a bit more care.
In this case, since conjugacy preserves the signature, we will not be able to diagonalize
either matrix to strictly positive diagonal. However, we will be able to diagonalize the part
orthogonal to the common null space.

Theorem 23. Let P, Q ∈ Sn
+. Suppose that ker(P )∩ ker(Q) has dimension k and let W be

an n× (n− k) matrix with columns forming a basis of (ker(P ) ∩ ker(Q))⊥.
Then there exists an invertible matrix T̃ and a diagonal matrix D of size n− k such that

T̃ TW TPWT̃ = D, T̃ TW TQWT̃ = I −D,

where the diagonal entries di ∈ [0, 1].

Proof 8.4. Let P̃ = W TPW and Q̃ = W TQW . Since W is a basis (ker(P ) ∩ ker(Q))⊥, then
ker(P̃ ) ∩ ker(Q̃) = {0}. Therefore, P̃ + Q̃ ≻ 0 and so we can compute

P̃ + Q̃ = LLT .

Computing the eigendecomposition

L−1P̃L−T = UDUT

and selecting T̃ = L−TU yields

T̃ T P̃ T̃ = UTL−1P̃L−TU = D

T̃ T Q̃T̃ = T̃ T (LLT − P̃ )T̃ = UTU −D = I −D.

The fact that di ∈ [0, 1] follows from the fact that conjugacy cannot change the signature of
Q̃ and so I −D ∈ D+.

Choosing T = WT̃ yields the desired diagonalization. Notice that T is not invertible,
but T̃ is.

The results of Theorems 21, 22 and 23 are summarized in Tables 8.1, 8.2 and 8.3 re-
spectively. In the table, we also summarize the actual linear algebra subroutines needed to
compute the diagonalizing factorizations in each case. We specialize the results to a few
common cases such as when the PSD matrices P and Q are presented as Gram matrices
P = ATA and Q = BTB as well as when P ∈ D++.
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P ≻ 0, Q ≻ 0

Structure Transform Compute from
P and Q general If P = LPL

T
P , Q = LQL

T
Q, and

L−1
Q LP = UDV T , then

T = L−T
Q UD−1/2 = L−T

P V D1/2

Cholesky of P , Cholesky of
Q, and 1 SVD

P = ATA and
Q = BTB

If A = Q̂ARA, B = Q̂BRB, and
R−T

B RT
A = UDV T , then

T = R−1
B UD−1/2 = R−1

A V D1/2

QR of A, QR of B, and 1
SVD

P ∈ D++ and Q
general

If P−1/2QP−1/2 = UΣUT , then
T = P−1/2UΣ−1/4 gives T TPT = Σ−1/2

and T TQT = Σ1/2

1 SVD

P ∈ D++ and
Q = BTB

If BP−1/2 = UΣV T , then
T = P−1/2V Σ−1/2 gives T TPT = Σ−1 and
T TQT = Σ

1 SVD

Table 8.1: Simultaneous diagonalization summary for P ≻ 0 and Q ≻ 0

P ≻ 0, Q ⪰ 0

Structure Transform Compute from
P and Q general If P = LPL

T
P and L−1

P QL−T
P = UDUT ,

then T = L−T
P U

Cholesky of P and 1 SVD

P = ATA and
Q = BTB

If A = Q̂ARA and R−T
A BTBR−1

A = UDUT ,
then T = R−1

A U
QR of A and 1 SVD

P ∈ D++ and Q
general

If P−1/2QP−1/2 = UDUT , then
T = P−1/2U

1 SVD

P ∈ D++ and
Q = BTB

If BP−1/2 = UΣV T , then T = P−1/2V ,
giving T TQT = Σ2

1 SVD

Table 8.2: Simultaneous diagonalization summary for P ≻ 0 and Q ⪰ 0

8.1.4 Solving the Equation

Equipped with the simultaneous diagonalization results of Section 8.1.3, we can now state
a direct factorization procedure for solving (8.3). The method first compresses away the
common nullspaces of the pairs (Pl, Ql) and (Pr, Qr), then simultaneously diagonalizes the
compressed pairs, and finally solves the resulting diagonal equation entrywise. The final
solution is obtained by reversing the diagonalizing transform. The procedure is formalized
in Algorithm 6.

Line 6.2 may be implemented with a rank-revealing QR factorization of Pi + Qi, since
ker(Pi +Qi) = ker(Pi) ∩ ker(Qi) for positive semidefinite matrices. If the common kernel is
already known to be trivial, one may simply take Wi = I. Line 6.4 can be carried out using
any of the constructions in Theorems 21, 22 and 23. In implementation, it is preferable to
store only the triangular, unitary, and diagonal factors needed to apply Ti and T T

i , rather
than forming Ti explicitly. Accordingly, line Line 6.7 amounts to triangular solves, unitary
transformations, and, when present, diagonal scalings.

The proof that Algorithm 6 solves (8.3) is given next.
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P ⪰ 0, Q ⪰ 0

Structure Transform Compute from
P and Q general Compute W , a basis for the range P +Q

from a QR. Let P̃ = W TPW ,
Q̃ = W TQW , P̃ + Q̃ = LLT , and
L−1P̃L−T = UDUT , then T = WT̃ with
T̃ = L−TU

QR of P +Q, Cholesky of
P̃ + Q̃, and 1 SVD

P = ATA and
Q = BTB

Let W come from a QR of
[
AT BT

]
. If[

AW
BW

]
= Q̂LT and

L−1(AW )T (AW )L−T = UDUT , then
T = WL−TU

QR of
[
AT BT

]
, QR of[

AW
BW

]
, and 1 SVD

P ∈ D+ and Q
general

Let W span (ker(P ) ∩ ker(Q))⊥. If
P̃ = W TPW , Q̃ = W TQW , P̃ + Q̃ = LLT ,
and L−1P̃L−T = UDUT , then
T = WL−TU

QR of P +Q, Cholesky of
P̃ + Q̃, and 1 SVD

P ∈ D+ and
Q = BTB

Let W come from a QR of
[
P 1/2 BT

]
. If[

P 1/2W
BW

]
= Q̂LT and

L−1W TPWL−T = UDUT , then
T = WL−TU

QR of
[
P 1/2 BT

]
, QR of[

P 1/2W
BW

]
, and 1 SVD

Table 8.3: Simultaneous diagonalization summary for P ⪰ 0 and Q ⪰ 0

Proposition 5. Let X denote the matrix returned by Algorithm 6, assuming it succeeds. If
(8.3) is consistent, then X is a solution to (8.3).

Proof 8.5 (of Proposition 5). Since Wl and Wr are bases for (ker(Pi) ∩ ker(Qi))
⊥, then we

have that

PlXPr +QlXQr = PlWlW
T
l XWrW

T
r Pr +QlWlW

T
l XWrW

T
r Qr.

Letting
X̃ := W T

l XWr, (8.21)

substituting (8.21) into (8.3), and multiplying on the left by W T
l and on the right by Wr

yields

W T
l PlWlX̃W

T
r PrWr +W T

l QlWlX̃W
T
r QrWr = W T

l GWr (8.22)

P̃lX̃P̃r + Q̃lX̃Q̃r = G̃, (8.23)

where G̃ := W T
l GWr.

Since Tl and Tr are invertible, multiplying the reduced equation on the left by T T
l and

on the right by Tr, and substituting X̃ = TlT
−1
l X̃T−T

r T T
r gives

T T
l P̃lTlT

−1
l X̃T−T

r T T
r P̃rTr + T T

l Q̃lTlT
−1
l X̃T−T

r T T
r Q̃rTr = T T

l G̃Tr (8.24)

DPl
X̂DPr +DQl

X̂DQr = Ĝ, (8.25)
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Algorithm 6: Direct factorization method for (8.3)
Input: Pl, Ql ∈ Sm

+ , Pr, Qr ∈ Sn
+, and G ∈ Rm×n.

Output: A matrix X satisfying (8.3) if it exists.

6.1 for i ∈ {l, r} do
6.2 Compute an orthonormal matrix Wi whose columns form a basis for

(ker(Pi) ∩ ker(Qi))
⊥

6.3 Set P̃i ← W T
i PiWi and Q̃i ← W T

i QiWi

6.4 Compute an invertible matrix Ti and diagonal matrices DPi
and DQi

such that
T T
i P̃iTi = DPi

and T T
i Q̃iTi = DQi

6.5 if G ̸= WlW
T
l GWrW

T
r then

6.6 report that (8.3) is inconsistent and stop

6.7 Set Ĝ← T T
l W

T
l GWrTr

6.8 for each entry (i, j) of Ĝ do
6.9 dij ← dPl,idPr,j + dQl,idQr,j

6.10 if dij > 0 then

6.11 x̂ij ←
ĝij
dij

6.12 else
6.13 if ĝij ̸= 0 then
6.14 report that (8.3) is inconsistent and stop

6.15 Set x̂ij ← 0

6.16 Set X ← WlTlX̂T
T
r W

T
r and return X

where
X̂ := T−1

l X̃T−T
r , Ĝ := T T

l G̃Tr. (8.26)
We have used the fact that Ti simultaneously diagonalizes P̃i and Q̃i.

Because DPl
, DQl

, DPr , and DQr are diagonal, this equation decouples entrywise as

dPl,ix̂ijdPr,j + dQl,ix̂ijdQr,j = ĝij (8.27)
(dPl,idPr,j + dQl,idQr,j)x̂ij = ĝij. (8.28)

In the case that (dPl,idPr,j + dQl,idQr,j) = 0, (8.27) is inconsistent if ĝij ̸= 0, which is
Line 6.14. Otherwise, we can set x̂ij arbitrarily and so we can choose it to be 0. If
(dPl,idPr,j + dQl,idQr,j) ̸= 0, then

x̂ij =
ĝij

dPl,idPr,j + dQl,idQr,j

. (8.29)

This is the entrywise formula used in Algorithm 6 to construct X̂.
Recovering X̃ and X from (8.26) and (8.21) gives

X̃ = TlX̂T
T
r (8.30)

X = WlX̃W
T
r , (8.31)
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which is the matrix returned by the algorithm. By construction this satisfies

W T
l (PlXPr +QlXQr)Wr = W T

l GWr

Finally, since the equations must be consistent, otherwise the algorithm would not have
returned an answer. Therefore, we have that WlW

T
l GWrW

T
r = G since G ⊥ {Z ∈ Rm×n |

PlZPr = 0, QlZQr = 0} by Theorem 20. This concludes the proof.

8.1.5 Results

We compare the direct factorization methods of Algorithm 6 against two baselines

1. We lift (8.3) to the Kronecker system (8.4) and compute a triangular factorization
of (8.4). When (8.4) is positive definite a Cholesky factorization is used, with an
approximate minimum degree (AMD), fill-reducing order used if the P and Q matrices
are sparse. If (8.4) is positive semidefinite a pivoted LU decomposition is used.

2. We use the algorithm described in [282] which makes no assumptions on the structure
of P and Q in (8.3) besides that the system has a unique solution. In the positive
semidefinite case, we do not compare to this method.

Frequently, linear systems are factored once and solved for many right-hand sides. In
these cases, the initial cost of the factorization can be amortized over many solves. Therefore,
in our comparisons we measure both the setup time and the solve time. The setup time is
the amount of time needed to assemble all matrices in a given method and compute any
factorizations. The solve time is the amount of time needed to actually perform all triangular
solves and backsubstitutions. All experiments are performed on an 11th Gen Intel Core i9-
11980HK CPU with 64 GiB RAM and times are reported as the median over 10 runs.

8.1.5.1 Dense Square Matrices

We begin by considering instances of (8.3) where both the left and right factors are the same
size Pl, Pr, Ql, Qr ∈ Sn. We consider

n ∈ {8, 12, 16, 24, 32, 40, 48, 56, 64}.
We compare four random families for each of the left pairs and the right pairs. This results

in 16 experiments per size. For each experiment, we choose a target condition number κ and
select eigenvalues λi = κ−

n−i
n−1 so that λ1 = λ−1 and λn = 1. We also generate the vector

ν = αλ where α is drawn uniformly at random from [0.5, 2]. We then generate the following
matrices

1. Dense/Dense: P and Q are generated by drawing random unitary matrices U and V
and setting P = UT diag(λ)U and Q = V T diag(ν)V .

2. Gram/Gram: We choose d < n and draw a random unitary matrix U . We keep its first
r := n − d columns as the matrix Ur. We draw two more random r × r unitaries VA
and VB and form A = diag(

√
λ1, . . . ,

√
λr)VAU

T
r and B = diag(

√
ν1, . . . ,

√
νr)VBU

T
r .

Set P = ATA and Q = BTB. In the experiments, we work directly with A and B. We
do not use the algorithm from [282] for this case, since the solutions are non-unique.
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Figure 8.1: Comparison of the proposed method (in blue) against the method of [282] (in
green) and Kronecker vectorization (in red). The hatched portion denotes setup time and
the solid portion denotes solve time.

3. Diag/Dense: P is chosen as diag(λ) and Q is generated as in the Dense/Dense case.

4. Diag/Gram: P is chosen as diag(λ), B = diag(ν)U where U is a random unitary and
Q = BTB.

We generate our matrices G by choosing X⋆ with each of its entries drawn i.i.d. from a
standard normal distribution and computing G = PlX⋆Pr +QlX⋆Qr.

In the Dense/Dense case, we will always use the diagonalizing factorization from Theo-
rem 23 in every case besides when P ∈ D++ where we will use the special case outlined in
Table 8.1. This choice is justified in Section 8.1.5.3.

Our results are summarized in Figure 8.1. Across all tested families, the proposed direct
method is consistently faster than the Kronecker baseline, with two or three orders of mag-
nitude separation in total wall-clock time once n ≥ 64. This is unsurprising as the proposed
method scales as O(n3) while the Kronecker baseline scales as O(n6). We also consistently
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outperform the algorithm from [282] due to the fact that we are leveraging the positive
semidefinite nature of our matrices. For example, when all four matrices are dense and
n = 64, our method requires a median of 2.67ms to solve the problem, while the algorithm
from [282] requires a median of 10.37ms, and the Kronecker method requires 1.76s to solve.

Further speedups are attained by exploiting the Gram and diagonal structures. For
example, when the left pair is Diag/Dense and the right pair is Diag/Gram, our method
requires only 2.59ms, compared to 14.43ms for [282], and 1.50s for the Kronecker method.

In all cases, the total solve time is dominated by the initial factorization. However, it
is worth noting that the algorithm from [282] actually takes less time to perform the initial
factorization than both the Kronecker baseline and our method when both matrices in a pair
are dense. This is because it is only reducing the left and right factors to a quasi-triangular
form rather than diagonal as in our method. This cost saving during factorization is not
justified since the time to solve after the factorization is substantially increased. Indeed,
the Kronecker baseline takes less time during the solve phase than the method in [282] and
therefore could become competitive should a very large number of right-hand sides need to
be solved. By contrast, our method is the fastest method for a single solve, where both
factorization and actual solving need to occur, and for subsequent solves where the cost of
the initial factorization is amortized.

8.1.5.2 Sparse Comparison

The main reason that both our method and [282] beat the Kronecker baseline is due to the
different orders of growth O(n3) versus O(n6). While this leads to separation in the dense
case, when the matrices P and Q are sparse, the Kronecker formulation can take advantage
of sparse symmetric factorization methods that our proposed method cannot. Therefore, in
this section we interrogate the cross-over point; at what scales and densities is our dense
method comparable to a sparse method?

We consider sparse, square positive definite matrices with

n ∈ {16, 24, 32, 48, 96, 128}

and with an expected density of

{0.5%, 1%, 2%, 5%, 10%, 20%},

for the off-diagonal entries.
We consider both a banded sparsity pattern and a completely random sparsity pattern.

These represent different extremes for sparse linear algebra. The banded matrix is chordal,
and therefore a Cholesky factorization experiences no fill-in, which is optimal for a sparse
triangular factorization [299]. The latter patterns can exhibit significant fill-in, and so the
advantages of a sparse factorization are less pronounced.

To generate a completely random sparsity pattern each entry in the upper triangle of
the matrix was included with probability equal to the expected density. For the banded
entries, the bandwidth b was chosen so that the total number of entries of the matrix was
approximately the target density. Each nonzero off-diagonal entry was given a value drawn
uniformly at random from [−0.5,−0.05] and the diagonal entry Pii for a given row was set
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Figure 8.2: Comparison on random sparsity patterns of solving (8.3) using a sparse fac-
torization of the Kronecker system (8.4) versus the dense matrix equation solvers. For the
sparse Kronecker baseline, setup includes sparse Kronecker assembly and sparse Cholesky
factorization.

to be Pii = 1 +
∑

j ̸=i |Pij|. The Q matrices were generated in the same manner. We use a
fill-reducing, permuted Cholesky factorization to factorize the sparse Kronecker operator.

We summarize our results in Figures 8.2 and 8.3. For small matrices, we expect to see
limited benefits to using sparse linear algebra. Indeed, this is the case. With n < 48 our dense
method outperforms all instances of the sparse Kronecker formulation. This is in contrast to
the algorithm from [282] which never beats the Kronecker formulation on extremely sparse
instances due to long solve times and only begins to be competitive with the baseline when
the density is more than 2%. Once the matrices get even modestly dense, both our method
and [282] begin outperforming the Kronecker baseline.

8.1.5.3 Choice of Simultaneous Diagonalization

When both P and Q are positive definite, the chapter describes three viable diagonalization
strategies: diagonalization to D and its inverse in Theorem 21 which we call the Williamson-
style decomposition, the transformation in Theorem 22 which we call the whitening trans-
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Figure 8.3: Comparison on banded sparsity patterns of solving (8.3) using a sparse factor-
ization of the Kronecker system (8.4) versus the dense matrix equation solvers. For the
sparse Kronecker baseline, setup includes sparse Kronecker assembly and sparse Cholesky
factorization.

formation, and the transformation in Theorem 23 without compression which we call the
average whitening transformation.

All three require different numbers of factorizations and have different numerical proper-
ties. We are interested in both the runtime and accuracy of each method. To compare the
accuracy, we compute a solution Xs, compute the relative forward error

∥Xs −X⋆∥
∥X⋆∥

, (8.32)

and relative backward error

∥PlXsPr +QlXsQr −G∥
max (1, ∥Pl∥ ∥Xs∥ ∥Pr∥+ ∥Ql∥ ∥Xs∥ ∥Qr∥+ ∥G∥)

, (8.33)

which measure how well we recover the original solution and how accurately our solution
solves the equation.

196



102 103 104 105 106 107 108 109 1010

Target pair condition number

10−13

10−11

10−9

10−7

10−5

10−3

10−1

Fo
rw

ar
d 

er
ro

r ‖
X

−
X

⋆
‖ F

/‖X
⋆
‖ F

Forward Error Comparison

Williamson Decompisition
Whitening Decomposition
Average Whitening Decomposition

(a) Forward error for the three diagonalization
strategies on the dense SPD case Pl, Ql, Pr, Qr ≻
0. The factorization from Theorem 23 is the most
accurate on the ill-conditioned instances consid-
ered here.
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(b) Backward error for the same dense SPD com-
parison. All three methods are backward stable
on this experiment, but the factorization from
Theorem 23 remains the best numerically across
the full conditioning sweep.

We compared all three on dense positive definite instances with m = n = 64 and target
pair condition numbers

{102, 104, 106, 108, 1010}.
Matrices are generated in the same manner as the Dense/Dense setup in Section 8.1.5.1. The
forward-error, backward-error, and timing results are shown in Figures 8.4a, 8.4b and 8.5.

In Figure 8.5, we see that the decomposition from Theorem 21 is the slowest to compute
its factorization, which is unsurprising given that it must compute an additional Cholesky
compared to the methods from Theorem 22 and Theorem 23 (there is no need to compute
the QR of P +Q in Theorem 23 since both P and Q are full rank). Since all three methods
structurally reduce the problem to the same diagonal form, all have essentially the same
solve time.

The largest difference comes in the accuracy of each method. Though all three methods
are quite stable in backward error, staying below 10−10 precision even when the condition
number is 1010, the decomposition from Theorem 23 shows remarkably better precision,
managing to stay at essentially machine precision the entire time. This is due to the fact
that even if P and Q are poorly conditioned, P +Q is generically not and so the Cholesky
factorization is substantially more stable. Conversely, the worst performing factorization is
from Theorem 22, which suffers from the effect of computing the Cholesky of P and then an
SVD of the poorly scaled matrix L−T

P QL−1
P .

Meanwhile, the forward error is markedly worse as the condition number increases for all
three methods. Nevertheless, we see the same rankings of the methods. The factorization
from Theorem 23 is still the most stable, followed by the factorization of Theorem 21, and
finally Theorem 22.
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8.2 Solving Poset Structure Least Squares Problems
In this section, we consider a different matrix equation arising in the context of a structured
optimization problem. This matrix exhibits a rich combinatorial structure that interacts
in a non-trivial manner with the tensor product nature of the linear system. We begin by
formally introducing the problem.

A pervasive constraint in optimization problems is a structural requirement on the so-
lution. Perhaps the most basic optimization problem with sparsity requirements one can
consider is the sparse least-squares problem

min ∥A(x)− b∥22 (8.34)
subject to x ∈ S, (8.35)

where A is a linear map and S is some sparsity pattern on the vector x.
For example, problems of the form (8.34) arise in controller synthesis [300,301]. Such con-

straints often appear as lower-triangular structure on a matrix variable X encoding causality;
a controller can depend only on past measurements, not future states. In decentralized set-
tings, the constraint must also encode information flow through the network; the control
action at a node a cannot depend on information from a node b unless b can communicate
with a.

In this section, we are interested in sparsity patterns that arise from modelling infor-
mation flow over a network. We model this structure by a directed acyclic graph (DAG),
or equivalently a partially ordered set (poset), whose edges represent forward flow of infor-
mation in time and whose topology records which nodes can communicate. In the present
setting, that information structure is imposed on data matrices A, B, C and on the unknown
matrix X.
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Concretely, we are interested in the problem

min ∥A− CXB∥2F (8.36)
subject to X ∈ Inc(P), (8.37)

where A, B, C, X are all constrained to be block lower triangular, and the sparsity pattern
on the lower triangular part is the transitive closure of a DAG. Formally, we require that
A, B, C, and X be blockwise in the incidence algebra of a given poset P , whose definition
will be reviewed in Section 8.2.1.

Problems of the form (8.34) arise naturally when designing linear controllers for networked
linear dynamical systems, i.e. systems of the form

xk+1 = Fxk +Guk +Wwk (8.38)
yk = Hxk + V wk, (8.39)

where F,G,W,H, V are constrained to have the aforementioned sparse lower triangular struc-
ture. Controllers with the same sparsity pattern are compatible with the network structure;
they can be implemented in a decentralized manner without additional communication be-
tween nodes. These controllers are known as poset-causal controllers [302] and prior work
has shown that in the case of linear dynamics with quadratic costs, the optimal controller for
(8.38) with the sparsity constraint is linear [303]. Moreover, Youla domain techniques relying
on quadratic invariance [300] or Systems Level Synthesis [301] enable posing the search for
linear, poset-causal controllers as a structurally constrained least squares program of the
form (8.36), albeit in an infinite dimensional Hilbert space rather than the finite dimensional
setting considered here.

In principle, solving (8.34) and by extension (8.38) is not hard. The sparsity constraint
can be written as xi = 0 for i in some index set and so (8.34) is simply an equality constrained
quadratic program. The solution of such programs is standard and amounts to solving a
linear system [240, Chpt. 16.1].

We will show that the optimality conditions of (8.36) are a matrix linear system. As
was the case for the matrix systems considered in Section 8.1, one can in principle apply the
Kronecker vectorization trick or iterative methods to solve this linear system. However, those
approaches tend to obscure the block structure of the solution. Understanding the structure
of the solution is especially important in control applications, which motivates direct solution
techniques in the vein of [302,304,305] that exploit the order-theoretic structure to produce
efficient and interpretable solutions to (8.36).

In this section, we will show that solving (8.36) amounts to solving a highly structured,
sparse matrix linear system. In particular, we will give

• A characterization of the optimality conditions as a sparse matrix linear system, with
sparsity pattern related to the poset of intervals of P (Theorem 24).

• An identification of a key separability property among the block variables of the linear
system of Theorem 24 which increases the sparsity after one step of elimination is
performed (Theorem 25).
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• An explicit, sequential elimination strategy for solving the linear system of Theorem 24.
When P is a multitree (defined in Subsubsection 8.2.3.3) this elimination strategy leads
to progressive sparsification of the linear system (Theorem 26), reducing the number
of operations required to solve the system.

8.2.1 Preliminaries: Posets and Graphs of Linear Systems

In this section, we formally introduce the order-theoretic language that we will use through-
out the remainder of this section. We also recall some basic facts about solving linear systems
via elimination.

8.2.1.1 Posets

1 2

3

4 5

(a) The Hasse dia-
gram of the poset in
Example 17.

X11 0 0 0 0

0 X22 0 0 0

X31 X32 X33 0 0

X41 X42 X43 X44 0

X51 X52 X53 0 X55







(b) A block matrix X ∈
Inc(P).

[1, 1] [2, 2][3, 3]

[1, 3] [2, 3]

[1, 4]

[4, 4] [5, 5]

[3, 4] [3, 5]

[1, 5] [2, 4] [2, 5]

(c) The Hasse diagram of Int(P) for the
poset in Figure 8.6a.

Figure 8.6: An example of a poset, a block matrix X in Inc(P), and the associated poset
of intervals. Notice that the block Xij is in one-to-one correspondence with the interval
[j, i] ∈ Int(P). The order on Int(P) will define a natural elimination order for the matrix
linear system associated with (8.36).

Definition 46. A partially ordered set (poset) P = (S,⊑) is a set S and a binary relation
⊑ satisfying:

1. i ⊑ i (reflexivity)

2. i ⊑ j and j ⊑ i implies that i = j (antisymmetry)

3. i ⊑ j and j ⊑ k implies that i ⊑ k (transitivity)

We say that i and j are comparable if either i ⊑ j or j ⊑ i which is denoted by i⊑⊒j.
The symbols ⊏,⊒,⊐,@@⊑ ,@@⊒ ,HHH⊑⊒ are defined as expected. We assume that S is finite and
has size |S| = n. When the underlying set is clear, we abuse notation and conflate P with S,
writing i ∈ P and T ⊆ P to denote membership in or subset relation to the set underlying
P with inheritance of the order relation ⊑. We also assume that P is connected: for every
i, j ∈ P there exists a finite sequence kα such that j⊑⊒k1⊑⊒ . . .⊑⊒kl⊑⊒i.
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For every partial order, we can assign a linear order consistent with the partial order.
Such an ordering is called a linear extension.

Definition 47. An ordering σ of the poset P = (S,⊑) is a bijection σ : S → {1, . . . , n}.
We call σ a linear extension of P if j ⊑ i =⇒ σ(j) ≤ σ(i).

Throughout this section, we assume that a fixed linear extension has been chosen for
every poset.

Example 17. Posets are frequently drawn as Hasse diagrams where a directed edge from j
to i is drawn if j ⊏ i and there does not exist k such that j ⊏ k ⊏ i. The ⊑ relationships
are the directed transitive closure of this graph. In Figure 8.6a we draw the Hasse diagram
of a poset with 5 nodes {1, 2, 3, 4, 5} satisfying the relationships:

• 1 ⊑ 3 ⊑ 4

• 2 ⊑ 3 ⊑ 4

• 1 ⊑ 3 ⊑ 5

• 2 ⊑ 3 ⊑ 5

• 1HHH⊑⊒2

• 4HHH⊑⊒5

We now introduce several subsets associated with a poset.

Definition 48.

• Maximal (resp. minimal) node: i is maximal (resp. minimal) if there does not
exist j ∈ P such that i ⊏ j (j ⊏ i)

• Interval: [j, i] := {k ∈ S | j ⊑ k ⊑ i}

• Downstream (resp. upstream) set: ↓ i := {k ∈ S | i ⊑ k}, (↑ i := {k ∈ S | k ⊑
i})

• Set of nodes with common descendants:

↷

i ↶ := {k ∈ P |↓ i∩ ↓ k ̸= ∅}

Given a poset P , its intervals inherit a natural ordering by set inclusion. The resulting
poset is known as the poset of intervals Int(P).

Definition 49. Given a poset P = (S,⊑), consider the set of all intervals T = {[j, i] |
i, j ∈ S, [j, i] ̸= ∅}. We order T by ⪯ with [j, i] ⪯ [l, k] if [j, i] ⊆ [l, k] as a set. The tuple
Int(P) = (T ,⪯) is the poset of intervals of P.

Since P is finite, Int(P) is also finite; the total number of elements in Int(P) is the
number of comparable pairs in P and so |Int(P)| ≤

(
n+1
2

)
. We denote |Int(P)| = N .

An example of an ordered relationship in Int(P) for the poset P in Figure 8.6a is given
by

{3, 4} ⊆ {2, 3, 4} =⇒ [3, 4] ⪯ [2, 4].

However, since 5 /∈ {2, 3, 4}, we have [3, 5]HHH⪯⪰ [2, 4]. The Hasse diagram for Int(P) is shown
in Figure 8.6c.

Finally, we recall the standard notion of the incidence algebra of a poset P .

201



Definition 50. Let P be a poset and Q a ring. The set of all functions f : P ×P → Q such
that f(i, j) = 0 if j@@⊑i is called the incidence algebra of P over Q and is denoted by Inc(P).

Since P is finite, we can arrange the values of f into a lower triangular Q-valued matrix
with the rows and columns indexed by P in the fixed linear extension. This lower triangular
matrix has a Q-sparsity pattern determined by the order relation of the poset. A generic
example of an element of Inc(P) for the poset in Figure 8.6a is shown in Figure 8.6b. Addi-
tion, scalar multiplication, and multiplication of f, g ∈ Inc(P) are defined to be compatible
with the usual matrix operations and the operations of the ring. Under these definitions,
Inc(P) forms an associative algebra [306].

Definition 51. We say a matrix Y ∈ Inc(P) if yij = 0 when j@@⊑i. We say a matrix Y is in
Inc(P) blockwise if there is a partitioning of Y into n2 blocks such that Yij = 0 if j@@⊑i, or
equivalently if [j, i] /∈ Int(P).
Remark 12. If Y ∈ Inc(P) blockwise, there is a natural pairing between the block Yij and
the interval [j, i]. We choose the lower-triangular convention to remain consistent with the
poset-causal controller literature [302].

Finally, we define a special class of posets known as multitrees. We first define a diamond.

Definition 52 (Diamond in a Poset). Let P be a poset. Nodes i, j, k, l ∈ P form a diamond
if i ⊑ j ⊑ l and i ⊑ k ⊑ l but jHHH⊑⊒k.

Examples of posets containing diamonds are given in Figures 8.7a, 8.7b and 8.7c.
A multitree is simply a diamond-free poset.

Definition 53 (Multitree [307, Definition 1]). The poset P is a multitree if it contains no
diamonds. Equivalently, P is a multitree if every interval is totally ordered.

This class of posets was studied in [307], where the optimal poset-causal controllers were
shown to enjoy attractive recursive properties.

8.2.1.2 Linear Systems and Graphs

Direct methods for solving linear systems do so via elimination, sequentially solving for one
variable in terms of all the others to generate a sequence of smaller and smaller systems.
In addition to shrinking the size of the linear operator, elimination also typically densifies
the linear operator. This is known as fill-in. A classic result in sparse linear algebra is that
this fill-in can be predicted combinatorially, by inspecting only the location of the non-zero
entries and not their values.

In this section, we review these classic notions as we will need to use them later.

Definition 54. Let L : R
∑M

i=1 mi → R
∑M

i=1 m
′
i be a block-structured linear operator. Consider

the linear system L(y) = b, or equivalently the equations

Li(y) =
M∑

j=1

Lij(yj) = bi, (8.40)

where yj are block variables of size mj. The system is symmetric if the matrix representing
L is symmetric.
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1

2 3

4

(a) A basic diamond.

1 2

3

7 8

5

4

6

(b) {1, 3, 4, 5, 6, 7} forms one
dimaond and {2, 3, 4, 5, 6, 8}
forms another.

1 2

3 54

76 8

9 10

(c) Both {1, 3, 4, 6, 7, 9} and
{2, 4, 5, 7, 8, 10} form dia-
monds.

1

3

4

5

6

7

2

8

9

10

(d) A multitree with 10 nodes

1 2

3

4 5

(e) A basic multitree

Figure 8.7: The top row shows several examples of posets containing diamonds, in particular
the canonical diamond. The bottom row shows multitree posets

We now make precise the notion of elimination used throughout this section. It is the
usual Schur complement written at the level of block equations.

Definition 55. Let S ⊆ {1, . . . ,M} and consider the partitioned linear system

LS,S(yS) + LS,Sc(ySc) = bS ,

LSc,S(yS) + LSc,Sc(ySc) = bSc .

After eliminating the variables ySc, the resulting eliminated linear system LS(yS) = bS is
(
LS,S − LS,ScL−1

Sc,ScLSc,S
)
(yS) = bS − LS,ScL−1

Sc,ScbSc . (8.41)

Remark 13. When solving a linear system via elimination, elements of the eliminated set
are typically removed one at a time. While the order of elimination changes the number of
operations required, the final eliminated system is unique. That is, if S = U ⊔R ⊔W is the
disjoint union of three sets, then

(LU⊔R)U(yU) =
(
bU⊔R)U ,

(LU⊔W)U(yU) =
(
bU⊔W)U ,

LU(yU) = bU

are all the same equations [308]. Moreover, if L is symmetric, then LU is also symmetric.
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The complexity of solving a linear system L(y) = b via elimination is closely related to
the interdependence between its variables. This interdependence can be described in terms
of an undirected graph.

Definition 56. Consider a block symmetric linear system of M equations in M block vari-
ables L(y) = b. The graph of the linear system G(L) = (V(L), E(L)) is the undirected graph
with vertex set V(L) = {1, . . . ,M}. The pair (i, j) forms an edge in G(L) if and only if
Lij(·) ̸= 0.

Classical work in sparse linear algebra characterizes the complexity of elimination by
studying the edge set of the sequence of graphs G(LS) as S shrinks. This is because the ab-
sence of an edge in G(LS) corresponds to a floating point operation which can be skipped due
to the structural zero. The evolution of G(LS) can be described completely combinatorially
and is related to cliques in a graph (see Definition 37).

The basic combinatorial fact is that, absent coefficient cancellations, eliminating a vari-
able makes its current neighbors pairwise adjacent.

Proposition 6. Let S ⊆ {1, . . . ,M} and let i ∈ S. Define the neighborhood of i in G(LS)
by

Ni := {j ∈ S \ {i} | (i, j) ∈ E(LS)}.

Then

V(LS\{i}) = S \ {i}.

Generically, the edge set of G(LS\{i}) is obtained from G(LS) by deleting the vertex i and all
edges incident to i, and then adding the edges

(j, k) for all distinct j, k ∈ Ni.

Equivalently, eliminating i turns its neighborhood into a clique.

By carefully eliminating vertices in an order that avoids creating large cliques, sparse
linear algebra can save dramatically on computation by reducing the overall number of
arithmetic operations [309–311]. The following example illustrates why the elimination order
matters.

Example 18. Consider the symmetric linear system

Ax = b, A =




6 −2 −2 −2
−2 3 0 0
−2 0 3 0
−2 0 0 3


 ,

where x = (x1, x2, x3, x4) ∈ R4 and b ∈ R4 is arbitrary. The graph of this linear system is the
claw graph shown in Figure 8.8a, with all nodes adjacent to 1 and no other edges.
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1

2 3 4

(a) Initial claw graph G(A).

2 3

4

(b) After eliminating x1.

1

3 4

(c) After eliminating x2.

Figure 8.8: A sparse linear system whose initial graph is a claw graph and whose elimination
graph depends on the elimination order. Eliminating the center node 1 creates the clique
K3 on the remaining vertices, whereas eliminating the leaf node 2 creates no new edge.

If we eliminate x1 first, then Definition 55 gives the Schur complement

A{2,3,4} = A{2,3,4},{2,3,4} − A{2,3,4},{1}A
−1
{1},{1}A{1},{2,3,4}

=



3 0 0
0 3 0
0 0 3


− 1

6



4 4 4
4 4 4
4 4 4


 =




7/3 −2/3 −2/3
−2/3 7/3 −2/3
−2/3 −2/3 7/3


 .

This graph is fully dense. This is predicted by Proposition 6 as the neighbors of 1 are 2, 3,
and 4 and so the resulting graph should introduce the clique (2, 3), (2, 4), and (3, 4). This
graph is shown in Figure 8.8b.

If instead we eliminate x2 first, then the remaining system on (x1, x3, x4) is

A{1,3,4} = A{1,3,4},{1,3,4} − A{1,3,4},{2}A
−1
{2},{2}A{2},{1,3,4}

=




6 −2 −2
−2 3 0
−2 0 3


− 1

3



4 0 0
0 0 0
0 0 0


 =



14/3 −2 −2
−2 3 0
−2 0 3


 .

Since the neighborhood of 2 is just 1, no new edges appear in the graph G(A{1,3,4}). This
graph is visualized in Figure 8.8c.

The family of chordal graphs is exactly those where no fill-in occurs and for these graphs
the optimal orders are known as perfect-elimination orders [299].

Definition 57 (Chordal Graphs). A graph G = (V , E) is chordal if for every cycle of length
K ≥ 4 vertices {i1, . . . , iK}, then there exists a chord i.e. indices j, k ∈ [K] such that
(ij, ik) ∈ E.

These good orderings are completely characterized by G(L), which makes it possible to
abstract away the underlying linear operators.
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8.2.2 Problem Formulation

Equipped with our formal mathematical preliminaries, we are ready to formally introduce
our problem. Let P be a poset and let A,B,C ∈ Inc(P) blockwise. We assume that B has
full row rank and C has full column rank and consider the problem

min ∥A− CXB∥2F
subject to X ∈ Inc(P).

The equivalent vectorized problem is

min
x

∥∥vec(A)− (BT ⊗ C)Ex
∥∥2
2
, (8.42)

where x stacks the non-zero entries of the nonzero blocks of X and E is the associated em-
bedding matrix satisfying Ex = vec(X). We use this representation to derive the optimality
conditions; the remainder of the section keeps the block variables explicit.

In this section, the norm of matrices will always be the Frobenius norm and the norm of
vectors will always be the ℓ2 norm and so we will drop the subscripts moving forward.

8.2.3 Main Results

We now derive the block linear system associated with (8.36) and study how its sparsity
changes under elimination.

8.2.3.1 Optimality Conditions

Our first theorem characterizes the optimality conditions of (8.36) as a sparse matrix linear
system indexed by the intervals of P .

Theorem 24. Let P be a poset of size n and let Int(P) be its associated poset of intervals
of size N . The solution to (8.36) is given by the symmetric matrix linear system

L(X) = b, (8.43)

whose block equation associated with the interval [j, i] is

(∑

s⊒i

CT
siCsi

)
Xij

(∑

t⊑j

BjtB
T
jt

)
+

∑

[l,k]∈

↷

[j,i] ↶

[l,k]̸=[j,i]



∑

s⊒i
s⊒k

CT
siCsk


Xkl



∑

t⊑j
t⊑l

BltB
T
jt


 =

∑

[t,s]: t⊑j, i⊑s

CT
siAstB

T
jt. (8.44)

This system has a unique solution since B and C have full row and column rank by assump-
tion.

Immediate from (8.44) is the following corollary.
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[1, 1] [2, 2][3, 3]

[1, 3] [2, 3]

[1, 4]

[4, 4] [5, 5]

[3, 4] [3, 5]

[1, 5] [2, 4] [2, 5]

(a) The node [2, 5] is a common descen-
dant of the nodes {[2, 2], [2, 3]} in green and
{[5, 5], [3, 5]} in blue, so these nodes share
edges in G(L).

[1, 1] [2, 2][3, 3]

[1, 3] [2, 3]

[1, 4]

[4, 4] [5, 5]

[3, 4] [3, 5]

[1, 5] [2, 4]

(b) After elimination of [2, 5], Theorem 25
shows that the blue and green groups no
longer share an edge in the eliminated sys-
tem.

Figure 8.9: A common-descendant relation in Int(P) and the corresponding sparsification
after one elimination step.

Corollary 2. Two nodes form an edge in G(L) only if they have a common descendant in
Int(P).

Using Corollary 2, we can read the adjacency matrix of G(L) directly from the Hasse
diagram of Int(P). For example, using the poset from Figure 8.6a, the node [2, 5] is a
common descendant of the groups of nodes {[2, 2], [2, 3]} and {[5, 5], [3, 5]}, and therefore
these nodes all share edges in G(L). This relationship is illustrated on the Hasse diagram in
Figure 8.9a and the adjacency matrix of G(L) is shown in Figure 8.10 with the induced [2, 5]
relationship highlighted in blue and green.

Proof 8.6. Since (8.36) is equivalent to (8.42), the first-order optimality conditions can be
written in two equivalent ways:

ET (BBT ⊗ CTC)Ex = ET vec(CTABT ) (8.45)
CTABT − CTCXBBT ∈ Inc(P)c blockwise. (8.46)

Here Y ∈ Inc(P)c blockwise means that Yij = 0 whenever j ⊑ i.
Symmetry of the optimality conditions is immediate from the symmetry of ET (BBT ⊗

CTC)E. The expression (8.44) is simply the (i, j) block of (8.46) for j ⊑ i. To expand that
expression, note that since B,C ∈ Inc(P) we have

(CTC)ik =
∑

s⊒i
s⊒k

CT
siCsk,

(BBT )lj =
∑

t⊑j
t⊑l

BltB
T
jt.

Expanding the second term of (8.46) yields

(CTCXBBT )ij =
∑

k

∑

l

(CTC)ikXkl(BB
T )lj.

A term in this sum is zero unless the following hold

207



[1, 1] [2, 2] [3, 3] [4, 4] [5, 5] [1, 3] [2, 3] [3, 4] [3, 5] [1, 4] [1, 5] [2, 4] [2, 5]

[1, 1]

[2, 2]

[3, 3]

[4, 4]

[5, 5]

[1, 3]

[2, 3]

[3, 4]

[3, 5]

[1, 4]

[1, 5]

[2, 4]

[2, 5]

Figure 8.10: The adjacency matrix of G(L) for the poset from Example 17. A filled circle
represents an edge in G(L) and an empty circle represents the lack of an edge. A solid green
or blue circle represents an edge inherited from Int(P). A half blue and green circle represents
an edge induced by the common descendant relationship to [2, 5] that is not present in Int(P).
The blue-green couplings are those induced by the common descendant [2, 5].

1. [l, k] is a nonempty interval

2. There exists s such that s ⊒ i and s ⊒ k

3. There exists t such that t ⊑ l and t ⊑ j.

This is exactly the common-descendant condition in Int(P). The right-hand side of (8.44)
is obtained similarly by keeping only the terms allowed by the incidence-algebra sparsity.

Uniqueness of the solution to (8.43) follows from uniqueness of the minimizer of (8.36),
which is guaranteed by the rank assumptions on B and C.

Remark 14. We note that the sparsity pattern predicted by Theorem 24 is at least as dense as
Int(P). Moreover, this sparsity pattern is not chordal. For example, the common descendant
relationships of Int(P) for the posets shown in Figures 8.7c and 8.7d are not chordal. For
Int(P) of Figure 8.7d [1, 1]− [5, 5]− [2, 2]− [8, 8] is a four cycle with no chord and for Int(P)
of Figure 8.7c [1, 1]− [9, 9]− [2, 2]− [10, 10]− [1, 1] is a four cycle with no chord. Therefore,
we should expect an elimination for (8.45) to exhibit significant fill-in despite already being
relatively dense.
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In the next two subsections, we study how (8.43) changes under elimination. The key
result is that the particular structure of (8.46) allows us to generate substantially less fill-in
than is predicted by the general theory of Proposition 6.

8.2.3.2 Separation in the Optimality Conditions

Although (8.43) is highly structured, the graph G(L) can still be comparatively dense. For
example, if P is a chain, then G(L) is complete. The next theorem shows that elimination
nevertheless creates cancellations that are not predicted by generic sparse-system theory.

Theorem 25. Consider the interval [j, i] and two upstream intervals [j, q] ≺ [j, i] and [p, i] ≺
[j, i]. After eliminating Xij from (8.43), the variable Xqj vanishes from equation [p, i] and,
symmetrically, Xip vanishes from equation [j, q]. Equivalently,

L{[j,i]}c
qj (·) = L{[j,i]}c

ip (·) = 0,

so [p, i] and [j, q] are not adjacent in G(L{[j,i]}c).

Theorem 25 demonstrates a separation property specific to the block structure of (8.43):
eliminating a downstream block can reduce the interdependence of upstream blocks. For
instance, in Figure 8.9a, the green nodes {[2, 2], [2, 3]} and the blue nodes {[5, 5], [3, 5]} share
an edge in G(L) because both sets have the common descendant [2, 5]. Eliminating X52

removes the node [2, 5] itself and also removes the blue-green couplings.

Proof 8.7. Using (8.44), we can solve for Xij as a function of the remaining variables. From
that expression, the only term that depends on Xip is

−
(∑

s⊒i

CT
siCsi

)−1(∑

s⊒i

CT
siCsi

)
Xip



∑

t⊑j
t⊑p

BptB
T
jt



(∑

t⊑j

BjtB
T
jt

)−1

. (8.47)

If we now inspect the dependence of the equation Lqj(X) = bqj on Xij and Xip, we obtain

(∑

s⊒i

CT
sqCsi

)
Xij

(∑

t⊑j

BjtB
T
jt

)
+

(∑

s⊒i

CT
sqCsi

)
Xip



∑

t⊑j
t⊑p

BptB
T
jt


 . (8.48)

Substituting (8.47) into (8.48) gives

−
(∑

s⊒i

CT
sqCsi

)
Xip



∑

t⊑j
t⊑p

BptB
T
jt


+

(∑

s⊒i

CT
sqCsi

)
Xip



∑

t⊑j
t⊑p

BptB
T
jt


 = 0. (8.49)

Therefore L{[j,i]}c
qj (·) = 0. The proof that L{[j,i]}c

ip (·) = 0 is symmetric.
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We emphasize that Theorem 25 is true because of the interplay between the poset struc-
ture and the tensor product structure of the optimality equations. Both are important.

While Theorem 25 characterizes the disappearance of some edges after a single elimination
step, it does not by itself describe the full graph G(LS) after many steps. The next subsection
shows that, for multitree posets, the same sparsification continues throughout elimination.

8.2.3.3 Sparsification During Elimination in Multitree Posets

(a) Initial system.
(b) After one elimination
step. (c) After two elimination

steps.

Figure 8.11: Evolution of the graph G(L(r)). Black nodes represent nonzero entries, white
nodes are structural zeros inherited from Int(P), and gray nodes vanish because of the
additional cancellations captured by Theorem 25. At every, the variables associated to the
bottom right block after the hashed line are eliminated.

For multitree posets, the cancellations from Theorem 25 persist throughout elimination
and can be tracked combinatorially. In short, if we eliminate variables from largest to smallest
in Int(P), the cancellations from Theorem 25 persist through the whole elimination process.

We begin by characterizing when two intervals can have a unique common descendant:
after ordering them so that t ̸⊑ l, one must share the descendant’s lower endpoint and the
other its upper endpoint.

Proposition 7. Let P be a multitree and let [l, k] and [t, s] be two nodes in Int(P) with t ̸⊑ l
whose only strict common descendant is [j, i]. Then l = j and s = i.

Proof 8.8. Since P is a multitree, the interval [j, i] is a chain, so l, k, s, t are mutually com-
parable. Without loss of generality, assume j ⊑ l ⊑ s ⊑ i. If s ⊏ i, then [l, i] contains both
intervals. If l ⊐ j, then [j, s] contains both intervals. In either case, the assumption that
[l, k] and [t, s] have only one common descendant is violated.
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Next, we fix a linear extension σ of Int(P) and perform elimination in the reverse of this
order. After r steps, the remaining variables are associated with the subposet

Int(P)(r) := {[l, k] ∈ Int(P) | σ([l, k]) ≤ N − r}, (8.50)

and the eliminated system is

LInt(P)(r)(XInt(P)(r)) = bInt(P)(r) . (8.51)

We will use the shorthand L(r)(X(r)) = b(r) = LInt(P)(r)(XInt(P)(r)) = bInt(P)(r) .
We can now state the main elimination theorem.

Theorem 26. Let P be a multitree and fix a linear extension σ for Int(P). Then two nodes
form an edge in G(L(r)) only if they share a common descendant in Int(P)(r).

Theorem 26 completely characterizes the edge set of G(L(r)) throughout elimination ac-
cording to linear extension orderings of multitrees. It improves on Theorem 25, which only
describes a single elimination step for a subset of the edges. It is also stronger than the
standard graph-only theory of [309–311], because it predicts that the eliminated systems
are sparser than the generic fill pattern would suggest. This progressive sparsification is
visualized in Figure 8.11.

Proof 8.9. Let [j, i] = σ−1(N). The interval [j, i] is maximal in Int(P), so

↷

[j, i] ↶ =↑ [j, i].
Therefore, the neighbors of [j, i] form a clique in G(L). If L were a generic sparse system,
[309] would predict that every edge in the induced subgraph on the remaining variables
persists in G(L(1)).

Now consider nodes [j, p], [q, i] ∈ V(L(1)) whose only common descendant is [j, i]. By
Theorem 25, these nodes do not share an edge in G(L(1)). By Proposition 7, these are the
only pairs whose only common descendant is [j, i]. Therefore two nodes share an edge in
G(L(1)) only if they share a common descendant in Int(P)(1).

The same argument continues inductively. Suppose inductively that adjacency in G(L(r−1))
is given by the common-descendant relation of the poset Int(P)(r−1). Since [j, i] = σ−1(N −
r + 1) is maximal in Int(P)(r−1), its neighbors again form a clique in G(L(r−1)). There-
fore, after eliminating [j, i], no new adjacencies can appear beyond those already present in
G(L(r−1)). Using Theorem 25 together with the order-independence statement in Remark 13,
it follows that adjacency in G(L(r)) is precisely the common-descendant relation of Int(P)(r).

The result of Theorem 26 is similar to the results that linear systems with chordal sparsity
exhibit no-fill if variables are eliminated according to a perfect elimination ordering [299].
However, we note that our result is distinct. First, the common descendant relationship of
Int(P), which governs the sparsity of the linear system, is not chordal (see Remark 14). Sec-
ond, our theorem goes beyond zero fill-in. In fact, it states that in multitrees the complexity
of elimination is only governed by the edges of Int(P) rather than the edges of the common
descendant relationship.
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Figure 8.12: Representative medium-sized multitrees used to define the three benchmark
families. Each family is diamond-free but contains substantial chain overlap, so the bench-
mark stresses the cancellation mechanism of Theorem 25.

8.2.4 Results

We illustrate the consequence of Theorem 26 on three multitree posets shown in Figure 8.12.

• The caterpillar poset consists of one long backbone chain. Each node on the backbone,
except the initial root, sprouts K incomparable leaf nodes attached directly to the
backbone. This poset is shown in Figure 8.12a.

• The palm poset consists of one long backbone chain. At every Kth node along the
backbone, the poset sprouts M additional branches, and adds a chain of length N to
each branch.

• The broom poset consists of one long backbone chain whose terminal node sprouts K
incomparable leaves. Equivalently, it has K maximal chains of length N that share
their first N − 1 nodes and branch only at the final step. This poset is shown in
Figure 8.12c.

For each of these posets, we construct a poset of three different sizes. For each poset, we
construct data matrices B and C in Inc(P), by sampling the diagonal entries independently
and uniformly at random from [1.1, 1.9] and off-diagonal entries uniformly in [−0.4, 0.4]. A
solution X⋆ ∈ Inc(P) is drawn with entries drawn i.i.d. from a standard Gaussian. The
matrix A is constructed as A = CX⋆B. We set the block size to 1 × 1 for simplicity.
Finally, we assemble the normal equations from Theorem 24 and compare three elimination
strategies:

1. The poset-order structural cancellation path eliminates nodes using the reverse of a
linear extension of Int(P). It keeps track of the additional structural zeros predicted
by Theorem 26 to avoid doing additional work.

2. The poset-order no structural cancellation path eliminates nodes using the reverse
of a linear extension of Int(P). However, it does not keep track of the additional
structural zeros predicted by Theorem 26, forcing it to keep track of the additional
edges generically introduced by performing elimination.
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3. An AMD sparse baseline which ignores the poset altogether and simply applies the
approximate minimum degree heuristic to compute a fill-reducing ordering of the linear
system. We then solve the linear system according to this order.
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Figure 8.13: Number of nonzeros in the remaining eliminated system compared to the frac-
tion of eliminated variables.

In Figure 8.13, we plot the number of structural non-zeros in the linear operators on the
largest instance from each family as we perform elimination. The two poset-order methods
use the same reverse interval-poset elimination order, so the gap between them isolates
the benefit of structural cancellation rather than the benefit of ordering alone. We see
that our reverse interval-poset elimination order, when aware of the structural cancellations,
maintains the most structurally sparse matrices at every point in the elimination, beating
out the AMD heuristic by a factor of 2.08 to 2.57. By contrast, if the algorithm is not
aware of the structural cancellation that occurs because of our special linear system, then
the elimination algorithm must continue to keep track of these zero elements and therefore
believes that the systems are 2.74 to 4.18 times denser than they are. This results in a
system that is consistently structurally denser than the one tracked by the AMD ordering.

Similarly, in Figure 8.14, we consider the number of neighbors that the variable to be
eliminated has in the remaining graph. This is the number of off-diagonal non-zero elements
in the row selected for elimination. This number is called the front size and quantifies how
much arithmetic work it takes to eliminate a given variable. The total arithmetic work at a
step is proportional to the square of the front size at that step. Again, we see that keeping
track of the structural cancellations explained by Theorem 26 results in substantially less
work than the AMD baseline, but failing to keep track of these additional zeros leads to
performing substantially more work.

Finally, in Figure 8.15 we illustrate the effect of these structural results on the runtime
of solving the linear system.

Overall, we see that using the elimination order together with the additional structural
information from Theorem 26 results in a 1.73 to 4.29 times speedup across the range of
instances compared to the AMD baseline. By contrast, not leveraging the additional struc-
tural zeros results in an algorithm that is 1.15 to 2.32 times slower than the AMD baseline
and 3.16 to 8.70 times slower than leveraging the structural zeros.
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Figure 8.14: Number of neighbors of the eliminated variable compared to the fraction of
eliminated variables. The front-size is the number of neighbors and corresponds to the
amount of arithmetic work needed to eliminate a given variable.

8.2.5 Conclusion

In this section, we showed that solving (8.36) can be reduced to a sparse linear system natu-
rally indexed by the intervals of the underlying poset. Theorem 24 shows that the sparsity of
this linear system is governed by the common descendant relationship of the original poset,
which can be quite dense. Fortunately, the tensor and order-theoretic structure of the linear
system exhibits a certain separability property: when a unique common descendant of an
interval is eliminated, the two upstream intervals become decoupled in the linear system.
This is Theorem 25. Finally, we show in Theorem 26 that for multitree posets, this sep-
arability property holds inductively; by eliminating the variables from largest to smallest,
these cancellations persist throughout the entire elimination process. The result is a solution
process that is much more efficient than a general sparse solver baseline.
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cancellation baseline isolates the benefit of the structural cancellation theorem when the
elimination order is held fixed.
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Chapter 9

Solving Graph of Convex Sets Instances

In Chapter 3, we briefly introduced the GCS framework of [37] and discussed its connection
to SOS programming. The GCS relaxation uses the SOS machinery to construct a relaxation
of a hard problem. Rather than add the quadratically many variables and constraints of the
first-order SOS relaxation, the GCS relaxation parsimoniously adds only a minimal subset of
the SOS constraints needed to obtain sufficiently tight relaxations in practice. In particular,
GCS relaxation adds only those constraints which do not disrupt the graphical structure of
the original GCS instance. Despite these frugal choices, GCS relaxations can still be quite
large, even without lifting to higher-order SOS relaxations [94–96].

In practice, the GCS relaxation need only be solved to low-accuracy to discover a relaxed
value of the binaries. Once the discrete part of the problem is understood, a much smaller
convex program can instead be solved. Additionally, GCS is currently being used in motion
planning pipelines at Sony Robotics [312] and Amazon [313] and so fast, repeated solve times
are of the utmost importance.

In this chapter, we explore the application of ADMM to the GCS convex relaxation. We
design a natural split of the variables that will enable us to partition the problem into its
three native components: an optimization program at each vertex, an optimization program
at each edge, and an optimization program for only the discrete part of the problem. We
provide an implementation we call the VEGA (Vertex-Edge-Graph-ADMM) solver. The solver
performs best on very large GCS programs, while demonstrating only modest performance
on small to moderate sized instances when compared to using generic solvers.

9.1 An ADMM Split for GCS
The GCS MICP is given in (3.17) (after dropping the redundant quadratic equality (3.17g)).
The GCS relaxation is the exact same program, with (3.17f) relaxed to y ∈ [0, 1]. This
constraint can be appended to the polytope in (3.17e).

In order to design an ADMM splitting scheme, it is helpful to abstract away the partic-
ular structure of the linear operators and the cones in the GCS relaxation. Doing so, the
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relaxation can be written in the form

min
∑

v∈V

fv(zv, yv) +
∑

e∈E

fe(zeu , zev , ze, ye) (9.1a)

subject to Āv(zv, yv, zEv , yEv) ∈ Kv, ∀v ∈ V (9.1b)
Āe(zeu , zev , ze, ye) ∈ Ke, ∀e ∈ E (9.1c)
ĀG(y)− bG ∈ KG (9.1d)

where Āv, Āe, and ĀG are all linear operators and Kv,Ke,KG are all products of proper cones
and the zero cone. Concretely, (9.1b) corresponds to aggregation of (3.17b) and (3.17c),
(9.1c) corresponds to (3.17d), and (9.1d) corresponds to (3.17e). We remind the reader of
the notation that zEv =

[
ze1v . . . ze|Ev |v

]
, i.e. a matrix where every column corresponds to

an edge spatial variable incident to the vertex v.
In (9.1) we color variables by type. The spatial vertex variables zv are colored blue, the

edge-spatial variables zev and ze are colored red, and the flow variables y are colored orange.
The coloring of the variables in (9.1) highlights the way that the variables interact. We

visualize the overlap in the variables in the program (9.1) for a chain of three vertices u, v,
w jointly connected through v in Figure 9.1.

The blue circles contain all the variables paired through a constraint (9.1b). The red cir-
cles contain all the variables paired through a constraint (9.1c). The orange variables are
coupled globally through (9.1d).

u v w

zu, yu

zv, yv

zw, yw

yuv
zuvu zuvv

yvw
zvwv zvww

Figure 9.1: We visualize the overlap in the variables in the program (9.1) for a chain of three
vertices. The blue circles contain all the variables paired through a constraint (9.1b). The
red circles contain all the variables paired through a constraint (9.1c). The orange variables
are coupled globally through (9.1d).

In order to disentangle the interdependencies between the constraints in (9.1), we will
introduce copies of variables and pair them through equalities. We will do this in stages.
First, we will disentangle the flow-variables which are coupled through every constraint. At
every vertex v, we will introduce a local copy of the vertex flow yvv and a local copy of the
edge flow yve for every e ∈ Ev. Similarly, at every edge we will introduce a local copy of
the edge flow yee. We will couple all the copies through the vertex copies. We visualize this
process in Figure 9.2b.
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(a) Before duplication, the binaries and endpoint
variables couple the vertex, edge, and graph
blocks.

zu, y
u
u, y

u
uv

zv, y
v
v

yvuv, y
v
vw

zw, y
w
w , y

w
vw

yu, yv, yw, . . . , yuv, yvw, . . .

yeuv
zuvu zuvv yevw

zvwv zvww

yuu = yu

yuuv = yuv

yww = yw

ywvw = yvw

yuuv = yeuv ywvw = yevw

(b) Duplicating only the binary variables sepa-
rates the graph problem from the spatial conic
programs.

Figure 9.2: We can separate the constraints encoding the subgraph selection from the conic
programs by introducing copies of the flow variable.

The resulting program is

min
∑

v∈V

fv(zv, y
v
v) +

∑

e∈E

fe(z
e
eu , z

e
ev , ze, y

e
e) (9.2a)

subject to Āv(zv, y
v
v , zEv , y

v
Ev) ∈ Kv, ∀v ∈ V (9.2b)

Āe(zeu , zev , ze, y
e
e) ∈ Ke, ∀e ∈ E (9.2c)

ĀG(y)− bG ∈ KG (9.2d)
yvv = yv, y

v
e = ye, ∀v ∈ V , ∀e ∈ Ev (9.2e)

yve = yee, ∀v ∈ V , ∀e ∈ Ev. (9.2f)

Notice that (9.2e), (9.2c), and each term of (9.2a) are now fully decoupled in the sense
that they only contain variables of one color. The only overlap, besides the equalities (9.2e)
and (9.2f), is the shared spatial edge variables zev between a vertex v and an incident edge
e ∈ Ev. To finish decoupling (9.2b) from the remaining constraints, we introduce a local
copy of the edge spatial variable zvev at every vertex. This procedure is again visualized in
Figure 9.3. The final program is written as

min
∑

v∈V

fv(zv, y
v
v) +

∑

e∈E

fe(z
e
eu , z

e
ev , ze, ye) (9.3a)

subject to Āv(zv, y
v
v , z

v
Ev , y

v
Ev) ∈ Kv, ∀v ∈ V (9.3b)

Āe(zeu , zev , ze, y
e
e) ∈ Ke, ∀e ∈ E (9.3c)

ĀG(y)− bG ∈ KG (9.3d)
yvv = yv, y

v
e = ye, ∀v ∈ V , ∀e ∈ Ev (9.3e)

yve = yee, z
v
ev = zeev , ∀v ∈ V , ∀e ∈ Ev. (9.3f)

The final step to writing (9.3) is to move the constraints (9.3b), (9.3c), and (9.3d) into
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Figure 9.3: We can separate the vertex and edge conic programs by introducing copies of
the spatial edge variables. This results in a program partitioned into three blocks.

the cost. We let

Fv(zv, y
v
v , z

v
Ev , y

v
Ev) = fv(zv, y

v
v) + 1(Āv(zv, y

v
v , z

v
Ev , y

v
Ev) ∈ Kv)

Fe(z
e
eu , z

e
ev , z

e
e , y

e
e) = fe(z

e
eu , z

e
ev , ze, y

e
e) + 1

(
Āe(z

e
eu , z

e
ev , ze, y

e
e) ∈ Ke

)

FG(y) = 1(ĀG(y)− bG ∈ KG).

We note that in (9.3), the variable zv and the variable ze do not appear in any consensus
constraint. Many works have shown that ADMM exhibits superior numerical convergence
if an artificial variable λ̃ is introduced for every uncoupled variable λ [23,103,112,224]. One
reason for this is ensuring that the subproblems in Lines 1.3 and 1.4 have unique solutions,
as is done in Chapter 7. It can be shown that if the penalty between λ and λ̃ is decoupled
from other consensus constraints then no dual variable is needed to drive consensus.

Therefore, we write (9.3) in the ADMM standard form

min
∑

v∈V

Fv(zv, y
v
v , z

v
Ev , y

v
Ev) +

∑

e∈E

Fe(z
e
eu , z

e
ev , ze, y

e
e) + FG(y) (9.4a)

subject to yvv = yv, y
v
e = ye, ∀v ∈ V , ∀e ∈ Ev (9.4b)

yve = yee, z
v
ev = zeev , ∀v ∈ V , ∀e ∈ Ev. (9.4c)

zv = z̃v ∀v ∈ V , ze = z̃e ∀e ∈ E . (9.4d)
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9.2 Implementation of the ADMM Steps
We apply Algorithms 1 and 2 to (9.4) by placing the blue variables (zv, y

v
v , z

v
Ev , y

v
Ev) and the

variables z̃e on one side of the split. The other side of the split has variables red variables
(zeeu , z

e
ev , ze, y

e
e), orange variables y, and z̃v.

To describe an efficient implementation, we specify how we select our penalty parameter
and how we implement Line 1.3 and Line 1.4. For the constraints (9.4d), the constraint
update is trivial and the same as in Section 7.3.3. We implement our algorithm in C++ and
distribute it as the package VEGA. VEGA solves graph of convex sets instances and uses CCosmo
as its internal convex solver. It is possible to extend VEGA to use other solvers besides CCosmo.

9.2.1 Selection of the Penalty Functions

The constraints (9.4b) are scalar. For every pair λ = µ in (9.4b) and (9.4c) with dual variable
uλµ we define a penalty parameter ρλµ > 0 and set Dρλµ(λ, µ;uλµ) =

ρλµ
2
∥λ− µ+ uλµ∥22.

We select the penalty parameters ρ in the following manner. For every vertex v and edge
e, we choose ηv > 0 and ηe > 0. Additionally, we choose a spatial weight κv > 0 and a flow
weight ωv > 0. We define:

ρzv z̃v = κvηv (9.5)
ρzvev zeev = κvηe (9.6)

ρyvvyv = ωvηv (9.7)
ρyveye = ωvηe/2 (9.8)
ρyveyee = ωvηe/2 (9.9)
ρzez̃e = (ρzueuzeu + ρzvev zeev )/2 (9.10)

This strategy ensures that the scale of the penalty between the binaries and the spatial flow
at every graph element remains constant at every vertex.

ρyvvyv
ρzv z̃v

=
ρyveye + ρyveyee

ρzvev zeev
=
ωv

κv
, ∀e ∈ Ev

We choose ηv = 4, ηe = 4, κv = 0.5, and ωv = 4 for all vertices and edges.

9.2.2 Solving the Vertex Programs

Line 1.3 requires solving an instance of

min fv(zv, y
v
v) +Dρzvz̃v

(zv, z̃v) +Dρyvvyv
(yvv , y

k
v , u

k
yvvyv

)+
∑

e∈Ev

Dρyve ye
(yve , y

k
e , u

k
yveye

) +Dρyve yee
(yve , y

ek
e , u

k
yeeye

)+

Dρzvev zeev
(zvev , z

k
e , uzvev zeev )

(9.11a)

subject to Av

[
zv zEv
yv yEv

]
(AvT

H − bvTH ) ∈
mv

H,≥⊕

i=1

Kv (9.11b)
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at every vertex. This program can be solved by vectorizing it into standard form.
Alternatively, under the particular choice of weight (9.5) we can write (9.11) in the form

(7.4).
To see this, note that by completing the square, we can write:

Dρyve ye
(yve , y

k
e , u

k
yveye

) +Dρyve yee
(yve , y

ek
e , u

k
yvey

e
e
) =

ρyveye + ρyveyee
2

∥∥yve − ȳke
∥∥2
2
+ ckev ,

where ckev is the left-over constant and

ȳke :=
ρyveye(y

k
e − ukyveye) + ρyveyee(y

ek
e − ukyveyee)

ρyveye + ρyveyee
.

We define

Xv :=

[
zv zvEv
yvv yvEv

]
, Sv :=

[
z̃kv zkEv − ukzvEv zEv

ykv − ukyvvyv ȳkEv

]

and penalty matrices

Dl,v := diag(κvInv , ωv),

Dr,v := diag(ηv, (ηe)e∈Ev).

The quadratic penalties, after absorbing constants into ckv in (9.11a), can be written as

1

2
tr
(
(Xv − Sk

v )
TDl,v(Xv − Sk

v )Dr,v

)
+ c̃kv . (9.12)

The linear cost can be written as:

tr
(
fT
v Xv

[
1
0Ev

])
= tr

([
1
0Ev

]
fT
v Xv

)
. (9.13)

We emphasize that the transcription of (9.11) into matrix standard form is only possible due
to the particular form of D we have described in Section 9.2.1.

We solve (9.11) with CCosmo, by either vectorizing the program if it is sufficiently sparse
or as a matrix program if it is sufficiently dense. The solve over the batch of vertices can be
parallelized.

9.2.3 Solving the Edge and Graph Programs

Line 1.4 applied to (9.4) requires solving

min fe(zeu , zev , ze, ye) +
∑

v∈e

Dρ
ŷ
v(k+1)
e yee

(ŷv(k+1)
e , yee, u

k
yeeye

) +Dρzvev zeev
(ẑv(k+1)

ev , ze, uzvev zeev )

(9.14a)
subject to Ae(zeu , zev , ze, ye) ∈ Ke (9.14b)

222



where ŷv(k+1)
e = αy

v(k+1)
e + (1− α)yeke and similarly for ẑv(k+1)

ev , at every edge.
Additionally, Line 1.4 requires solving:

min
∑

v∈V

(
Dρyvvyv

(yvv , y
k
v , u

k
yvvyv

) +
∑

e∈Ev

Dρyve ye
(yve , y

k
e , u

k
yveye

)

)
(9.15a)

subject to AH(y)− bH ≥ 0 (9.15b)
CH(y)− dH = 0. (9.15c)

This corresponds to Euclidean projection onto the feasible set of the graph problem under-
lying our GCS instance.

Both (9.14) and (9.15) are conic programs with quadratic costs. We once again use
CCosmo, solving each edge program and the graph problem in parallel.

9.2.4 Inexact Substeps

ADMM is known to converge even if the substeps Line 1.3 and Line 1.4 are only solved
approximately. This was first shown in [21], with a recent modern resurgence in interest
[102,223,224].

Rather than solving (9.11), (9.14), and (9.15) to optimality, we adapt the summable
forcing-sequence rule of [21,102]. At each iteration k, we require each vertex program to
solve to an absolute tolerance of ϵkv,abs and relative tolerance ϵkv,rel, each edge program to
tolerances ϵke,abs and ϵke,rel, and each graph program to tolerance ϵkG,abs and ϵkG,rel. By [102,
Assumption 3], we require that

∞∑

k=1

ϵkv <∞,
∞∑

k=1

√
ϵkG +

∑

e∈E

ϵke <∞

for both the absolute and relative tolerances.
In practice, we choose ϵkv = cv(k + 1)−(1+δ) and ϵke = ϵkG = cz(k + 1)−(2+δ) for any δ > 0

and some initial cv and cz.

9.2.4.1 Closed-Form Updates

It is possible to attain a variant of our algorithm by applying the same split as CCosmo to
(9.3) before standardizing into ADMM form. We introduce variables sv, s̃v and se, s̃e and
split the conic constraints (9.3b) and (9.3c) resulting in the program
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min
∑

v∈V

fv(zv, y
v
v) +

∑

e∈E

fe(z
e
eu , z

e
ev , ze, y

e
e) (9.16a)

subject to Āv(zv, y
v
v , z

v
Ev , y

v
Ev) = sv, ∀v ∈ V (9.16b)

s̃v ∈ Kv, ∀v ∈ V (9.16c)
Āe(zeu , zev , ze, y

e
e) = se, ∀e ∈ E (9.16d)

s̃e ∈ Ke ∀e ∈ E (9.16e)
ĀG(y)− bG ∈ KG (9.16f)
yvv = yv, y

v
e = ye, ∀v ∈ V , ∀e ∈ Ev (9.16g)

yve = yee, z
v
ev = zeev , ∀v ∈ V , ∀e ∈ Ev. (9.16h)

sv = s̃v, zv = z̃v ∀v ∈ V (9.16i)
s̃e = se, z̃e = ze ∀e ∈ E (9.16j)

In this split the blue and purple variables are placed on one side of the split and the
red, orange, and green variables are placed on the other. Rather than the steps of the
Algorithm 1 being fully CCosmo solves, the steps which update blue and red correspond to
the linear system solve from Line 5.3 while the updates for the purple and green correspond
to the cone projection from Line 5.5. We keep the graph solution as a full projection onto
the feasible set of the relaxed underlying graph problem as we observe that this step takes
very few internal iterations in practice. We again introduce the regularizers zv = z̃v and
ze = z̃e from (9.4).

In summary, with this split Algorithm 1 reduces to

1. Line 1.3:

(a) Solving a linear system at every vertex in parallel.
(b) Projecting onto the cone Ke at every edge in parallel and updating z̃e.

2. Line 1.4:

(a) Projecting onto the cone Kv at every vertex in parallel and updating z̃v.
(b) Solving a linear system at every edge in parallel.
(c) Projecting onto the feasible set of the relaxed graph problem.

All these steps, besides the projection onto the graph problem, can be carried out in
closed form. We can also interpret this as an extreme case of solving (9.11) and (9.14)
where the solvers for these programs are not even allowed to complete a full iteration before
returning.

We note that since (9.16) is a program in the ADMM standard form (4.1), Algorithm 1
is guaranteed to converge asymptotically. The proposed split trades off simplicity of the
ADMM steps with an increase in the number of iterations of Algorithm 1. However, as
the steps of Algorithm 1 applied to (9.3) are iterative themselves, and internally apply the
same steps as (9.16) in a different order, it is worth comparing how much total work both
approaches perform.
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9.2.5 Termination Criterion

We terminate Algorithm 1 using the criterion from [101, §3.3.1]. We compute primal and
dual residuals for (9.4b), (9.4c), and (9.4d).

At iteration k, we define the primal residual for a constraint of the form λ = µ in (9.4b),
(9.4c), and (9.4d) as

rkpλµ = λ− µ (9.17)

The dual residual for the pair λ = µ is given by:

rkdλµ = ρλµ(µ
k − µk−1), (9.18)

except for the pair of constraints yve = ye and yve = yee whose dual check must be coupled as

rdye = ρyveye(y
k
e − yk−1

e ) + ρyveyee(y
e,k
e − ye,k−1

e ) (9.19)

To terminate, we choose thresholds ϵabs and ϵrel. Before checking convergence, we check that
every tolerance from Section 9.2.4 is below ϵabs and ϵrel as needed. We stop updating the
tolerances from Section 9.2.4 once they are less than ϵabs/10 and ϵrel/10.

Finally, we terminate if for every pair λ = µ

∥rpλµ∥∞ ≤ ϵabs + ϵrel max{
∥∥λk
∥∥
∞ ,
∥∥µk
∥∥
∞} (9.20a)

∥rdλµ∥∞ ≤ ϵabs + ϵrel max{
∥∥µk
∥∥
∞ ,
∥∥µk−1

∥∥
∞}. (9.20b)

For the pair of constraints yve = ye and yve = yee, we replace (9.20b) with

∥rdye∥∞ ≤ ϵabs + ϵrel max{
∥∥yke
∥∥
∞ ,
∥∥yk−1

e

∥∥
∞ ,
∥∥ye,ke

∥∥
∞ ,
∥∥ye,k−1

e

∥∥
∞} (9.21)

If we are solving using the updates from Section 9.2.4.1, we must also check the primal and
dual convergence of the constraints (9.16i) and (9.16j).

9.3 Test Instances: the GcsCc Library and GcsBench In-
stances

Domain-specific languages (DSL) for modelling convex optimization are quite common, with
modern efforts emphasizing the integration of the DSL into general-purpose programming
languages. Examples include CVXPY [216] for Python, JuMP [314,315] for Julia, and Drake’s
MathematicalProgram [69] for C++ and Python. Using these DSLs substantially simplifies
the process of modelling a convex optimization program, before standardizing into a given
conic form such as (CSF).

To facilitate modelling, GCS libraries combine an appropriate DSL with a graph data
structure. Examples include GCSOPT1 [37] which uses CVXPY, Drake’s native GraphOfConvexSets2,
and the in-development GraphsOfConvexSets.jl which uses JuMP.

1https://github.com/TobiaMarcucci/gcsopt
2https://drake.mit.edu/doxygen_cxx/classdrake_1_1geometry_1_1optimization_1_1_graph_of_

convex_sets.html
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(a) Maze [37] (b) Helicopter [37] (c) IiwaShelf [156]

(d) ContactGraph [96] (e) SdpPushing [95] (f) Bimanual [93]

Figure 9.4: Representative GcsBench instance families. The Maze and Helicopter families
are trajectory-planning problems from gcsopt. The IiwaShelf and Bimanual examples are
collision-free motion planning problems. The ContactGraph and SdpPushing both consider
contact-rich manipulation problems.

While DSLs are useful for modelling optimization programs, they are not as appropriate
for distributing programs. Aside from the language-specific nature of a DSL, serializing an
optimization program described in a DSL is quite challenging, with JuMP only supporting
it in a limited format; CVXPY and Drake do not support it at all. To facilitate sharing in-
stances, researchers have proposed and distributed a number of benchmark formats such as
the CBLIB format [316], the SDPA format [317], and MPS format [318]. These formats
express optimization programs in a form much closer to the standard form (CSF), a pro-
cess that inevitably confounds the original structure of the problem based on the specific
standardization used.

In order to standardize the transcription and distribution of GCS programs, we introduce
GcsCc, a C++ library with Python bindings for modelling GCS instances. GcsCc models GCS
programs by building a graph data structure and storing a program in the conic standard
form (CSF) at every vertex and every edge. Given a graph program, GcsCc can output the
relaxation (3.17) in the form (CSF). To facilitate transcription into the GcsCc format, we
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provide bridges for converting GCS programs modelled in GCSOPT in Python and Drake in
both Python and C++.

Due to the simple data structures used, GcsCc models are relatively easy to serialize
and deserialize. This allows us to collect a variety of GCS shortest path instances from the
literature and distribute them in a library we call GcsBench. GcsBench currently contains
six families.

We extract the two families Maze and Helicopter from the examples in GCSOPT which are
described in [37,38]. To facilitate increasing the complexity of the sets in the Maze examples,
we extend the example from GCSOPT to add velocity continuity constraints on the path as
well as penalties on the acceleration. These instances are defined by small programs at each
vertex and edge which are homogeneously sized; the programs have almost exactly the same
constraints and number of variables. Moreover, the graphs for these programs are extremely
sparse.

The remaining four families come from examples using GCS for motion planning in
robotics. The IiwaShelf examples are adapted from [154, §6.4.4]3 and model a seven-degree-
of-freedom robot arm interacting with a shelf. The environment is visualized in Figure 9.4c.
The Bimanual examples are similar; they model a pair of arms coordinating to manipulate a
common manipuland. These examples are visualized in Figure 9.4f. The graphs underlying
both of these examples are small and relatively dense. The graphs have only a few dozen
vertices and 50–100 edges. The complexity in these instances comes from the heterogeneity of
the programs. While the edge programs are relatively uniform, the vertex programs contain
dramatically different numbers of constraints.

The final two examples come from the contact-rich manipulation literature. The SdpPushing
examples are from [95] and visualized in Figure 9.4e. The graphs in these instances are of
moderate size. Most of the complexity in these programs comes from the vertices. First,
the vertex programs are heterogeneous; some are small SOCPs, others are relatively larger
SDPs. These are the only instances in GcsBench which have SDPs at the vertices. Finally,
the ContactGraph examples are taken from [96] and visualized in Figure 9.4d. These pro-
grams use a much simpler model of planar pushing, but model manipulating many objects
at once. This leads to very simple and uniform vertex and edge programs, but a massive
and extremely dense graph. These instances are frequently too large to be solved practically
by a centralized solution method without very powerful compute resources.

9.4 Results
In this section, we describe the results of using the VEGA in both modes proposed in Sec-
tion 9.2 and Section 9.2.4.1. We compare to two first-order solvers SCS [210,220] and CCosmo
from Chapter 7, as well as the interior-point solver Clarabel [22]. All experiments in this
subsection were run on an 11th Gen Intel Core i9-11980HK CPU with 64 GB of RAM.
For SCS and CCosmo, we solve to 10−3 absolute tolerance and 10−4 relative tolerance. For

3see the notebook at https://deepnote.com/workspace/Manipulation-ac8201a1-470a-4c77-afd0-2cc45bc229ff/
project/0762b167-402a-4362-9702-7d559f0e73bb/notebook/iris_builder-3c25c10bc29d4c9493e48eaced475d03?
secondary-sidebar-autoopen=true&secondary-sidebar=agent
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Clarabel4 in high accuracy mode, we solve to the default absolute and relative tolerances
of 10−8. For Clarabel in low-accuracy mode, we solve to the same tolerance as for SCS and
CCosmo.

We test our VEGA and the other solvers on instances from GcsBench. For each graph in
the benchmark, we select two vertices and form the convex relaxation of the shortest path in
a GCS [1]. At each vertex, we include the vertex local constraints yv ≥ ye, ye ≥ 0, the flow
conservation constraints yv+

∑
e∈Ein

v
ye = 0, yv+

∑
e∈Eout

v
ye = 0 and the two cycle elimination

constraints yv ≥ yuv + yvu for every pair of vertices such that (u, v), (v, u) ∈ E .
We begin by noting that these programs are incredibly challenging.

9.4.1 Centralized Solver Results

We begin by comparing the runtimes and solution quality of various solvers on the GcsBench
instances. We exclude all instances from the ContactGraph family as the resulting programs
are too large, with a single step taking over 2 hours on the smallest instance.
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Figure 9.5: Absolute performance profile for centralized solvers on the non-ContactGraph
GcsBench instances.

An absolute performance profile and the shifted geometric mean with one-second shift
are shown in Figure 9.5 and Table 9.1. As in Section 7.5, Clarabel demonstrates the best
performance and robustness on these challenging test instances, with the first-order solvers
requiring a surprisingly high number of iterations to converge. CCosmo tends to perform
better than SCS. This may be explained by the fact that the GCS relaxation is already
homogeneous, and so the additional homogenization of SCS may be hurting in this case.

4For the SdpPushing family, Clarabel encountered numerical difficulties unless
static_regularization_enabled = false.
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Solver Success Opt. Inacc. Err./Max Shifted GM [s]

Clarabel high 22/24 10 12 2 12.6
Clarabel low 20/24 22 0 4 9.8
CCosmo 19/24 15 4 5 28.07
SCS 16/24 13 11 8 78.16

Table 9.1: Success counts and one-second shifted geometric mean solve times for centralized
solvers on the non-ContactGraph GcsBench instances. We report a success when the returned
objective is within 2% of the high-accuracy Clarabel reference whenever that reference is
available. Opt. and Inacc. report the returned solver statuses, while Err./Max reports
unsuccessful rows.

In Tables 9.1 and C.6, we also note the returned statuses of every solver. The solvers
mostly return the same answers. However, the very high number of optimal-inaccurate
statuses generated by all the solvers (except for Clarabel in its low-accuracy mode) point
to these problems being quite difficult to solve accurately. Indeed, Clarabel in low-accuracy
mode is a useful cautionary case on the SdpPushing instances: despite reporting successful
termination on SdpPushing’s box example, it returns a dramatically different objective than
the high-accuracy reference.

A detailed breakdown of each solver’s performance on these problems is available in
Table C.5. In addition, we include a table on each solver’s accuracy relative to the high-
accuracy baseline in Table C.6.

9.4.2 Regularized Problems

For many programs in GcsBench, it is possible to find points that have zero cost in the vertices
and edges. Even worse, it is possible to construct cycles in these graphs which achieve zero
cost. This makes the optimal solution of the relaxation non-unique and the optimization
landscape quite poor. This is one potential source of degeneracy which may be contributing
to the reported low confidence by the solvers in the prior section. We demonstrate that
eliminating zero cost cycles can contribute to better accuracy of many solvers.

To address the zero-cost cycle issue, we solve exactly the same set of instances, but add a
constant ϵ = 10 penalty to each edge. This encourages the shortest path relaxation to visit
as few edges as possible and forces the y flow variables to be unique. We again solve the 24
non-ContactGraph instances from GcsBench.

In Table 9.2 we compare both the shifted geometric mean and the optimality counts
after adding the regularization. The effect is not uniform, but the first-order solvers benefit
in aggregate: the shifted geometric mean for CCosmo improves from 28.07 seconds to 20.31
seconds and the shifted geometric mean for SCS improves from 78.16 seconds to 21.59 seconds.
Low-accuracy Clarabel is slightly slower on this matched set, while high-accuracy Clarabel
improves.

Moreover, this improved robustness is reflected in the objective values returned by the
low-accuracy solvers. In Table 9.3, the mean and maximum relative errors to the Clarabel
high accuracy solution for CCosmo and SCS decrease substantially. The low-accuracy Clarabel
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Original Regularized, ϵ = 10

Solver Success Opt. Inacc. Err./Max Shifted GM [s] Success Opt. Inacc. Err./Max Shifted GM [s]

Clarabel high 22/24 10 1 2 12.6 22/24 20 4 1 10.63
Clarabel low 20/24 22 0 4 9.8 23/24 23 0 1 9.376
CCosmo 19/24 15 4 5 28.07 20/24 16 1 4 20.31
SCS 16/24 13 11 8 78.16 20/24 17 7 4 21.59

Table 9.2: Comparison of solve times, in seconds, on the original and edge-regularized ϵ = 10
problems over the 24 non-ContactGraph problems.
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Figure 9.6: Absolute performance profile for centralized solvers on the edge-regularized ϵ =
10 non-ContactGraph GcsBench instances.

errors remain small in both campaigns, so the main gain is in suppressing the worst degeneracy-
sensitive outliers of the first-order solvers.

We again report a detailed breakdown of the solve times in Table C.7 and solution quality
in Table C.9. A per-instance ratio of the time taken by each solver on the regularized versus
unregularized instances is provided in Table C.8.
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Solver Original Regularized, ϵ = 10

Median err. Mean err. Max err. Median err. Mean err. Max err.

Clarabel low 0.00906% 0.103% 0.871% 0.0232% 0.139% 1.28%
CCosmo 0.0151% 0.211% 1.89% 0.00231% 0.063% 0.811%
SCS 0.0299% 1.32% 10.4% 0.00281% 0.194% 2.31%

Table 9.3: Comparison of relative errors to the high-accuracy Clarabel solution between
the original and edge-regularized ϵ = 10 problems. The table uses the 22 problems where
the high-accuracy Clarabel reference returned a successful status in both campaigns.

9.4.3 Performance of VEGA

In this section, we turn our attention to the performance of VEGA. We consider two key
metrics. The first is the actual wall-clock time taken by VEGA before returning a solution
which is the most practically relevant metric. We also report the critical path of the solve
time. At every step which has parallelism, we increment the time only by the longest running
unit of work in step. This measures the longest serial path in our code, removing the penalty
of thread overhead and limited parallelism. This best-case metric gives a sense of whether
more parallelism would rescue some VEGA solve times.

Overall, we see that VEGA is competitive or only modestly slower than CCosmo on most
of the GcsBench instances. The major advantage of VEGA becomes clear when considering
the very large ContactGraph instances where VEGA is the only solver capable of solving any
of these programs, generating the first known lower bound.

9.4.3.1 Original VEGA Instances

We solve (9.3) with the subproblems solved to the accuracy specified by the relative error
criterion in Section 9.2.4. All subproblems are solved in parallel. Each instance in VEGA is
solved to an absolute tolerance 10−3 and relative tolerance 10−4.

We use VEGA in two modes. The first allows the subproblems to converge to the prescribed
accuracies from Section 9.2.4 or a maximum iteration cap at every iteration. We call this
mode the subproblem mode. We also compare to the variant described in Section 9.2.4.1,
which interleaves the cone and subspace updates of the edge and vertex programs. We call
this the half-step mode. We do not report the critical path for this mode.

Our results indicate that the subproblem mode is substantially more performant than the
half-step mode, achieving a median slowdown relative to CCosmo of 1.98 on wall-clock time
and is faster than CCosmo on 7 instances. These results are summarized in Figure 9.7 with
a detailed, per-instance table given in Tables C.10 and C.11. The results along the critical
path are also promising. In this case, VEGA is faster on 12 of the instances. This is shown in
Figure 9.8.

We additionally report the number of outer iterations of VEGA compared to the number
of iterations required by CCosmo in Figure 9.9. This result is mixed, with CCosmo requiring
more iterations on about half of the instances.

In contrast, though the half-step mode has far lower cost per iteration, it only solves
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(a) Subproblem mode.
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(b) Half-step mode.

Figure 9.7: Ratio of VEGA times to CCosmo times on GcsBench. Ratios below 1 favor VEGA.
Hashed bars indicate hitting the iteration limit of VEGA.

13/24 problems before reaching its iteration limit and is slower on every problem as shown
in Figure 9.7b. This is due to poor tail convergence.

9.4.3.2 Regularized GcsBench Instances

We also evaluate VEGA on the edge-regularized ϵ = 10 instances from Section 9.4.2. In
subproblem mode, VEGA solves 19 of the 24 non-ContactGraph rows and reaches the iteration
limit on 5 rows. The effect is mixed. The shifted geometric mean increases from 20.49s on
the original instances to 108.9s on the edge-regularized instances. This is summarized in
Table 9.4 and Figure 9.10, with detailed per-instance results in Tables C.14 and C.15.

The critical-path comparison is more favorable than the measured wall-clock comparison,
as in the original instances. This suggests that some of the slowdown is due to thread
overhead and limited parallelism rather than the serial structure of the split alone. This is
shown in Figure 9.11.
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Figure 9.8: Ratio of idealized critical-path times for VEGA to CCosmo solve times on GcsBench.
Ratios below 1 favor VEGA.
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Figure 9.9: Ratio of outer iterations required by VEGA to iterations required by CCosmo on
GcsBench.
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Family Num Instances Orig. solved Reg. solved Orig. GM [s] Reg. GM [s] Ratio

Mazes linear 3 3 3 4.04 140.0 34.62
Mazes cubic 3 3 3 12.01 60.09 5
Helicopter 4 4 2 26.04 303.3 11.65
IiwaShelf order 1 4 4 4 15.86 45.15 2.85
IiwaShelf order 3 4 4 3 39.84 106.1 2.66
Bimanual 3 3 3 8.39 66.27 7.9
SdpPushing 3 2 1 148.6 212.8 1.43
Overall 24 23 19 20.49 108.9 5.32

Table 9.4: Effect of edge regularization on VEGA.

The half-step mode behaves differently under edge regularization. It solves 15 of the 24
problems, compared with 13 problems on the original instances, and has a slightly smaller
shifted geometric mean. However, it is still slower than CCosmo on most problems, indicating
that the tail-convergence issue remains. The family-level comparison is shown in Table 9.5,
and the detailed half-step solves are reported in Tables C.16 and C.17.

Family Num Instances Orig. solved Reg. solved Orig. GM [s] Reg. GM [s] Ratio

Mazes linear 3 3 3 4.21 4.4 1.04
Mazes cubic 3 1 2 41.70 38.97 0.934
Helicopter 4 3 4 103.2 73.77 0.715
IiwaShelf order 1 4 3 3 46.05 46.83 1.02
IiwaShelf order 3 4 1 1 160.5 157.0 0.978
Bimanual 3 0 0 14.75 14.79 1
SdpPushing 3 2 2 104.6 122.7 1.17
Overall 24 13 15 46.77 44.89 0.96

Table 9.5: Effect of edge regularization on half-step VEGA.

9.4.3.3 ContactGraph Instances

VEGA shows a clear performance benefit over all the centralized solvers on the smallest of the
ContactGraph instances. For these instances, no centralized solver was able to take a single
iteration on cg_simple_4 within a 2-hour window.

However, VEGA was able to successfully solve the problem in 680s providing the first lower
bound for this problem of 11.04. A known upper bound of 27.5 is given in [96].
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Figure 9.10: Ratio of VEGA times to CCosmo times on edge-regularized GcsBench instances
with ϵ = 10. Ratios below 1 favor VEGA. Hashed bars indicate hitting the iteration limit of
VEGA.
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Figure 9.11: Ratio of idealized critical-path times for VEGA to CCosmo solve times on edge-
regularized GcsBench instances with ϵ = 10. Ratios below 1 favor VEGA.
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Figure 9.12: Effect of edge regularization on VEGA solve time. Values below 1 indicate that
the edge-regularized instance is faster.
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9.5 Conclusion
In this chapter, we proposed a reformulation of the GCS convex relaxation which naturally
partitions the problem into its constituent parts: a convex program with a quadratic cost at
every vertex, every edge, and encoding the graph program. We proposed using ADMM to
solve the resulting formulation and provided an implementation of our method in the VEGA
solver. As every iteration of VEGA requires solving a convex program per vertex, per edge,
and for the flows, VEGA uses CCosmo internally to implement its steps.

We additionally contributed GcsCc, a C++ and Python library for modelling GCS instances
in a format that is amenable to serialization and distribution. We used GcsCc to collect a
benchmark of GCS problem instances from the robotics literature that we distribute as
GcsBench.

On most of the GcsBench instances, VEGA shows mixed performance relative to using
CCosmo to solve the centralized formulation of the GCS convex relaxation. Occasionally,
VEGA solves problems faster, but it can take much longer. However, timing of the critical
path indicates that additional parallelism could substantially improve solve times for many
problems, suggesting that the GPU developments of Section 7.6 could be used to close this
gap in the future.

Additionally, we demonstrated that though more splitting results in simpler subproblems,
this did not lead to any improvements in solve times and indeed led to substantial regressions,
especially in the tail convergence. The effect of different choices of splitting on the runtime
of ADMM is not well understood in the literature, and this corroborates the folk-wisdom
that more splitting can hurt tail convergence.

The primary positive result is that VEGA is able to solve certain problems which are com-
pletely inaccessible to the general-purpose, centralized convex optimization solvers. Namely,
we demonstrated the first-known lower bound on instances in the ContactGraph family.
Future work will consider solving the larger instances to further corroborate this finding.
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Conclusion

In this thesis, we considered the practical use of the Sums-of-Squares/Tensor Product re-
laxation of polynomial optimization problems in robotics. Though a powerful and general
framework, we have argued that this machinery requires thoughtful design choices throughout
the entire computational pipeline to be effective in practice; the strongest generic mathemat-
ical guarantee is rarely the only relevant objective. The original program must be modeled
in a way that exposes exploitable structure. The relaxation itself must be strong enough to
provide meaningful information while still remaining tractable to solve. Finally, the choice
of numerical method can have a large impact on what relaxations are actually practical to
solve in practice. For robotics applications, the decisive question is whether the relaxation
can be made accurate, scalable, and dependable enough to become part of a larger planning,
control, or verification workflow.

In our first set of contributions in Chapter 5, we demonstrated how polynomial optimiza-
tion can be used to tractably certify that subsets of a robot’s configuration space are collision
free. Our formulation made it possible to certify non-collision for polynomial trajectories,
certify full-dimensional convex regions in an algebraic reparametrization of configuration
space, and grow certified regions. Moreover, we demonstrated an automatic algorithm for
placing regions in the configuration in order to build a convex cover of the free space. These
covers can be used as building blocks for motion planning. Our SOS-based formulation is the
first efficient method for providing full dimensional, certifiably collision-free regions and con-
tributes to the increasingly large literature demonstrating the utility of SOS programming
in robotics.

Our second set of contributions focused on the relaxation step itself. In Chapter 6,
we developed a lightweight linear-algebraic procedure for discovering candidate redundant
equalities for a polynomial optimization problem. Adding such equalities to a POP for-
mulation can substantially strengthen the relaxation. The method automatically discovers
candidate relaxations, filters out equalities that cannot strengthen the relaxation, recov-
ers several strengthened formulations already known in the robotics literature, and is fast
enough to serve as a preprocessing step before solving the relaxation. The contributions of
this chapter emphasize that the original problem formulation cannot be isolated from the
relaxation procedure; modeling and relaxation should be considered jointly.

The remaining chapters focused both general convex programs and particular convex
relaxations. In Chapter 7, we introduced CCosmo, a family of C++ implementations of a first-
order conic optimization method with support for quadratic objectives, standard conic form,
matrix standard conic form, and batched GPU execution. The standard-form implementa-
tion is competitive with established open-source solvers on several benchmark families, while
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the matrix standard form and GPU implementations demonstrate the benefit of specialized
numerical paths when the problem structure matches the solver architecture.

Chapter 8 studied numerical linear algebra subroutines that make exploiting matrix struc-
ture possible. We studied positive semidefinite generalized Sylvester equations, which appear
as a subproblem in CCosmo, and demonstrated that such equations can be solved much more
efficiently by exploiting both the matrix structure and the positive semidefinite structure.
We also studied a combinatorially structured matrix equation that arises from the poset
least-squares problem. Our solver exploits order-theoretic structure to obtain an elimina-
tion process that is substantially more efficient than a generic sparse solver baseline. Conic
solvers tailored to particular structure depend on linear algebra tailored to that structure.
When the structure of a relaxation is preserved all the way down to the linear system solve,
large apparent problem dimensions can sometimes be replaced by smaller, more meaningful
algebraic dimensions.

Finally, in Chapter 9, we returned to Graphs of Convex Sets as a practically important
family of tensor-product relaxations. We introduced the GcsCc library to provide a structured
way to model, serialize, and distribute GCS instances and collected instances from robotics
applications into a benchmark called GcsBench. We then introduced VEGA, a decomposition-
based solver for solving large GCS instances. VEGA decomposes the GCS relaxation into
vertex programs, edge programs, and a graph program, solving these pieces in parallel while
driving them to consensus. On small and moderate instances, VEGA is modestly slower than
general-purpose convex optimization solvers. However, VEGA is able to scale to substantially
larger instances than the centralized, general-purpose solvers.

The GcsCc library and GcsBench benchmark provide a structured way to model, serialize,
and compare GCS instances drawn from robotics applications. VEGA then decomposes the
GCS relaxation into vertex programs, edge programs, and a graph program, solving these
pieces in parallel while driving them to consensus. The results are deliberately mixed. On
small and moderate instances, centralized solvers remain difficult to beat, and the decom-
position can introduce enough additional iteration burden to offset the cheaper local steps.
On the largest contact-graph instance solved in this thesis, however, centralized solvers were
blocked by the scale of the global linear algebra while the decomposed method could still
produce a usable low-accuracy solution. This is the intended regime for the method and an
instructive example of the thesis theme: decomposition is most valuable when it changes the
limiting resource, not merely when it rewrites a problem in distributed form.

Taken together, the thesis argues that though the powerful SOS/TPR framework demon-
strates poor scaling in general, pragmatic choices throughout the pipeline can transform
seemingly intractable problems into computational problems with efficient, tractable solu-
tions. Each chapter of this thesis addressed a different part of this pipeline, from high-level
modeling to low-level linear algebra.

There are many possible directions of future work. First, the ubiquity of polynomial
structure is not unique to robotics; it is a pervasive language useful throughout a wide
variety of engineering computational domains. Many of the results of this thesis are agnostic
to the application area and could be of independent interest other fields including quantum
computing, quantitative finance, nuclear science, and more. Bringing the current tools to
bear in other fields is an exciting future direction.

Next, in this thesis we have been primarily interested in the static, a-priori construction
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of convex relaxations. Future work should consider how to adaptively build better convex
relaxations, starting with low-degree, easy-to-solve SOS relaxation and iteratively building
tighter relaxations. This is common in the mixed-integer linear and mixed-integer convex
programming literature through the branch, cut, and bound algorithm. Its success in those
fields has been based on a synergy between research into heuristics for designing strong cuts
and excellent software for efficiently resolving the new relaxations.

Finally, in very predictable, highly structured environments, optimization-based methods
that rely on careful models continue to dominate. However, robotics has recently seen an im-
mense surge in learning-based methods especially when operating unstructured environments
and for tasks that are difficult to model efficiently such as dexterous manipulation. The pro-
posed optimization based methods can continue to be relevant in robotics, even in the era of
foundation models and AI agents, as a tool that can be applied and well-understood. Under-
standing the advantages of synergyzing SOS-relaxation based methods with learning-based
policy driven and agentic workflows remains an interesting future direction.
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Appendix A

Appendices for Chapter 5

A.1 Algebraic Kinematics
An in-depth review of algebraic kinematics and low order pairs can be found in [114, Chapter
4]. We include a brief review in this appendix for completeness.

A mechanism composed of N + 1 links is considered algebraic if each link is connected
by one of the following five joints:

• Revolute (R): a 1-DOF joint permitting revolution about an axis of symmetry. An
example is a door handle.

• Prismatic (P): a 1-DOF joint permitting translation along an axis. An example is a
linear rail.

• Cylindrical (C): a 2-DOF joint permitting both revolution about an axis of symmetry
and independent translation along a given axis. An example is the rods of a Foosball
table.

• Planar (E): A 3-DOF joint permitting translation and rotation in a two-dimensional
plane. An example is a hockey puck moving on the surface of the ice.

• Spherical (S): A 3-DOF joint permitting free rotation between two links. An example
is the human shoulder.

We recall from Section 5.3.2 that the pose of a point A expressed in the reference frame F ,
written as a function of the robot configuration q can be expressed as

[
FRA(q) FpA(q)
01×3 1

]
=
∏

i∈JF,A

PiXCi(qi)
CiXPi+1 (A.1)

where PiXCi(qi) is a rigid transform describing the relative motion allowed by the ith joint.
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The matrices PiXCi(qi) are in general restrictions of the following forms

PiXCi(qi) =








cos(θi) − sin(θi) 0 xi

sin(θi) cos(θi) 0 yi

0 0 1 zi

0 0 0 1


 if ith joint is one of R, P, C, or E

[
U(ψi) 03×1

01×3 1

]
if ith joint is S

(A.2)

The specific restrictions for R, P, C, and E joints are given in Table A.1. The matrix U is
an element of SO(3) parametrized using Euler angles {ϕi,x, ϕi,y, ϕi,z}.

Joint Restriction Definition of qi
R xi = yi = zi = 0 qi = {θi}
P θi = xi = yi = 0 qi = {zi}
C xi = yi = 0 qi = {θi, zi}
E zi = 0 qi = {θi, xi, yi}
S see equation (A.5) qi = {ϕi,x, ϕi,y, ϕi,z}

Table A.1: Parameterization of algebraic joints in terms of the matrix given in (A.2).

We remark that the joints C, E, and S can be constructed by the composition of R and
P joints.

• A C joint is a composition of an R joint and a P joint:



cos(θi) − sin(θi) 0 0
sin(θi) cos(θi) 0 0

0 0 1 zi
0 0 0 1


 =




cos(θi) − sin(θi) 0 0
sin(θi) cos(θi) 0 0

0 0 1 0
0 0 0 1







1 0 0 0
0 1 0 0
0 0 1 zi
0 0 0 1


 (A.3)

• An E joint is the composition of one R joint and two P joints



cos(θi) − sin(θi) 0 xi
sin(θi) cos(θi) 0 yi

0 0 1 0
0 0 0 1


 =




1 0 0 xi
0 1 0 0
0 0 1 0
0 0 0 1







1 0 0 0
0 1 0 yi
0 0 1 0
0 0 0 1







cos(θi) − sin(θi) 0 0
sin(θi) cos(θi) 0 0

0 0 1 0
0 0 0 1




(A.4)

• An S joint is the composition of three R joints expressed as Euler angles.

U(ψi) =



cos(ψi,x) − sin(ψi,x) 0
sin(ψi,x) cos(ψi,x) 0

0 0 1





cos(ψi,y) 0 − sin(ψi,y)

0 1 0
sin(ψi,y) 0 cos(ψi,y)





1 0 0
0 cos(ψi,z) − sin(ψi,z)
0 sin(ψi,z) cos(ψi,z)




(A.5)

Our approach, presented for a robot composed of R and P joints, can be extended to
handle any algebraic mechanism by considering the other algebraic joints as composi-
tions of R and P joints.
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A.2 Semialgebraic Descriptions of Set Membership for
Common Convex Bodies

A.3 Description of Set Membership for Common Convex
Bodies

We collect the common convex bodies used to represent shapes in robot simulators and how
to express that a point lies in that body.

Body Psatz Condition for (5.18c)
V-rep Polytope with m
vertices vi at position
Fpvi(s) =

F fvi (s)
F gvi (s)

Enforce (5.14) for each vertex vi.

Sphere with center o at po-
sition Fpo(s) =

F fo(s)
F go(s)

and
radius r

Enforce (5.17) for the cen-
ter o with radius r. Also en-
force (5.14) for the center o.

Capsule, the convex hull
of two spheres with cen-
ters o1 and o2 at positions
Fpoi(s) =

F foi (s)
F goi (s)

and radii
r1, r2

For i ∈ {1, 2} enforce (5.17) for center oi
with radius ri. Also enforce (5.14) for oi.

Cylinder, the convex hull
of two circles with cen-
ters o1 and o2, at posi-
tion Fpoi(s) =

F foi (s)
F goi (s)

, ly-
ing in the plane normal to
Fpo1(s) − Fpo2(s), and with
radii r1 and r2.

See Appendix A.4.

Table A.2: SOS conditions for the constraint (5.18c) and (5.18d) depending on the geometry
of bodies A and B.
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A.3.1 Semialgebraic Description under Rational Forward Kinemat-
ics

Body Variables Description of A(s) as a semi-algebraic set

V-rep Polytope with m
vertices vi at position
F pvi(s) =

F fvi (s)
F gvi (s)

{s, x, µ}

h1(s, x, µ) =

(∏

i

F gvi

)(
x−

m∑

i=1

µi

(F fvi(s)
F gvi(s)

))

h2(µ) = 1−
∑

i=1

µi

γi(µi) = µi, i ∈ [m]

Sphere with center o at
position F po(s) =

F fo(s)
F go(s)

and radius r

{s, x} γ1(s, x) =
(
F go(s)

)2
(
r2 −

∥∥∥∥x−
F fo(s)
F go(s)

∥∥∥∥
2
)

Capsule, the convex
hull of two spheres with
centers c1 and c2 at
positions F poi(s) =
F foi (s)
F goi (s)

and radii r1, r2

{s, x, µ}

F foµ

F goµ
= µ

F fo1(s)
F go1(s)

+ (1− µ)
F fo2(s)
F go2(s)

rµ = µr1 + (1− µ)r2

γ1(s, x, µ) =
(
F goµ(s)

)2
(
r2µ −

∥∥∥∥x−
F foµ

F goµ

∥∥∥∥
2
)

γ2(µ) = µ

γ3(µ) = 1− µ

Cylinder, the con-
vex hull of two cir-
cles with centers o1
and o2, at position
F poi(s) =

F foi (s)
F goi (s)

, ly-
ing in the plane normal
to F po1(s) − F po2(s),
and with radii r1 and
r2.

{s, x, v, µ}

F foµ(s)
F goµ(s)

= µ
F fo1(s)
F go1(s)

+ (1− µ)
F fo2(s)
F go2(s)

rµ = µr1 + (1− µ)r2

h1(v, s) = vT
(F fo1(s)

F go1(s)
−

F fo2(s)
F go2(s)

)

h2(s, x, µ, v) = x−
F foµ(s)
F goµ(s)

− v

γ1(v, µ) = r2µ − vT v

γ2(µ) = µ

γ3(µ) = 1− µ

Table A.3: Parameterizations of the condition that x lies in a convex body that moves rigidly
as a function of s.
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Figure A.1: Illustration of the cylinder on one side of the plane H, with the plane normal
being Ga, expressed in the cylinder’s geometry frame G.

A.4 Parametrized Hyperplane Separation Condition for
the Cylinder

To derive the hyperplane-separation condition for the cylinder, we first attach a geometric
frame G to the cylinder, as shown in Fig. A.1. The cylinder’s geometry frame G’s origin
coincides with the cylinder’s center, with the z axis of the G frame along the cylinder axis.
The height of the cylinder is 2h, with the top/bottom circle radii being r1 and r2, respectively.

We first write the plane H with its parameters Ga(s), Gb(s) in the cylinder’s geometric
frame G and derive the conditions on Ga(s), Gb(s). The cylinder is on the positive side of
the plane if and only if both its top and bottom rims are on the positive side of the plane,
namely

(
Ga(s)

)T


r1 cosα
r1 sinα
h


+ Gb(s) ≥ 0 ∀α (A.6a)

(
Ga(s)

)T


r2 cosα
r2 sinα
−h


+ Gb(s) ≥ 0 ∀α. (A.6b)

Taking the infimum of both sides with respect to α makes the above conditions equivalent
to

Gaz(s)h+ Gb(s) ≥ r1
∥∥[Gax(s) Gay(s)

]∥∥ (A.7a)

−Gaz(s)h+ Gb(s) ≥ r2
∥∥[Gax(s) Gay(s)

]∥∥ (A.7b)
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Next, we use the Schur complement to reformulate (A.7a) and (A.7b) as positive semidef-
inite matrix conditions. For example, (A.7a) is equivalent to




Gaz(s)h+ Gb(s) 0 r1
Gax(s)

0 Gaz(s)h+ Gb(s) r1
Gay(s)

r1
Gax(s) r1

Gay(s)
Gaz(s)h+ Gb(s)


 ⪰ 0 (A.8a)

As explained in Section 5.4.1, this polynomial PSD condition can be reformulated as the
condition

uT




Gaz(s)h+ Gb(s) 0 r1
Gax(s)

0 Gaz(s)h+ Gb(s) r1
Gay(s)

r1
Gax(s) r1

Gay(s)
Gaz(s)h+ Gb(s)


u ≥ 0 ∀u. (A.8b)

To avoid the trivial solution Ga(s) = 0, Gb(s) = 0 (which is not in fact a separating
plane), we add the extra constraint GaT

(
Gpo1+Gpo2

2

)
+Gb ≥ 1. Here

Gpo1+Gpo2

2
is the position

of the cylinder center expressed in the geometric frame G which coincides with the frame’s
origin. Therefore

Gpo1+Gpo2

2
= 0, and so it is sufficient to introduce the constraint

Gb(s) ≥ 1 (A.9)

to exclude the trivial solution Ga = 0, Gb = 0.
In our optimization program, we express the separating plane in a frame F (where the

choice of frame F is discussed in A.5.1), not in the cylinder’s geometric frame G. Hence, we
need to compute Ga(s), Gb(s) from their corresponding terms Fa(s), F b(s) expressed in frame
F and the relative transform FXG between the two frames

Ga(s) = GRF (s) Fa(s) (A.10a)
Gb(s) = F b(s) +

(
Fa(s)

)T FpG(s) (A.10b)

As described in Section 5.3.2, both the position FpG(s) and orientation GRF (s) are ratio-
nal functions of s. By replacing Ga(s), Gb(s) in (A.8b) and (A.9) with (A.10) and requiring
the resulting numerator of the rational function to be non-negative, we derive that the plane
separating cylinders can be enforced via a polynomial non-negativity condition which can
be formulated as a sums-of-squares condition.

A.5 Practical aspects
In this section, we discuss some practical aspects essential for applying Algorithm 3 to
realistic examples. These include the choice of reference frame in which to express the
forward kinematics, the selection of a finite basis for the polynomials in our SOS programs,
and which aspects of 3 can be parallelized.
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A.5.1 Choosing the Reference Frame

The polynomial implications upon which the certification program (5.18) and polytope
growth program (5.33) are based require choosing a coordinate frame between each colli-
sion pair A and B. However, as the collision-free certificate between two different collision
pairs can be computed independently of each other, we are free to choose a different coor-
dinate frame to express the kinematics for each collision pair. This is important in light of
(5.5) and (5.9) that indicate that the degree of the polynomials FfAj and FgAj are equal to
two times the number of joints lying on the kinematic chain between frame F and the frame
for A. For example, the tangent-configuration-space polynomial in the variable s describing
the position of the end-effector of a 7-DOF robot is of total degree 14 when written in the
coordinate frame of the robot base. However, when written in the frame of the third link, the
polynomial describing the position of the end effector is only of total degree (7− 3)× 2 = 8.
This observation is also used in [319] to reduce the size of the optimization program.

The size of the semidefinite variables in (5.18) and (5.33) scales as the square of the degree
of the polynomial used to express the forward kinematics. Supposing there are n links in the
kinematic chain between A and B, then choosing the jth link along the kinematic chain as
the reference frame F leads to scaling of order j2 + (n − j)2. Choosing the reference frame
in the middle of the chain minimizes this complexity to scaling of order n2

2
and we therefore

adopt this convention in our experiments.

A.5.2 Basis Selection

The condition that a polynomial can be written as a sum of squares can be equivalently
formulated as an equality constraint between the coefficients of the polynomial and an asso-
ciated semidefinite variable known as the Gram matrix [158]. Namely, a polynomial p(s) is
sums-of-squares if and only if p(s) = z(s)TXz(s), X ⪰ 0 where z(s) is a vector of monomials
and X is the Gram matrix. The number of rows in the positive semidefinite Gram matrix
equals the size of the vector z(s). In general, a sums-of-squares polynomial in k variables
of total degree 2d requires a Gram matrix of size

(
k+d
d

)
to represent it, which can quickly

become prohibitively large. Fortunately, the polynomials in our programs contain substan-
tially more structure which will allow us to select a small-sized vector of monomials z(s),
and hence drastically reduce the size of the Gram matrices and speed up the optimization
problem.

A.5.2.1 Polytopic collision geometry

We begin with the separating plane condition for polytopic collision geometries. Note that
from (5.9) that while both the numerator and denominator of the forward kinematics are of
total degree 2n, with n the number of links of the kinematics chain between frame A and F ,
both polynomials are of coordinate degree of at most two (i.e. the highest degree of si in any
term is s2i ). We will refer to this basis as ν(s) which is a vector containing terms of the form∏n

i=1 s
degree(si)
i with degree(si) ∈ {0, 1, 2} for all 3n possible permutations of the exponents

degree(si).
We recall that we parametrize our hyperplane using polynomial entries. If aA,B(s) =
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aTA,Bη(s), bA,B(s) = bTA,Bη(s) for some basis η in the variable s, and the position of x(s) ∈ A(s)
is expressed in basis ν(s), then the left hand side of (5.14) can be expressed as a linear
function of the basis γ(s), where γ(s) contains all the possible entries that appear in the
outer product η(s)ν(s)T .

Example 19. Suppose
η(s) =

[
1 s1 s2

]T

and
ν(s) =

[
1 s1 s21 s2 s22 s1s2 s21s2 s1s

2
2 s21s

2
2

]T

.
Then:

γ(s) =
[
1 s1 s21 s31 s2 s22 s32 s1s2 s21s2 s31s2 s1s

2
2 s21s

2
2 s31s

2
2 s1s

3
2 s21s

3
2

]

Namely γ(s) contains the monomials whose degree for each si is at most 3, and only one of
si can have degree 3 (hence s31s32 is not included in γ(s)).

Similarly, we must select a basis ρ(s) for our multiplier polynomials λA,B
ij (s). The equality

in (5.14) determines the minimum necessary basis ρ(s). If the polynomial p(s) is expressed
in basis γ(s), then the minimal such basis is related to an object known in computational
algebra as the Newton polytope of γ denoted New(γ(s)) [320]. Denoting the linear basis

l(s) =
[
1 s1 s2 . . . sN

]
,

the exact condition is that

New(γ(s)) = New(η(s)) + New(ν(s)) ⊆ New(ρ(s)) + New(l(s))

where the sum in this case is the Minkowski sum.
By using affine polynomials for separating plane parameters aA,B(s), bA,B(s), we know

that η(s) is the same as the linear basis l(s), then we obtain the condition that New(ρ(s)) =
New(ν(s)) and since ν(s) is a dense, even degree basis we must take ρ(s) = ν(s). A sums-
of-squares polynomial in the basis of ν(s) has Gram matrix with 2n rows. Choosing η(s)
as the constant basis would in fact result in the same condition, and therefore searching for
separating planes which are linear functions of the tangent-configuration-space variable does
not increase the size of the semidefinite variables. As the complexity of (5.18) and (5.33)
are dominated by the size of these semidefinite variables, separating planes which are linear
functions do not substantially affect the solve time but can dramatically increase the size of
the regions which we can certify.

Because of this, we choose to parametrize all of our hyperplanes throughout our exper-
iments as linear functions of the TC-space variables. We stress that in general, the choice
of a linearly parametrized hyperplane, and the selection of ρ(s) to be the minimum size to
match the degree of the left hand side of (5.14) may not be sufficient to prove that a region
P is collision-free, even if P truly is collision-free. Indeed due to many complexity-theoretic
results, we expect that in general η(s) and ρ(s) may need to have exponentially high degree
for some robots, scenes, and polytopes P [75]. However, in practice we have observed that
the choices in this section are sufficient to certify many regions of interest, while keeping the
optimization problem size tractable for state-of-the-art numerical solvers.
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Remark 15. Attempting to certify that the end-effector of a 7-DOF robot will not collide with
the base using program (5.18) using linearly parametrized hyperplanes and choosing to express
conditions (5.14) in the world frame with naively chosen bases would result in semidefinite
variables of size

(
7+7
7

)
= 3432. Choosing to express the same conditions according to the

discussion in Section A.5.1 and choosing the basis γ(s) described in this section results in
semidefinite matrices of rows at most 2⌈7/2⌉ = 24 = 16. The division by 2 comes from
choosing the middle link as the expressed frame, hence halving the kinematic chain length.

A.5.2.2 Non-polytopic collision geometry

In this section, we use the sphere as a running example for explaining how we choose the
monomial bases for certifying separation of the non-polytopic geometries; the monomial
bases for capsules and cylinders can be derived in a similar manner.

As mentioned in (5.15), we need to impose

s ∈ P =⇒
[(
(a(s))T Ff o(s) + b(s) Fgo(s)

)
I3 ra(s) Fgo(s)

r(a(s))T Fgo(s) (a(s))T Ff o(s) + b(s) Fgo(s)

]
⪰ 0. (A.11)

By the definition of positive semidefinite matrix 1 , we know that the 4 × 4 matrix on the
right of =⇒ in (A.11) is positive semidefinite if and only if

∀ū ∈ R3,

[
ū
1

]T [(
(a(s))T Ff o(s) + b(s) Fgo(s)

)
I3 ra(s) Fgo(s)

r(a(s))T Fgo(s) (a(s))T Ff o(s) + b(s) Fgo(s)

] [
ū
1

]

︸ ︷︷ ︸
σ(ū,s)

≥ 0.

(A.12)

We impose the following sufficient condition for (A.11), where P = {s|cTj (s) ≤ dj, j =
1, . . . ,m}

σ(ū, s) = λ0(ū, s) +
m∑

j=1

λj(ū, s)(dj − cTj s) (A.13a)

for j = 0, . . . ,m, λj(ū, s) ≥ 0 ∀ū, s. (A.13b)

Now we analyze the degree of the polynomial σ(ū, s) defined in (A.12). As mentioned in
the previous subsection, each monomial in Ff o(s), Fgo(s) is of the form

∏n
i=1 s

degree(si)
i , degree(si) ∈

{0, 1, 2}. Combining this with the choice of a separating plane a(s), b(s) being affine functions
of s, we derive that each monomial in σ(ū, s) is of the form ū

degree(ūj)
j

∏n
i=1 s

degree(si)
i , where degree(ūj) ∈

{0, 1, 2}, degree(si) ∈ {0, 1, 2, 3}, and at most one of degree(si) can be 3. As an example,
ū21s

3
1s2s

2
3 is a valid monomial in σ(ū, s) but ū1ū2 is not (because σ(ū, s) doesn’t contain the

cross product between ūj, ūk, j ̸= k). Similarly, s31s32 is not in the basis because at most one
of si can have degree 3. Given these properties on the monomials in σ(ū, s), specifically there

1A matrix X is positive semidefinite if and only if ∀ū,
[
ū
1

]T
X

[
ū
1

]
≥ 0
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being no cross-product term ūjūk, j ̸= k in σ(ū, s), we can write the positive polynomials
λj(ū, s) as the summation of three SOS polynomials

λj(ū, s) =
3∑

k=1

λj,k(ūk, s) (A.14a)

λj,k(ūk, s) ∈ Σ. (A.14b)

For each monomial in the SOS polynomial λj,k(ūk, s), the degree of ūk and si for i = 1, . . . , n
is either 0, 1, or 2. Hence the number of rows in the Gram matrix in λj,k(ūk, s) is of size
2n+1. By choosing the reference frame according to the convention from Appendix A.5.1, n
is no larger than ⌈N/2⌉ where N is the number of joints in the robot.

Remark 16. For a 6-DOF UR3e robot whose collision geometries are approximated by
cylinders, to certify the collision-avoidance between the robot and objects in the world (or
self-collision), the largest positive semidefinite matrix in our optimization problem has rows
at most 2⌈6/2⌉+1 = 24 = 16, where the division by 2 comes from choosing the middle link as
the expressed link, hence halving the kinematic chain length to ⌈6/2⌉.

A.5.3 Parallelization

While it is attractive from a theoretical standpoint to write (5.18) as a single, large program,
it is worth noting that it can, in fact, be viewed as K individual SOS programs, where K is
the number of collision pairs in the environment. Indeed, certifying whether pairs (A1,A2)
are collision-free for all s in the polytope P can be done completely independently of the
certification of another pair (A1,A3) as the constraints are not coupled between any pairs.
Similarly, the search for the largest inscribed ellipsoid can be done independently of the
search for the separating hyperplanes.

Solving the certification program (5.18) as K individual SOS programs has several ad-
vantages. First, as written (5.18) has 2(m + 1)K

∑
i |Ai| semidefinite variables of various

sizes, where m is the number of inequalities in P and |Ai| denotes the number of inequalities
required to express that body Ai is on a particular side of the plane (see Table A.3). In the
example from Section 5.6.1.2 this corresponds to 18, 720 semidefinite variables. This can be
prohibitively large to store in memory as a single program as the size of these semidefinite
variables grows. Solving for the separating plane for each pair of collision bodies indepen-
dently also enables us to determine which collision bodies cannot be certified as collision-free
and allows us to terminate our search as soon as a single pair cannot be certified. Finally,
decomposing the problems into subproblems enables us to increase computation speed by
leveraging parallel processing.

The program (5.31) can also be solved completely independently of the certification
program (5.18) and is in general a much smaller SDP than any individual certification
program. Therefore, lines 3 and 4 of Algorithm 3 can be solved in parallel.

We note that (5.33) cannot be similarly decomposed because in this step the variables
cTi and di affect all of the constraints. However, this program is substantially smaller as we
have fixed 2mK

∑
i |Ai| of the semidefinite variables as constants and replaced them with 2m

linear variables representing the polytope. This program is much more amenable to being
solved as a single program.
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Appendix B

Appendices for Chapter 7

B.1 Supported Sets
We describe the current sets supported by CCosmo, their projection operators, and their
automorphism groups. In short, we support the standard symmetric cones, bounding boxes,
and zero constraints. For all the symmetric cones we support both isotropic scaling and the
proposed rescaling from Section 7.4.2.2. For bounding boxes and the nonnegative orthant,
we support arbitrary diagonal scalings.
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Table B.1: Cone and set blocks used by the current CCosmo implementation. In the auto-
morphism column, we mean invertible linear maps on the ambient space that preserve the
set.

Set Euclidean projection Automorphism group
Rn Π(z) = z GL(n)

{0} ⊆ Rn Π(z) = 0 GL(n)

Rn
+ (Π(z))i = max{zi, 0} Matrices PD with P a

permutation matrix and
D ≻ 0 diagonal

[ℓ, u] = {z ∈ Rn : ℓ ≤
z ≤ u}

(Π(z))i = min{max{zi, ℓi}, ui} generically trivial;
otherwise
permutations of identical
intervals
and sign flips on symmetric
intervals

Ln+1 = {(t, x) | t ≥
∥x∥}

Π((t, x)) =


(t, x) t ≥ ∥x∥2
(0, 0) ∥x∥2 ≤ −t

(τ, τ
∥x∥2

x), τ =
t+∥x∥2

2
else

T = sUO where s > 0,
U ∈ SO(n), and O =cosh(θ) sinh(θ) 0

sinh(θ) cosh(θ) 0

0 0 I


Sn
+ Π(X) = UTΛ+U where

X = UTΛU and
Λ+ = diag(max{λi, 0})

congruence maps
X 7→ MTXM with
M ∈ GL(n)
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B.2 Locomotion MPC
The repeated locomotion benchmark uses planar center-of-mass state (ct, vt) with ct ∈ R3,
vt ∈ R3, and contact forces fi,t = (fix,t, fiy,t, fiz,t) ∈ R3 at stage-dependent foothold locations
pi,t ∈ R3. For one MPC solve, the decision variables are the state trajectory {ct, vt}Ht=0 and
the contact-force trajectory {fi,t}H−1

t=0 .
For time step ∆t, mass m, and per-stage force reference f̂t, each convex subproblem

solves

min
H∑

t=0

wc

2
∥ct − creft ∥22 +

H∑

t=0

wv

2
∥vt − vreft ∥22

+
H−1∑

t=0

wref

2
∥ft − f̂t∥22 +

H−1∑

t=0

wf

2
∥ft∥22

+
H−1∑

t=1

w∆f

2
∥ft − ft−1∥22

s.t. ct+1 = ct +∆t vt,

vt+1 = vt +∆t 1
m

k∑

i=1

(fix,t, fiy,t, fiz,t),

k∑

i=1

fiz,t = mg,

c0 = c
(k)
init, v0 = v

(k)
init,

∥(fix,t, fiy,t)∥2 ≤ µfiz,t, ∀i, t,
0 ≤ fiz,t ≤ f̄iz,t, ∀i, t.

(B.1)

The paper configuration uses H = 24, a rollout length of 48 repeated MPC solves per regime,
∆t = 0.14 s, m = 24 kg, µ = 0.55, and active-contact normal-force bound f̄iz,t = 94.176N.
Swing feet use f̄iz,t = 0. The objective weights are

wc = 12.0, wv = 2.5, wref = 0.08,

wf = 0.002, w∆f = 0.020.

The initial footholds are

p1 = (0.30, 0.20, 0), p2 = (0.30,−0.20, 0),
p3 = (−0.28, 0.20, 0), p4 = (−0.28,−0.20, 0).

The rollout starts from center of mass (0, 0, 0.48) and tracks a forward transfer to (0.72, 0, 0.48).
On odd global stages, one foot is deactivated in the order 1, 4, 2, 3 and lands one stage later
after a 0.10m forward step. Two regimes are used. In the nominal-tracking regime, the MPC
initial state follows the reference rollout. In the push-recovery regime, deterministic velocity
disturbances are injected at global stages 12, 24, and 36, and the MPC initial state is shifted
by the resulting simulated center-of-mass error. At rollout index k, the MPC initial state
(c

(k)
init, v

(k)
init) and the horizon references (creft , vreft ) are obtained by shifting a common global

reference trajectory forward by k stages.

277



101

102

So
lv

e t
im

e [
m

s]

Nominal tracking: runtime

101

102

103

So
lv

e t
im

e [
m

s]

Push recovery: runtime

0 10 20 30 40
Rollout step

101

102

Ite
ra

tio
ns

Nominal tracking: iterations

0 10 20 30 40
Rollout step

101

102

Ite
ra

tio
ns

Push recovery: iterations

Fixed contact-schedule centroidal locomotion MPC appendix
CCosmo SCS Clarabel

Figure B.1: View of the locomotion MPC benchmark showing per-solve runtime and iteration
traces for the nominal-tracking and push-recovery regimes. Red bars indicate where the
pushes occurred in the trajectory. Iterations are only shown for first-order solvers.

B.3 Breakdown of CPU/GPU Transfer Times for Sec-
tion 7.6

We provide a breakdown of where the GPU implementation of CCosmo is spending time when
solving a batch of programs. In what follows, the CPU solve column is the CPU local-solver
solve time. The GPU solve column is the device factorization time plus the solve-kernel
time only. The GPU total column is the host-to-device upload, device allocation/setup,
GPU solve, and device-to-host readback. Host packing, host-side setup, constructor-time
factorization, and host finalization are reported as excluded overhead rather than included in
the speedup denominator. Here host finalization is CPU-side post-readback work that turns
copied GPU buffers into public solver results: finalizing result vectors, forming the reported
dual solution from the scaled dual, setting status and iteration fields, and recomputing the
objective value. It does not include GPU factorization, GPU kernel execution, or raw device-
to-host copy time. The effective PCIe usage column is the size of the copied solution payload
divided by the measured device-to-host readback time; it should be interpreted as observed
end-to-end copy-path utilization for this implementation, not as the hardware peak PCIe
bandwidth.

The readback times in Tables B.3 and B.5 are poor because of the current result extraction
implementation, not because the solution vectors are large. For the full Maze vertices-and-
edges batch, only about 0.416 MiB is copied from device to host, but the implementation
issues roughly 7838 small device-to-host copies. The ContactGraph batches have larger,
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but still modest, solution payloads: cg_simple_4 copies about 3.335 MiB through roughly
16994 small device-to-host copies, and the cg_maze_b1 prefix copies about 9.552 MiB through
roughly 49820 small device-to-host copies. The resulting effective bandwidth of only a few
MiB/s indicates copy-launch and synchronization overhead from many tiny transfers rather
than raw PCIe bandwidth.

Batch Supported
programs

CPU
solve
(ms)

GPU
solve
(ms)

H2D
upload
(ms)

Device
setup
(ms)

Solve
factor
(ms)

Kernel
(ms)

D2H
read
(ms)

GPU total
(ms)

Excluded
overhead

(ms)

cg_simple_4 8486 1830.34 227.14 43.12 117.33 35.83 191.31 213.65 601.23 463.68
cg_maze_b1 (25k) 24899 5985.10 672.57 104.92 233.83 47.08 625.49 558.23 1569.55 1128.58

Table B.2: Detailed timing decomposition for the current regularized Shao Cuda local-
program runs. The CPU solve column reports the CPU local-solver time over GPU-
supported programs. GPU solve is only device factorization plus kernel execution. The
GPU total is host-to-device upload, device allocation/setup, GPU solve, and device-to-host
readback. The excluded-overhead column sums host packing, host setup, the constructor-
time factorization, and host finalization.

Batch D2H payload
(MiB)

D2H copy
calls

D2H time
(ms)

Effective PCIe
usage (MiB/s)

CPU/GPU
solve

CPU/
GPU total

cg_simple_4 3.335 16994 213.65 15.61 8.06x 3.04x
cg_maze_b1 (25k) 9.552 49820 558.23 17.11 8.90x 3.81x

Table B.3: Device-to-host readback diagnostics for the same Shao Cuda runs. Effective PCIe
usage is the copied solution payload divided by the measured device-to-host readback time;
it is not the hardware peak bandwidth. The GPU denominator excludes host packing, host
setup, constructor-time factorization, and host finalization, and includes only host-to-device
upload, device allocation/setup, GPU solve, and device-to-host readback.
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Batch Supported
programs

CPU
solve
(ms)

GPU
solve
(ms)

H2D
upload
(ms)

Device
setup
(ms)

Solve
factor
(ms)

Kernel
(ms)

D2H
read
(ms)

GPU total
(ms)

Excluded
overhead

(ms)

Maze 30_10_48, vertices and edges 3916 78.25 21.34 1.71 162.19 14.75 6.58 120.62 305.86 432.89
Maze 30_10_48, edges only 3016 51.34 10.54 4.64 181.95 6.67 3.87 94.43 291.56 375.08
Maze 30_10_48, vertices only 900 34.94 13.38 0.24 210.29 10.73 2.66 30.51 254.43 415.36

Table B.4: Detailed timing decomposition for the current Cuda runs on the Maze 30_10_48 lo-
cal programs. The CPU solve column reports the CPU local-solver time over GPU-supported
programs. GPU solve is only device factorization plus kernel execution. The GPU total is
host-to-device upload, device allocation/setup, GPU solve, and device-to-host readback. The
excluded-overhead column sums host packing, host setup, the constructor-time factorization,
and host finalization.

Batch D2H payload
(MiB)

D2H copy
calls

D2H time
(ms)

Effective PCIe
usage (MiB/s)

CPU/GPU
solve

CPU/GPU
total

Maze 30_10_48, vertices and edges 0.416 7838 120.62 3.45 3.67x 0.26x
Maze 30_10_48, edges only 0.299 6034 94.43 3.17 4.87x 0.18x
Maze 30_10_48, vertices only 0.117 1804 30.51 3.82 2.61x 0.14x

Table B.5: Device-to-host readback diagnostics for the same Tobia Cuda runs. Effective PCIe
usage is the copied solution payload divided by the measured device-to-host readback time;
it is not the hardware peak bandwidth. The GPU denominator excludes host packing, host
setup, constructor-time factorization, and host finalization, and includes only host-to-device
upload, device allocation/setup, GPU solve, and device-to-host readback.
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Appendix C

Appendix for Chapter 9

C.1 GcsBench Instances
We collect information about each instance in the GcsBench benchmark. Table C.2 reports
the graph size and the aggregate size of the local conic programs stored on the original GCS
graph object before forming the shortest-path relaxation. The GCS variables, constraints,
nonzeros, and cone description are sums over the vertex and edge programs attached to the
graph.

Table C.4 reports the size of the centralized conic relaxation (3.17). For each instance,
we report the stored optimal value of the convex relaxation when such a solve is available,
preferring the interior point solver Clarabel [22] run to 10−8 relative and absolute tolerance.
We also report the number of non-zeros in cost and constraint matrices, the number of
variables, and break down the size of each cone in the conic constraint. The cone description
is a tuple (z, l, q, s). The entry z gives the number of equality constraints, and the entry l
gives the number of linear inequalities. The entries q and s represent the Lorentz and PSD
cones, respectively. For these cones we give a list of n × d where n is the number of cones
of that type of dimension d. For example, q = 900× 3, 371× 4 means the program has 900
Lorentz cones of size 3 and 371 of size 4. For the SDP cone, we report the packed dimension
size which is the number of entries in the lower triangular matrix representing the cone. The
sum of the dimensions in a cone column corresponds to the constraints column in the same
table.

For each instance, we describe the problem and its naming convention.
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Graph of Convex Sets

Instance |V | |E| GCS vars GCS constraints GCS nnz GCS cones

Mazes: Piecewise Linear
5_0_5_1_False_2.66_0.184 25 80 1,110 556 816 z=164; l=217

q=25x4, 25x3
5_2_57_1_False_2.66_0.184 25 92 1,254 580 864 z=188; l=217

q=25x4, 25x3
10_5_5_1_False_2.12_1.877 100 356 4,872 2,308 3,420 z=716; l=892

q=100x4, 100x3
Mazes: Cubic Curves
5_0_58_3_True_2.07_0.107 25 70 2,145 1,276 3,061 z=284; l=417

q=25x8, 25x6, 75x3
10_2_28_3_True_2.6_0.153 100 322 9,672 5,284 12,760 z=1,292; l=1,692

q=100x8, 100x6, 300x3
15_0_86_3_True_2.43_0.193 225 782 23,257 12,124 29,405 z=3,132; l=3,817

q=225x8, 225x6, 675x3
Helicopter
75_0_0_5_2_0.04_0.12_1.6_4.0_
1.0_0

75 396 6,315 2,260 3,919 z=1; l=846
q=471x3

150_0_0_10_2_0.03_0.078_1.8_
4.0_0.88_68

150 906 14,340 4,975 8,749 z=1; l=1,806
q=1056x3

200_0_0_5_10_0.036_0.07_2.0_
3.5_1.28_7

200 1,024 16,360 5,897 10,193 z=1; l=2,224
q=1224x3

300_0_0_2_5_0.014_0.057_1.78_
4.65_1.34_45

300 4,806 73,590 21,925 41,449 z=1; l=6,606
q=5106x3

Shelf: Order 1
Left Bin_to_Right Bin 11 44 1,457 3,152 18,964 z=322; l=2,830

Continued on next page
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Instance |V | |E| GCS vars GCS constraints GCS nnz GCS cones

Left to Shelve_to_Front to
Shelve

11 45 1,480 3,159 18,978 z=329; l=2,830

Right to Shelve_to_Left to
Shelve

11 44 1,457 3,152 18,964 z=322; l=2,830

Top Rack_to_Above Shelve 11 44 1,457 3,152 18,964 z=322; l=2,830
Shelf: Order 3
Left Bin_to_Right Bin 11 44 2,787 6,086 37,654 z=322; l=5,764
Left to Shelve_to_Front to
Shelve

11 45 2,824 6,093 37,668 z=329; l=5,764

Right to Shelve_to_Left to
Shelve

11 44 2,787 6,086 37,654 z=322; l=5,764

Top Rack_to_Above Shelve 11 44 2,787 6,086 37,654 z=322; l=5,764
Bimanual
0.017_0.041_5_1_0_92 15 38 1,602 1,385 6,815 z=320; l=948

q=13x9
0.033_0.043_1_2_0_82 15 38 2,385 2,035 10,183 z=320; l=1,481

q=26x9
0.036_0.046_5_3_2_45 15 40 3,312 3,365 16,861 z=944; l=2,070

q=39x9
Planar Pushing
triangle_0.015_19_2 20 50 10,343 4,391 9,511 z=1,197; l=2,162

q=15x8, 93x3
s=3x15, 3x13

box_0.02_14_45 38 98 18,284 6,740 14,160 z=1,828; l=3,236
q=32x8, 192x3
s=4x15, 4x13

Continued on next page
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Instance |V | |E| GCS vars GCS constraints GCS nnz GCS cones

tee_0.015_27_43 190 490 74,848 22,961 44,377 z=5,872; l=10,337
q=180x8, 1208x3
s=8x15, 8x13

Contact Graph
cg_simple_4 194 8,328 198,546 41,216 78,992 z=33,316; l=6,940

q=192x5
cg_trichal4 200 12,678 299,990 58,882 114,966 z=50,716; l=7,176

q=198x5
cg_maze_b1 628 56,805 1,330,976 252,855 498,311 z=227,224; l=22,501

q=626x5

Table C.2: GCS graph-object instance information for GcsBench. Variable, constraint, and nonzero counts are sums over the
vertex and edge conic programs stored on the graph before forming the shortest-path relaxation; cone descriptions aggregate
those same local programs.
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Shortest Path Convex Relaxation

Instance Cost relax. vars relax. constraints relax. nnz Cones

Mazes: Piecewise Linear
5_0_5_1_False_2.66_0.184 8.525 1,215 6,194 17,214 z=576; l=3,378

q=320x4, 320x3
5_2_57_1_False_2.66_0.184 6.556 1,371 7,034 19,728 z=624; l=3,834

q=368x4, 368x3
10_5_5_1_False_2.12_1.877 16.127 5,328 27,400 77,208 z=2,344; l=15,088

q=1424x4, 1424x3
Mazes: Cubic Curves
5_0_58_3_True_2.07_0.107 7.972 2,240 12,668 49,782 z=1,062; l=5,166

q=280x8, 280x6, 840x3
10_2_28_3_True_2.6_0.153 31.202 10,094 57,908 230,502 z=4,320; l=23,964

q=1288x8, 1288x6, 3864x3
15_0_86_3_True_2.43_0.193 68.909 24,264 140,108 560,244 z=9,910; l=58,254

q=3128x8, 3128x6, 9384x3
Helicopter
75_0_0_5_2_0.04_0.12_1.6_4.0_
1.0_0

14.818 6,786 19,428 48,744 z=1,062; l=12,426
q=1980x3

150_0_0_10_2_0.03_0.078_1.8_
4.0_0.88_68

30.113 15,396 44,088 111,144 z=2,112; l=28,386
q=4530x3

200_0_0_5_10_0.036_0.07_2.0_
3.5_1.28_7

23.274 17,584 50,312 126,092 z=2,808; l=32,144
q=5120x3

300_0_0_2_5_0.014_0.057_1.78_
4.65_1.34_45

11.323 78,696 225,888 581,544 z=4,212; l=149,586
q=24030x3

Shelf: Order 1
Left Bin_to_Right Bin 1.796 1,512 54,626 600,208 z=664; l=53,962

Continued on next page
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Instance Cost relax. vars relax. constraints relax. nnz Cones

Left to Shelve_to_Front to
Shelve

0.539 1,536 55,233 606,734 z=685; l=54,548

Right to Shelve_to_Left to
Shelve

1.079 1,512 55,394 609,262 z=664; l=54,730

Top Rack_to_Above Shelve 0.874 1,512 55,038 605,296 z=664; l=54,374
Shelf: Order 3
Left Bin_to_Right Bin 1.796 2,842 110,610 1,208,768 z=916; l=109,694
Left to Shelve_to_Front to
Shelve

0.539 2,880 111,817 1,221,872 z=937; l=110,880

Right to Shelve_to_Left to
Shelve

1.079 2,842 112,146 1,226,894 z=916; l=111,230

Top Rack_to_Above Shelve 0.874 2,842 111,434 1,218,944 z=916; l=110,518
Bimanual
0.017_0.041_5_1_0_92 5.349 1,655 13,426 123,996 z=880; l=11,214

q=148x9
0.033_0.043_1_2_0_82 5.393 2,438 21,046 187,314 z=1,114; l=17,268

q=296x9
0.036_0.046_5_3_2_45 5.82 3,367 30,894 265,722 z=1,972; l=24,710

q=468x9
Planar Pushing
triangle_0.015_19_2 50.387 10,413 50,628 190,158 z=13,368; l=25,336

q=160x8, 1016x3
s=36x15, 36x13

box_0.02_14_45 29.737 18,420 91,418 343,264 z=22,894; l=46,032
q=324x8, 2132x3
s=64x15, 64x13

Continued on next page
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Instance Cost relax. vars relax. constraints relax. nnz Cones

tee_0.015_27_43 101.636 75,528 397,756 1,518,823 z=87,478; l=199,384
q=1700x8, 14426x3
s=256x15, 256x13

Contact Graph
cg_simple_4 – 207,068 1,438,382 4,864,408 z=38,662; l=1,233,400

q=33264x5
cg_trichal4 – 312,868 2,170,878 7,602,734 z=56,258; l=1,861,420

q=50640x5
cg_maze_b1 – 1,388,409 9,575,616 34,072,276 z=244,580; l=8,195,626

q=227082x5

Table C.4: Conic shortest-path relaxation information for GcsBench. These dimensions are measured after forming the central-
ized relaxation in conic standard form.287



C.1.1 Maze

The Maze instances model finding a shortest path in a maze. The original instance for GCSOPT
searches for piecewise-linear paths through the maze. We enhance the original formulation
to search for paths composed of degree d Bezier curves, subject to velocity continuity con-
straints, a maximum velocity, and also a penalty on the acceleration. Mazes are generated
randomly to have a unique path through them. Then the maze is modified by “knock-
ing down” knockdowns many additional walls to potentially generate many paths through
the maze. The Maze instance names have the form mazesize_knockdowns_seed_degree_
velocity_continuity_vmax_acc_weight. Thus, 5_0_58_3_True_2.07_0.107 denotes a
5 × 5 maze, no knocked-down obstacles, random seed 58, cubic Bezier curves, enforced ve-
locity continuity, velocity bound vmax = 2.07, and acceleration penalty weight 0.107. The
piecewise-linear paths are the degree-1 cases and cannot enforce velocity continuity without
being infeasible.

C.1.2 Helicopter

The Helicopter instances model flight planning between circular islands that serve as charg-
ing stations. The helicopter starts with a full battery and may recharge after landing on an
island; edges connect islands that are close enough to traverse on a single battery discharge.

The Helicopter instance names have the form num_islands_bounds_x_min_bounds_y_
min_bounds_x_max_bounds_y_max_min_radius_max_radius_speed_discharge_rate_charge_
rate_seed. Thus, 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 denotes an instance with
150 islands in the rectangle [0, 10]× [0, 2], island radii sampled between 0.03 and 0.078, he-
licopter speed 1.8, battery discharge rate 4.0, charging rate 0.88, and random seed 68. The
curated instances in Table C.2 were screened so the start and goal islands lie in the same
graph component, and each row has a finite optimal value from Clarabel.

C.1.3 IiwaShelf

The IiwaShelf examples are generated using a modification of the notebook from [154,
§6.4.4] by growing convex sets in configuration space using IrisNp2 [147]. A collision-free
motion planning problem is formulated through these sets. The IiwaShelf names have
the form order_p/source_to_target, where p is the Bezier order used on each motion
segment. For example, order_3/Left Bin_to_Right Bin is the order-3 shelf problem that
moves between the IRIS regions named “Left Bin” and “Right Bin”. The remaining route
labels read literally: from “Left to Shelve” to “Front to Shelve,” from “Right to Shelve” to
“Left to Shelve,” and from “Top Rack” to “Above Shelve.”

C.1.4 Bimanual

Similar to IiwaShelf, the Bimanual instances are generated by growing convex sets in con-
figuration space using IrisNp2 [147] and then planning a collision-free motion plan through
the sets. They are adapted from [93].
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The Bimanual instance names record, in order, Iris delta, Iris epsilon, Iris iteration
cap, Bezier curve degree used for planning, the order of continuity between segments, and
the random seed. Thus, 0.036_0.046_5_3_2_45 denotes a benchmark with Iris delta
0.036, Iris epsilon 0.046, an Iris iteration cap of five, cubic Bezier segments, continuity
order two between adjacent segments, and random seed 45. The first three fields control the
region-generation by IrisNp2, while the final three control the trajectory parameterization
and randomized instance seed. Typically, the convex sets grown by IrisNp2 will have more
faces as Iris delta and Iris epsilon decrease, and as Iris iteration cap increases. A
higher Bezier order increases the size of the trajectory program attached to each vertex, while
a higher continuity order enlarges the edge programs because additional path-continuity
constraints are imposed between adjacent segments.

C.1.5 SdpPushing

The SdpPushing examples are taken from [95]. The SdpPushing names record, in or-
der, the slider shape, pusher radius, random seed, and boundary-condition index. Thus
triangle_0.015_19_2 denotes the triangle slider with pusher radius 0.015, random seed 19,
and the third selected boundary condition from that seed’s generated library.

C.1.6 ContactGraph

The ContactGraph examples are taken from [96]. These are intentionally designed to push
the limits of using direct convex optimization to solve GCS instances. Indeed, in [96], the
authors introduce an implicit graph search approach to solve these programs. We include
the instances cg_simple_4 and cg_maze_b1, which are referred to as AROUND and SQUEEZE
in [96]. We also include cg_trichal4 which is smaller than cg_maze_b1 but larger than
cg_simple_4.

For these instances, we do not include an optimal solution as Clarabel was unable to
return one in under two hours.

C.2 Shortest Path in a GCS on GcsBench

The shorest path problem in a GCS can be challenging to solve to even moderately low
accuracy for many solvers. In this section, we collect the performance of some popular
open-source solvers on these relaxations. In Table C.5, we demonstrate the time it takes for
CCosmo, SCS, and Clarabel to solve to 10−3 absolute and 10−4 relative accuracy. We also
include Clarabel in high-accuracy mode, solving to 10−8 absolute and relative accuracy. In
addition, in Table C.6 we provide a table showing how far off each low-accuracy solver’s
cost is from the high-accuracy baseline. This is relevant as many solvers report more than a
1% gap even when declaring optimality. Additionally, the metric gives a rough measure on
whether the solver made any progress towards the solution. For example, CCosmo struggles
substantially on Helicopter.
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Problem Clarabel high Clarabel low CCosmo SCS

Maze 5_0_5_1_False_2.66_0.184 0.0438 0.0407 0.453 0.0859
Maze 5_2_57_1_False_2.66_0.184 0.069 (inacc) 0.0559 0.311 0.171
Maze 10_5_5_1_False_2.12_1.877 0.394 (inacc) 0.416 1.28 2.17
Maze 5_0_58_3_True_2.07_0.107 0.408 (inacc) 0.134 0.131 0.137
Maze 10_2_28_3_True_2.6_0.153 3.65 (inacc) 0.992 6.42 6.76
Maze 15_0_86_3_True_2.43_0.193 8.96 (inacc) 4.21 53.1 (inacc) 73 (inacc)
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 0.999 0.52 8.07 6.2
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 11.1 6.59 17.4 (max) 21.1 (inacc)
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 2.95 1.66 16.3 16.2
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 96 68.8 285 (max) 430 (inacc)
IiwaShelf Order 1 Left Bin_to_Right Bin 2.29 1.89 2.47 48.2
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve 2.76 (inacc) 2.45 2.9 14.7
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve 2.53 1.69 2.4 8.51
IiwaShelf Order 1 Top Rack_to_Above Shelve 3.81 (inacc) 3.75 44.3 (inacc) 48.6 (inacc)
IiwaShelf Order 3 Left Bin_to_Right Bin 5.7 5 11.2 108 (inacc)
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve 7.63 5.6 13.6 97.4 (inacc)
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve 6.52 4.88 11.2 92.6 (inacc)
IiwaShelf Order 3 Top Rack_to_Above Shelve 10.6 (inacc) 6.51 55.4 (inacc) 56.6 (inacc)
Bimanual 0.017_0.041_5_1_0_92 0.956 (inacc) 0.325 5.67 (max) 3.09
Bimanual 0.033_0.043_1_2_0_82 1.4 (inacc) 0.593 7.91 (max) 2.07
Bimanual 0.036_0.046_5_3_2_45 12.5 (err) 4.99 14.2 (max) 13.9 (inacc)
SdpPushing triangle_0.015_19_2 69.95 (inacc) 55.49 84.44 (inacc) 154
SdpPushing box_0.02_14_45 228.1 (inacc) 152.9 222.6 (max) 352 (inacc)
SdpPushing tee_0.015_27_43 456.7 (err) 385.7 (err) 703.6 (inacc) 529.7 (inacc)

Table C.5: Solve times, in seconds, for GcsBench instances. The low-accuracy Clarabel
setting uses the same termination tolerances as the first-order solvers, ϵabs = 10−3 and
ϵrel = 10−4; the high-accuracy Clarabel setting uses Clarabel defaults.

C.2.1 Regularized Problems

We also report the detailed centralized solver behavior on the edge-regularized ϵ = 10 ver-
sions of the same GcsBench instances. Table C.7 gives the per-instance solve times, Table C.8
compares each regularized solve time to the corresponding original solve time, and Table C.9
reports the returned objective values and relative gaps to the high-accuracy Clarabel ref-
erence. These detailed tables include all 24 non-ContactGraph instances.
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Problem Ref. Clarabel low CCosmo SCS

Maze 5_0_5_1_False_2.66_0.184 8.5246 8.5248 (+0.00%) 8.525 (+0.00%) 8.5246 (-0.00%)
Maze 5_2_57_1_False_2.66_0.184 6.5557 (inacc) 6.5559 (+0.00%) 6.5557 (+0.00%) 6.5573 (+0.03%)
Maze 10_5_5_1_False_2.12_1.877 16.127 (inacc) 16.128 (+0.01%) 16.125 (-0.02%) 16.123 (-0.02%)
Maze 5_0_58_3_True_2.07_0.107 7.9715 (inacc) 7.9729 (+0.02%) 7.9715 (+0.00%) 7.9716 (+0.00%)
Maze 10_2_28_3_True_2.6_0.153 31.201 (inacc) 31.204 (+0.01%) 31.195 (-0.02%) 31.191 (-0.03%)
Maze 15_0_86_3_True_2.43_0.193 68.89 (inacc) 68.892 (+0.00%) 68.855 (-0.05%/inacc) 68.867 (-0.03%/inacc)
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 14.818 14.818 (+0.00%) 14.817 (-0.00%) 14.806 (-0.08%)
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 30.113 30.115 (+0.01%) 30.07 (-0.15%/max) 30.109 (-0.02%/inacc)
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 23.274 23.275 (+0.00%) 23.27 (-0.02%) 23.271 (-0.01%)
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 11.323 11.324 (+0.01%) 0.21675 (-98.09%/max) 11.111 (-1.87%/inacc)
IiwaShelf Order 1 Left Bin_to_Right Bin 1.7965 1.7965 (+0.00%) 1.7965 (-0.00%) 1.7963 (-0.01%)
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve 0.53926 (inacc) 0.53941 (+0.03%) 0.53926 (-0.00%) 0.53915 (-0.02%)
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve 1.0785 1.0786 (+0.00%) 1.0785 (+0.00%) 1.0784 (-0.01%)
IiwaShelf Order 1 Top Rack_to_Above Shelve 0.874 (inacc) 0.8752 (+0.14%) 0.87237 (-0.19%/inacc) 0.82376 (-5.75%/inacc)
IiwaShelf Order 3 Left Bin_to_Right Bin 1.7965 1.7978 (+0.08%) 1.7965 (-0.00%) 1.7808 (-0.88%/inacc)
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve 0.53926 0.54588 (+1.23%) 0.53926 (+0.00%) 0.43531 (-19.28%/inacc)
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve 1.0785 1.079 (+0.04%) 1.0785 (-0.00%) 1.056 (-2.08%/inacc)
IiwaShelf Order 3 Top Rack_to_Above Shelve 0.874 (inacc) 0.88271 (+1.00%) 0.87281 (-0.14%/inacc) 0.81336 (-6.94%/inacc)
Bimanual 0.017_0.041_5_1_0_92 5.3494 (inacc) 5.3516 (+0.04%) 5.4503 (+1.89%/max) 5.3411 (-0.16%)
Bimanual 0.033_0.043_1_2_0_82 5.3929 (inacc) 5.3964 (+0.07%) 5.478 (+1.58%/max) 5.3813 (-0.22%)
Bimanual 0.036_0.046_5_3_2_45 5.832 (err) 5.8358 (–) 5.8811 (–/max) 5.798 (–/inacc)
SdpPushing triangle_0.015_19_2 44.85 (inacc) 29.89 (-33.36%) 44.93 (+0.18%/inacc) 44.94 (+0.20%)
SdpPushing box_0.02_14_45 28.96 (inacc) 12.8 (-55.82%) 29.06 (+0.35%/max) 29.03 (+0.24%/inacc)
SdpPushing tee_0.015_27_43 -1044 (err) -1044 (–/err) 93.75 (–/inacc) 93.3 (–/inacc)

Table C.6: Returned cost, relative error to the high-accuracy Clarabel solution, and status
for each solver on the GCS bench instances GcsBench. The reference column reports the
high-accuracy Clarabel returned cost and status. Relative errors are omitted when this
reference row did not return a successful status.

Problem Clarabel high Clarabel low CCosmo SCS

Maze 5_0_5_1_False_2.66_0.184 0.03861 0.0295 0.03645 0.0195
Maze 5_2_57_1_False_2.66_0.184 0.05174 0.04303 0.05201 0.06123
Maze 10_5_5_1_False_2.12_1.877 0.6126 0.3642 1.657 0.5819
Maze 5_0_58_3_True_2.07_0.107 0.1568 0.09962 0.06996 0.041
Maze 10_2_28_3_True_2.6_0.153 1.826 1.202 10.38 1.828
Maze 15_0_86_3_True_2.43_0.193 8.305 6.259 25.01 27.18
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 1.867 1.686 12.71 (max) 13.16 (inacc)
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 17.76 13.2 42.66 (max) 32.69 (inacc)
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 2.54 1.802 20.57 (max) 22.1 (inacc)
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 173.6 162.4 – 655.3 (inacc)
IiwaShelf Order 1 Left Bin_to_Right Bin 1.615 (inacc) 1.425 2.837 1.43
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve 2.024 1.804 3.638 1.536
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve 2.2 2.054 0.8872 1.126
IiwaShelf Order 1 Top Rack_to_Above Shelve 3.842 2.988 26.68 33.9
IiwaShelf Order 3 Left Bin_to_Right Bin 11.04 (inacc) 10.41 5.08 13.4
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve 12.21 10.56 4.509 19.24
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve 14.73 (inacc) 12.88 2.113 16.66
IiwaShelf Order 3 Top Rack_to_Above Shelve 23.2 17.27 45.02 (inacc) 181.8 (inacc)
Bimanual 0.017_0.041_5_1_0_92 0.3478 0.2169 3.229 0.1513
Bimanual 0.033_0.043_1_2_0_82 0.4599 0.3558 9.056 (max) 0.3386
Bimanual 0.036_0.046_5_3_2_45 3.039 2.275 7.289 0.5895
SdpPushing triangle_0.015_19_2 46.55 (inacc) 33.75 12.4 31.36
SdpPushing box_0.02_14_45 112.8 (inacc) 65.83 40.42 (inacc) 196.2 (inacc)
SdpPushing tee_0.015_27_43 483.2 (err) 488 (err) 214.3 (max) 403.4 (inacc)

Table C.7: Solve times, in seconds, for the edge-regularized ϵ = 10 GcsBench instances. The
low-accuracy Clarabel setting uses the same termination tolerances as the first-order solvers,
ϵabs = 10−3 and ϵrel = 10−4; the high-accuracy Clarabel setting uses Clarabel defaults.
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Problem Clarabel high Clarabel low CCosmo SCS

Maze 5_0_5_1_False_2.66_0.184 0.9341 0.7758 0.1018 0.2399
Maze 5_2_57_1_False_2.66_0.184 0.7809 (orig inacc) 0.8093 0.1166 0.3722
Maze 10_5_5_1_False_2.12_1.877 1.604 (orig inacc) 0.8966 1.32 0.2707
Maze 5_0_58_3_True_2.07_0.107 0.4075 (orig inacc) 0.7958 0.591 0.339
Maze 10_2_28_3_True_2.6_0.153 0.5097 (orig inacc) 1.244 1.633 0.2723
Maze 15_0_86_3_True_2.43_0.193 0.9405 (orig inacc) 1.507 0.473 (orig inacc) 0.3728 (orig inacc)
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 1.886 3.314 1.58 (reg max) 2.13 (reg inacc)
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 1.61 2.011 2.467 (reg max/orig max) 1.551 (reg inacc/orig inacc)
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 0.8751 1.108 1.264 (reg max) 1.368 (reg inacc)
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 1.81 2.363 – 1.53 (reg inacc/orig inacc)
IiwaShelf Order 1 Left Bin_to_Right Bin 0.7345 (reg inacc) 0.7781 1.291 0.02989
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve 0.7568 (orig inacc) 0.7572 1.441 0.1067
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve 0.9016 1.251 0.4182 0.1359
IiwaShelf Order 1 Top Rack_to_Above Shelve 1.034 (orig inacc) 0.8095 0.6062 (orig inacc) 0.704 (orig inacc)
IiwaShelf Order 3 Left Bin_to_Right Bin 2.001 (reg inacc) 2.139 0.5143 0.1252 (orig inacc)
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve 1.64 1.924 0.3688 0.1989 (orig inacc)
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve 2.333 (reg inacc) 2.702 0.2035 0.1816 (orig inacc)
IiwaShelf Order 3 Top Rack_to_Above Shelve 2.24 (orig inacc) 2.696 0.8252 (reg inacc/orig inacc) 3.244 (reg inacc/orig inacc)
Bimanual 0.017_0.041_5_1_0_92 0.3732 (orig inacc) 0.7006 0.5721 (orig max) 0.04931
Bimanual 0.033_0.043_1_2_0_82 0.3353 (orig inacc) 0.6206 1.15 (reg max/orig max) 0.1671
Bimanual 0.036_0.046_5_3_2_45 0.2443 (orig err) 0.4578 0.5161 (orig max) 0.04268 (orig inacc)
SdpPushing triangle_0.015_19_2 0.6662 (reg inacc/orig inacc) 0.6094 0.1473 (orig inacc) 0.2044
SdpPushing box_0.02_14_45 0.4948 (reg inacc/orig inacc) 0.4311 0.182 (reg inacc/orig max) 0.559 (reg inacc/orig inacc)
SdpPushing tee_0.015_27_43 1.059 (reg err/orig err) 1.267 (reg err/orig err) 0.3061 (reg max/orig inacc) 0.7647 (reg inacc/orig inacc)

Table C.8: Per-instance ratio of edge-regularized ϵ = 10 solve time to original solve time for
each centralized solver. Values below one indicate that the regularized problem solved faster.
Parenthetical status labels identify non-optimal statuses in the regularized or original run.

Problem Ref. Clarabel low CCosmo SCS

Maze 5_0_5_1_False_2.66_0.184 98.7 98.71 (+0.00%) 98.7 (-0.00%) 98.7 (+0.00%)
Maze 5_2_57_1_False_2.66_0.184 56.57 56.58 (+0.02%) 56.57 (+0.00%) 56.57 (-0.00%)
Maze 10_5_5_1_False_2.12_1.877 166.2 166.2 (+0.01%) 166.2 (+0.00%) 166.2 (+0.00%)
Maze 5_0_58_3_True_2.07_0.107 77.97 77.99 (+0.02%) 77.97 (+0.00%) 77.97 (-0.00%)
Maze 10_2_28_3_True_2.6_0.153 321.3 321.3 (+0.01%) 321.3 (+0.00%) 321.3 (+0.00%)
Maze 15_0_86_3_True_2.43_0.193 631.4 631.5 (+0.02%) 631.3 (-0.00%) 631.3 (-0.00%)
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 151.7 151.7 (-0.00%) 150.5 (-0.81%/max) 148.2 (-2.31%/inacc)
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 289.1 289.1 (+0.00%) 290.1 (+0.34%/max) 286.8 (-0.81%/inacc)
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 301.8 301.9 (+0.00%) 301.9 (+0.01%/max) 303 (+0.39%/inacc)
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 141.4 141.4 (+0.01%) – 141.4 (-0.02%/inacc)
IiwaShelf Order 1 Left Bin_to_Right Bin 41.8 (inacc) 41.83 (+0.07%) 41.8 (+0.00%) 41.8 (-0.00%)
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve 30.61 30.62 (+0.03%) 30.61 (-0.00%) 30.61 (+0.00%)
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve 41.08 41.09 (+0.02%) 41.08 (+0.01%) 41.08 (-0.00%)
IiwaShelf Order 1 Top Rack_to_Above Shelve 40.88 41 (+0.31%) 40.88 (+0.00%) 40.87 (-0.02%)
IiwaShelf Order 3 Left Bin_to_Right Bin 41.8 (inacc) 41.83 (+0.07%) 41.8 (-0.00%) 41.8 (-0.00%)
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve 30.61 30.67 (+0.21%) 30.61 (+0.00%) 30.61 (-0.00%)
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve 41.08 (inacc) 41.28 (+0.49%) 41.08 (+0.00%) 41.08 (+0.00%)
IiwaShelf Order 3 Top Rack_to_Above Shelve 40.88 41.4 (+1.28%) 40.88 (-0.00%/inacc) 40.87 (-0.02%/inacc)
Bimanual 0.017_0.041_5_1_0_92 95.67 95.7 (+0.03%) 95.66 (-0.01%) 95.65 (-0.02%)
Bimanual 0.033_0.043_1_2_0_82 95.64 95.67 (+0.03%) 95.63 (-0.01%/max) 95.55 (-0.09%)
Bimanual 0.036_0.046_5_3_2_45 86.65 86.66 (+0.02%) 86.65 (-0.00%) 86.63 (-0.02%)
SdpPushing triangle_0.015_19_2 106.2 (inacc) 86.18 (-18.86%) 106.3 (+0.11%) 106.3 (+0.06%)
SdpPushing box_0.02_14_45 84.04 (inacc) 70.29 (-16.36%) 84.14 (+0.12%/inacc) 84.06 (+0.02%/inacc)
SdpPushing tee_0.015_27_43 -307.4 (err) -307.4 (–/err) 71.6 (–/max) 163.6 (–/inacc)

Table C.9: Returned cost, relative error to the high-accuracy Clarabel solution, and status
for each solver on the edge-regularized ϵ = 10 GcsBench instances. The reference column
reports the high-accuracy Clarabel returned cost and status. Relative errors are omitted
when this reference row did not return a successful status.
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C.3 Detailed VEGA Results on GcsBench

We collect the per-instance VEGA timing, iteration, and solution-quality rows used to produce
the summary figures in Figures 9.7, 9.8, 9.9, 9.10, 9.11 and 9.12.

C.3.1 Original Problems

Problem Status Time [s] CCosmo iters VEGA outer iters VEGA inner iters

Maze 5_0_5_1_False_2.66_0.184 opt 1.458 3,325 2,501 0
Maze 5_2_57_1_False_2.66_0.184 opt 2.996 2,875 4,401 0
Maze 10_5_5_1_False_2.12_1.877 opt 12.05 1,450 4,876 0
Maze 5_0_58_3_True_2.07_0.107 opt 2.069 400 2,301 0
Maze 10_2_28_3_True_2.6_0.153 opt 26.97 5,450 6,726 0
Maze 15_0_86_3_True_2.43_0.193 opt 24.64 10,000 1,951 0
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 opt 4.095 8,500 1,476 0
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 opt 19.24 10,000 3,101 0
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 opt 19.87 7,825 2,626 0
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 opt 247.4 10,000 7,601 0
IiwaShelf Order 1 Left Bin_to_Right Bin opt 12.44 725 1,326 0
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve opt 15.17 575 1,776 0
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve opt 19.97 775 2,326 0
IiwaShelf Order 1 Top Rack_to_Above Shelve opt 16.71 10,000 1,176 0
IiwaShelf Order 3 Left Bin_to_Right Bin opt 30.12 850 1,401 0
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve opt 44.45 1,075 2,151 0
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve opt 38.73 1,050 1,876 0
IiwaShelf Order 3 Top Rack_to_Above Shelve opt 48.49 10,000 2,376 0
Bimanual 0.017_0.041_5_1_0_92 opt 5.138 10,000 2,051 0
Bimanual 0.033_0.043_1_2_0_82 opt 8.756 10,000 2,551 0
Bimanual 0.036_0.046_5_3_2_45 opt 12.84 10,000 2,501 0
SdpPushing triangle_0.015_19_2 max iter. 91.02 10,000 10,000 0
SdpPushing box_0.02_14_45 opt 85.97 10,000 3,451 0
SdpPushing tee_0.015_27_43 opt 417.8 10,000 4,326 0

Table C.10: Iteration counts for original problems.
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Problem Instance Status VEGA cost Ref. cost Rel. gap

Mazes: Piecewise Linear 5_0_5_1_False_2.66_0.184 opt 8.526 8.525 +0.02%
Mazes: Piecewise Linear 5_2_57_1_False_2.66_0.184 opt 6.561 6.556 +0.08%
Mazes: Piecewise Linear 10_5_5_1_False_2.12_1.877 opt 16.29 16.13 +1.01%
Mazes: Cubic Curves 5_0_58_3_True_2.07_0.107 opt 7.985 7.972 +0.17%
Mazes: Cubic Curves 10_2_28_3_True_2.6_0.153 opt 31.35 31.2 +0.49%
Mazes: Cubic Curves 15_0_86_3_True_2.43_0.193 opt 70.79 68.89 +2.75%
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 opt 14.87 14.82 +0.36%
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 opt 30.65 30.11 +1.79%
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 opt 23.71 23.27 +1.86%
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 opt 11.1 11.32 -1.94%
Shelf: Order 1 Left Bin_to_Right Bin opt 1.796 1.796 -0.03%
Shelf: Order 1 Left to Shelve_to_Front to Shelve opt 0.5393 0.5393 +0.00%
Shelf: Order 1 Right to Shelve_to_Left to Shelve opt 1.078 1.079 -0.03%
Shelf: Order 1 Top Rack_to_Above Shelve opt 0.9829 0.874 +10.89%
Shelf: Order 3 Left Bin_to_Right Bin opt 1.796 1.796 -0.05%
Shelf: Order 3 Left to Shelve_to_Front to Shelve opt 0.5391 0.5393 -0.02%
Shelf: Order 3 Right to Shelve_to_Left to Shelve opt 1.078 1.079 -0.05%
Shelf: Order 3 Top Rack_to_Above Shelve opt 0.9835 0.874 +10.95%
Bimanual 0.017_0.041_5_1_0_92 opt 5.549 5.349 +3.72%
Bimanual 0.033_0.043_1_2_0_82 opt 5.547 5.393 +2.86%
Bimanual 0.036_0.046_5_3_2_45 opt 6.141 5.832 (err.) –
Planar Pushing triangle_0.015_19_2 max iter. 14.83 50.49 (err.) –
Planar Pushing box_0.02_14_45 opt 23.58 29.44 (err.) –
Planar Pushing tee_0.015_27_43 opt 14.5 0 (err.) –

Table C.11: Solution quality on original problems.

C.3.2 Original Problems in Half-Step Mode
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Problem Status Time [s] CCosmo iters VEGA outer iters Graph solves

Maze 5_0_5_1_False_2.66_0.184 opt 3.785 3,325 6,326 6,326
Maze 5_2_57_1_False_2.66_0.184 opt 1.513 2,875 4,851 4,851
Maze 10_5_5_1_False_2.12_1.877 opt 10.79 1,450 7,276 7,276
Maze 5_0_58_3_True_2.07_0.107 max iter. 6.767 400 20,000 20,000
Maze 10_2_28_3_True_2.6_0.153 max iter. 51.18 5,450 20,000 20,000
Maze 15_0_86_3_True_2.43_0.193 opt 191.1 10,000 19,251 19,251
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 opt 17.94 8,500 10,001 10,001
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 opt 59.6 10,000 9,976 9,976
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 opt 117.8 7,825 15,026 15,026
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 max iter. 863.6 10,000 20,000 20,000
IiwaShelf Order 1 Left Bin_to_Right Bin opt 42.24 725 14,151 14,151
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve opt 41.55 575 13,826 13,826
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve opt 42.22 775 14,176 14,176
IiwaShelf Order 1 Top Rack_to_Above Shelve max iter. 60.62 10,000 20,000 20,000
IiwaShelf Order 3 Left Bin_to_Right Bin opt 156.2 850 19,201 19,201
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve max iter. 161.9 1,075 20,000 20,000
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve max iter. 164.1 1,050 20,000 20,000
IiwaShelf Order 3 Top Rack_to_Above Shelve max iter. 160.1 10,000 20,000 20,000
Bimanual 0.017_0.041_5_1_0_92 max iter. 10.68 10,000 20,000 20,000
Bimanual 0.033_0.043_1_2_0_82 max iter. 14.07 10,000 20,000 20,000
Bimanual 0.036_0.046_5_3_2_45 max iter. 21.19 10,000 20,000 20,000
SdpPushing triangle_0.015_19_2 max iter. 53.91 10,000 20,000 20,000
SdpPushing box_0.02_14_45 opt 47.88 10,000 6,551 6,551
SdpPushing tee_0.015_27_43 opt 437.5 10,000 12,601 12,601

Table C.12: Half-step iteration counts for original problems.

Problem Instance Status VEGA cost Ref. cost Rel. gap

Mazes: Piecewise Linear 5_0_5_1_False_2.66_0.184 opt 8.733 8.525 +2.45%
Mazes: Piecewise Linear 5_2_57_1_False_2.66_0.184 opt 7.911 6.556 +20.67%
Mazes: Piecewise Linear 10_5_5_1_False_2.12_1.877 opt 17.74 16.13 +10.02%
Mazes: Cubic Curves 5_0_58_3_True_2.07_0.107 max iter. 8.256 7.972 +3.56%
Mazes: Cubic Curves 10_2_28_3_True_2.6_0.153 max iter. 32.47 31.2 +4.07%
Mazes: Cubic Curves 15_0_86_3_True_2.43_0.193 opt 74.24 68.89 +7.76%
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 opt 28.63 14.82 +93.19%
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 opt 55.02 30.11 +82.72%
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 opt 58.49 23.27 +151.31%
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 max iter. 50.66 11.32 +347.38%
Shelf: Order 1 Left Bin_to_Right Bin opt 1.93 1.796 +7.43%
Shelf: Order 1 Left to Shelve_to_Front to Shelve opt 1.19 0.5393 +65.08%
Shelf: Order 1 Right to Shelve_to_Left to Shelve opt 1.751 1.079 +62.40%
Shelf: Order 1 Top Rack_to_Above Shelve max iter. 1.578 0.874 +70.37%
Shelf: Order 3 Left Bin_to_Right Bin opt 2.39 1.796 +33.04%
Shelf: Order 3 Left to Shelve_to_Front to Shelve max iter. 1.721 0.5393 +118.15%
Shelf: Order 3 Right to Shelve_to_Left to Shelve max iter. 2.529 1.079 +134.48%
Shelf: Order 3 Top Rack_to_Above Shelve max iter. 2.81 0.874 +193.60%
Bimanual 0.017_0.041_5_1_0_92 max iter. 32.25 5.349 +502.94%
Bimanual 0.033_0.043_1_2_0_82 max iter. 18.41 5.393 +241.31%
Bimanual 0.036_0.046_5_3_2_45 max iter. 14.38 5.832 (err.) –
Planar Pushing triangle_0.015_19_2 max iter. 56.93 50.49 (err.) –
Planar Pushing box_0.02_14_45 opt 26.9 29.44 (err.) –
Planar Pushing tee_0.015_27_43 opt 21.17 0 (err.) –

Table C.13: Half-step solution quality on original problems.
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C.3.3 Edge-Regularized Problems

Problem Status Time [s] CCosmo iters VEGA outer iters VEGA inner iters

Maze 5_0_5_1_False_2.66_0.184 opt 55.05 400 551 80,965
Maze 5_2_57_1_False_2.66_0.184 opt 196.2 475 7,576 91,225
Maze 10_5_5_1_False_2.12_1.877 opt 252.4 1,975 7,226 617,055
Maze 5_0_58_3_True_2.07_0.107 opt 8.866 150 576 86,300
Maze 10_2_28_3_True_2.6_0.153 opt 152.8 4,700 5,351 902,970
Maze 15_0_86_3_True_2.43_0.193 opt 149.3 2,375 3,451 3,991,985
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 opt 170 10,000 9,201 1,749,950
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 max iter. 340.8 10,000 10,000 4,058,095
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 max iter. 397.2 10,000 10,000 2,380,385
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 opt 367.7 – 4,901 4,298,655
IiwaShelf Order 1 Left Bin_to_Right Bin opt 39.78 850 1,426 280,620
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve opt 47.6 1,175 1,651 175,885
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve opt 59.27 325 2,101 259,865
IiwaShelf Order 1 Top Rack_to_Above Shelve opt 36.99 9,800 1,301 264,695
IiwaShelf Order 3 Left Bin_to_Right Bin opt 58.33 1,050 1,851 313,025
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve opt 80.83 975 2,526 287,460
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve max iter. 350.4 475 10,000 1,626,440
IiwaShelf Order 3 Top Rack_to_Above Shelve opt 76.08 10,000 1,726 342,970
Bimanual 0.017_0.041_5_1_0_92 opt 52.38 4,800 1,776 489,195
Bimanual 0.033_0.043_1_2_0_82 opt 99.12 10,000 4,176 576,450
Bimanual 0.036_0.046_5_3_2_45 opt 55.94 4,700 2,301 505,785
SdpPushing triangle_0.015_19_2 max iter. 121.1 7,475 10,000 0
SdpPushing box_0.02_14_45 opt 86.55 10,000 3,301 0
SdpPushing tee_0.015_27_43 max iter. 912.5 10,000 10,000 0

Table C.14: Iteration counts and solve times for VEGA on edge-regularized GcsBench programs
with ϵ = 10. Inner iterations are the aggregate vertex- and edge-local solver iterations
recorded.
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Problem Instance Status VEGA cost Ref. cost Rel. gap

Mazes: Piecewise Linear 5_0_5_1_False_2.66_0.184 opt 98.7 98.7 -0.00%
Mazes: Piecewise Linear 5_2_57_1_False_2.66_0.184 opt 56.57 56.57 +0.00%
Mazes: Piecewise Linear 10_5_5_1_False_2.12_1.877 opt 166.3 166.2 +0.06%
Mazes: Cubic Curves 5_0_58_3_True_2.07_0.107 opt 77.96 77.97 -0.01%
Mazes: Cubic Curves 10_2_28_3_True_2.6_0.153 opt 321.3 321.3 +0.01%
Mazes: Cubic Curves 15_0_86_3_True_2.43_0.193 opt 632.2 631.4 +0.13%
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 opt 148.8 151.7 -1.93%
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 max iter. 281.9 289.1 -2.47%
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 max iter. 299.3 301.8 -0.85%
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 opt 141.3 141.4 -0.08%
Shelf: Order 1 Left Bin_to_Right Bin opt 41.8 41.8 -0.00%
Shelf: Order 1 Left to Shelve_to_Front to Shelve opt 30.61 30.61 -0.00%
Shelf: Order 1 Right to Shelve_to_Left to Shelve opt 41.08 41.08 +0.00%
Shelf: Order 1 Top Rack_to_Above Shelve opt 41.03 40.88 +0.38%
Shelf: Order 3 Left Bin_to_Right Bin opt 41.8 41.8 +0.01%
Shelf: Order 3 Left to Shelve_to_Front to Shelve opt 30.61 30.61 +0.01%
Shelf: Order 3 Right to Shelve_to_Left to Shelve max iter. 41.08 41.08 +0.01%
Shelf: Order 3 Top Rack_to_Above Shelve opt 41.03 40.88 +0.37%
Bimanual 0.017_0.041_5_1_0_92 opt 98.26 95.67 +2.71%
Bimanual 0.033_0.043_1_2_0_82 opt 95.66 95.64 +0.02%
Bimanual 0.036_0.046_5_3_2_45 opt 86.65 86.65 +0.00%
Planar Pushing triangle_0.015_19_2 max iter. 65.56 111.3 (err.) –
Planar Pushing box_0.02_14_45 opt 73.72 84.28 (err.) –
Planar Pushing tee_0.015_27_43 max iter. 65.88 0 (err.) –

Table C.15: Solution quality of VEGA on edge-regularized GcsBench programs with ϵ = 10.
The reference is the high-accuracy Clarabel row when it returned a successful status; relative
gaps are omitted when that reference was unavailable or unsuccessful.

C.3.4 Edge-Regularized Problems in Half-Step Mode
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Problem Status Time [s] CCosmo iters VEGA outer iters Graph solves

Maze 5_0_5_1_False_2.66_0.184 opt 2.062 400 5,976 5,976
Maze 5_2_57_1_False_2.66_0.184 opt 1.841 475 5,351 5,351
Maze 10_5_5_1_False_2.12_1.877 opt 17.07 1,975 10,001 10,001
Maze 5_0_58_3_True_2.07_0.107 opt 5.878 150 15,901 15,901
Maze 10_2_28_3_True_2.6_0.153 max iter. 53.06 4,700 20,000 20,000
Maze 15_0_86_3_True_2.43_0.193 opt 170.7 2,375 16,651 16,651
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 opt 10.32 10,000 6,001 6,001
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 opt 87.05 10,000 14,026 14,026
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 opt 148.8 10,000 17,626 17,626
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 opt 208.3 – 4,376 4,376
IiwaShelf Order 1 Left Bin_to_Right Bin opt 44.56 850 14,626 14,626
IiwaShelf Order 1 Left to Shelve_to_Front to Shelve opt 38.7 1,175 12,601 12,601
IiwaShelf Order 1 Right to Shelve_to_Left to Shelve opt 47.3 325 15,776 15,776
IiwaShelf Order 1 Top Rack_to_Above Shelve max iter. 58.91 9,800 20,000 20,000
IiwaShelf Order 3 Left Bin_to_Right Bin max iter. 167.7 1,050 20,000 20,000
IiwaShelf Order 3 Left to Shelve_to_Front to Shelve opt 138.5 975 16,576 16,576
IiwaShelf Order 3 Right to Shelve_to_Left to Shelve max iter. 162.3 475 20,000 20,000
IiwaShelf Order 3 Top Rack_to_Above Shelve max iter. 161.3 10,000 20,000 20,000
Bimanual 0.017_0.041_5_1_0_92 max iter. 9.628 4,800 20,000 20,000
Bimanual 0.033_0.043_1_2_0_82 max iter. 14.95 10,000 20,000 20,000
Bimanual 0.036_0.046_5_3_2_45 max iter. 22.21 4,700 20,000 20,000
SdpPushing triangle_0.015_19_2 max iter. 51.95 7,475 20,000 20,000
SdpPushing box_0.02_14_45 opt 67.84 10,000 10,151 10,151
SdpPushing tee_0.015_27_43 opt 517.7 10,000 15,326 15,326

Table C.16: Iteration counts and solve times for half-step VEGA on edge-regularized GcsBench
programs with ϵ = 10.

Problem Instance Status VEGA cost Ref. cost Rel. gap

Mazes: Piecewise Linear 5_0_5_1_False_2.66_0.184 opt 101.9 98.7 +3.27%
Mazes: Piecewise Linear 5_2_57_1_False_2.66_0.184 opt 60.98 56.57 +7.80%
Mazes: Piecewise Linear 10_5_5_1_False_2.12_1.877 opt 167.8 166.2 +0.98%
Mazes: Cubic Curves 5_0_58_3_True_2.07_0.107 opt 78.03 77.97 +0.07%
Mazes: Cubic Curves 10_2_28_3_True_2.6_0.153 max iter. 324.7 321.3 +1.06%
Mazes: Cubic Curves 15_0_86_3_True_2.43_0.193 opt 645.5 631.4 +2.24%
Helicopter 75_0_0_5_2_0.04_0.12_1.6_4.0_1.0_0 opt 151.6 151.7 -0.09%
Helicopter 150_0_0_10_2_0.03_0.078_1.8_4.0_0.88_68 opt 291.2 289.1 +0.73%
Helicopter 200_0_0_5_10_0.036_0.07_2.0_3.5_1.28_7 opt 304 301.8 +0.72%
Helicopter 300_0_0_2_5_0.014_0.057_1.78_4.65_1.34_45 opt 141.6 141.4 +0.16%
Shelf: Order 1 Left Bin_to_Right Bin opt 44.03 41.8 +5.33%
Shelf: Order 1 Left to Shelve_to_Front to Shelve opt 41.14 30.61 +34.42%
Shelf: Order 1 Right to Shelve_to_Left to Shelve opt 50.5 41.08 +22.92%
Shelf: Order 1 Top Rack_to_Above Shelve max iter. 44.65 40.88 +9.23%
Shelf: Order 3 Left Bin_to_Right Bin max iter. 44.5 41.8 +6.47%
Shelf: Order 3 Left to Shelve_to_Front to Shelve opt 41.78 30.61 +36.49%
Shelf: Order 3 Right to Shelve_to_Left to Shelve max iter. 52.25 41.08 +27.20%
Shelf: Order 3 Top Rack_to_Above Shelve max iter. 47.66 40.88 +16.59%
Bimanual 0.017_0.041_5_1_0_92 max iter. 143 95.67 +49.42%
Bimanual 0.033_0.043_1_2_0_82 max iter. 125.4 95.64 +31.12%
Bimanual 0.036_0.046_5_3_2_45 max iter. 116 86.65 +33.86%
Planar Pushing triangle_0.015_19_2 max iter. 93.1 111.3 (err.) –
Planar Pushing box_0.02_14_45 opt 74.57 84.28 (err.) –
Planar Pushing tee_0.015_27_43 opt 76.87 0 (err.) –

Table C.17: Solution quality of half-step VEGA on edge-regularized GcsBench programs with
ϵ = 10.
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